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�áâã¯

�¥®à÷ï ä®à¬ «ì¨å ¬®¢ â   ¢â®¬ â÷¢  ªâ¨¢® à®§¢¨¢ õâìáï § 1950-å
à®ª÷¢. �¨å÷¤®î â®çª®î ã áâ ®¢«¥÷ â¥®à÷ù áâ «¨ à®¡®â¨  ¬¥à¨ª áìª®-
£® ¢ç¥®£®, ¯à®ä¥á®à  �. �®¬áìª®£® (¤¨¢. [1{3]). �®«®¢¨¬ § ¢¤ ï¬
â¥®à÷ù ¡ã«® à®§à®¡«¥ï ¬ â¥¬ â¨ç®£®  ¯ à âã ¤«ï ®¯¨áã â    «÷§ã
¯à¨à®¤¨å ÷ èâãç¨å ¬®¢. �  è ç á â¥®à÷ï ä®à¬ «ì¨å ¬®¢ â   ¢â®-
¬ â÷¢  ¤ õ ¯®âã¦÷ § á®¡¨ ¬ â¥¬ â¨ç®£® ¬®¤¥«î¢ ï, ïª÷  ªâ¨¢®
§ áâ®á®¢ãîâìáï, §®ªà¥¬ , ¢ á¨â ªá¨ç®¬ã   «÷§÷, ¯¥à¥ª« ¤÷ â  ã à®§-
à®¡«¥÷ ª®¬¯÷«ïâ®à÷¢ (¤¨¢.,  ¯à¨ª« ¤, [4]).

� æì®¬ã ¯÷¤àãç¨ªã £®«®¢¨©  ªæ¥â §à®¡«¥®   ¤¢®å ¯÷¤å®¤ å ¤®
®¯¨áã ä®à¬ «ì®ù ¬®¢¨ { §  ¤®¯®¬®£®î ¯®à®¤¦ã¢ «ì¨å £à ¬ â¨ª â  ç¥-
à¥§  ¡áâà ªâ÷  ¢â®¬ â¨, é® ¤®¯ãáª îâì (à®§¯÷§ îâì) ¯¥¢ã ä®à¬ «ìã
¬®¢ã. � â¥à÷ « ã ¯÷¤àãç¨ªã ¢¨ª« ¤¥® §£÷¤® § ÷õà àå÷õî ä®à¬ «ì¨å
¬®¢, § ¯à®¯®®¢ ®î �. �®¬áìª¨¬, ïª  à®§¯®¤÷«ïõ ¯®à®¤¦ã¢ «ì÷ £à -
¬ â¨ª¨   ç®â¨à¨ â¨¯¨ (à÷¢÷ ÷õà àå÷ù). �®¦¨© ª« á ä®à¬ «ì¨å ¬®¢,
¯®à®¤¦¥¨å £à ¬ â¨ª ¬¨ ¯¥¢®£® â¨¯ã, §£÷¤® § ÷õà àå÷õî �®¬áìª®£® ¢÷¤-
¯®¢÷¤ õ ¯¥¢®¬ã ª« áã  ¡áâà ªâ¨å  ¢â®¬ â÷¢ (â ¡«. �.1).

� ¡«¨æï �.1

�¨¯ �« á ä®à¬ «ì¨å ¬®¢ �« á  ¡áâà ªâ¨å  ¢â®¬ â÷¢
£à ¬ â¨ª¨

0 � ¯÷¢à®§¢'ï§÷ � è¨¨ �ìîà÷£ 
(à¥ªãàá¨¢®-¯¥à¥à å®¢÷)

1 �®â¥ªáâ®-§ «¥¦÷ �÷÷©® ®¡¬¥¦¥÷
¬ è¨¨ �ìîà÷£ 

2 �®â¥ªáâ®-¢÷«ì÷ � £ §¨÷ (áâ¥ª®¢÷)  ¢â®¬ â¨

3 �¥£ã«ïà÷ �ª÷ç¥÷  ¢â®¬ â¨
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�áâã¯

� ¯¥àè®¬ã à®§¤÷«÷ ¯÷¤àãç¨ª  ¢¢¥¤¥® ¯®ïââï ä®à¬ «ì®ù ¬®¢¨ â 
ä®à¬ «ì®ù (¯®à®¤¦ã¢ «ì®ù) £à ¬ â¨ª¨, ¢¨§ ç¥® ®á®¢÷ ®¯¥à æ÷ù
 ¤ ä®à¬ «ì¨¬¨ ¬®¢ ¬¨ â  ®¯¨á ® ÷õà àå÷î �®¬áìª®£®.

� ¤àã£®¬ã à®§¤÷«÷ à®§£«ïãâ®  ¯÷¢à®§¢'ï§÷ (à¥ªãàá¨¢®-¯¥à¥à å®¢-
÷) ä®à¬ «ì÷ ¬®¢¨, ïª÷ ¯®à®¤¦ãîâìáï ¡ã¤ì-ïª¨¬¨ ä®à¬ «ì¨¬¨ £à -
¬ â¨ª ¬¨ ¡¥§ ®¡¬¥¦¥ì â  ¤®¯ãáª îâìáï  ©¡÷«ìè ¯®âã¦¨¬ â¨¯®¬  ¡-
áâà ªâ¨å  ¢â®¬ â÷¢ { ¬ è¨ ¬¨ �ìîà÷£ . � âà¥âì®¬ã à®§¤÷«÷ ®¯¨á ®
 ©¢ã¦ç¨© §£÷¤® § ÷õà àå÷õî �®¬áìª®£® ª« á à¥£ã«ïà¨å ¬®¢, ïª÷ ¤®¯ãá-
ª îâìáï (à®§¯÷§ îâìáï) áª÷ç¥¨¬¨  ¢â®¬ â ¬¨. � ç¥â¢¥àâ®¬ã à®§¤÷«÷
¯÷¤àãç¨ª  à®§£«ïãâ® ª« á ª®â¥ªáâ®-¢÷«ì¨å ¬®¢, ïª÷ ¤®¯ãáª îâìáï
(à®§¯÷§ îâìáï)  ¢â®¬ â ¬¨ §÷ áâ¥ª®¢®î ¯ ¬'ïââî { ã ¢÷âç¨§ï÷© «÷â¥à -
âãà÷ æ÷ ¯à¨áâà®ù  §¨¢ îâì ¬ £ §¨¨¬¨  ¢â®¬ â ¬¨. � ¯'ïâ®¬ã à®§¤÷«÷
ª®à®âª® à®§£«ïãâ® ª®â¥ªáâ®-§ «¥¦÷ ¬®¢¨, ïª÷ ¤®¯ãáª îâìáï ¬ è¨-
 ¬¨ �ìîà÷£  § ®¡¬¥¦¥®î áâà÷çª®î { «÷÷©® ®¡¬¥¦¥¨¬¨ ¬ è¨ ¬¨
�ìîà÷£ .

�÷¥æì ¤®¢¥¤¥ï â¥®à¥¬, «¥¬ ÷ â. ÷. ¯®§ ç¥® á¨¬¢®«®¬ ý þ. �§ -
ç¥ï â  â¥®à¥¬¨ ¯à®÷«îáâà®¢ ® ¯à¨ª« ¤ ¬¨. �à®áâ÷ â¢¥à¤¦¥ï â 
â¢¥à¤¦¥ï, é® ¬®¦ãâì ¡ãâ¨ ¤®¢¥¤¥÷ §    «®£÷õî, § ¯à®¯®®¢ ® ïª
¢¯à ¢¨. � ¯à¨ª÷æ÷ ª®¦®£® à®§¤÷«ã  ¤ ® § ¯¨â ï â  § ¢¤ ï ¤«ï
á ¬®ª®âà®«î. �ª §¡÷à¨ª § ¤ ç ¬®¦¥ ¡ãâ¨ ª®à¨á¨¬,  ¯à¨ª« ¤, [5,6].

�¢ ¦ õ¬®, é® ç¨â ç ®¯ ã¢ ¢ ¡ §®¢÷ à®§¤÷«¨ ¤¨áªà¥â®ù ¬ â¥¬ â¨-
ª¨ {  «£¥¡àã ¢¨á«®¢«¥ì,  «£¥¡àã ¬®¦¨, â¥®à÷î ¢÷¤®è¥ì â  â¥®à÷î
£à ä÷¢ (¤¨¢.,  ¯à¨ª« ¤, [7, 8]).
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�®§¤÷« 1

�®à¬ «ì÷ ¬®¢¨

â  £à ¬ â¨ª¨. öõà àå÷ï

�®¬áìª®£®

1.1. �«ä ¢÷â¨, á«®¢ , ª®ª â¥ æ÷ï á«÷¢

�«ä ¢÷â®¬  §¨¢ îâì ¤®¢÷«ìã ¥¯®à®¦î áª÷ç¥ã ¬®¦¨ã. �«¥-
¬¥â  «ä ¢÷âã  §¨¢ îâì á¨¬¢®«®¬  ¡® «÷â¥à®î. �«®¢®¬  ¤  «ä ¢÷-
â®¬ A  §¨¢ îâì ¤®¢÷«ìã áª÷ç¥ã, ¬®¦«¨¢® ¯®à®¦î, ¯®á«÷¤®¢÷áâì
á¨¬¢®«÷¢ ÷§ A. �¨¬¢®«¨ ã á«®¢÷ ¬®¦ãâì ¯®¢â®àî¢ â¨áì. � £ «ìã ª÷«ì-
ª÷áâì á¨¬¢®«÷¢ ã á«®¢÷ a, § ãà åã¢ ï¬ ¯®¢â®à¥ì,  §¨¢ îâì ¤®¢¦¨®î
á«®¢  a ÷ ¯®§ ç îâì ç¥à¥§ |a|. �«®¢® ¤®¢¦¨¨ 0  §¨¢ îâì ¯®à®¦÷¬ ÷
¯®§ ç îâì ç¥à¥§ e.

�à¨ª« ¤ 1.1. �¥å © A { ¬®¦¨  ¢¥«¨ª¨å ÷ ¬ «¨å «÷â¥à ãªà ùáìª®-
£®  «ä ¢÷âã (¢áì®£® 66 á¨¬¢®«÷¢). �®¤÷ ¯®á«÷¤®¢÷áâì a = ä÷öóää { á«®¢®
 ¤ A, ÷ |a| = 6.

�®¦¨ã ¢á÷å á«÷¢  ¤  «ä ¢÷â®¬ A ¯®§ ç îâì ç¥à¥§ A∗. �ç¥¢¨¤®,
é® e ∈ A∗ ¤«ï ¡ã¤ì-ïª®£®  «ä ¢÷âã A. � § ç¨¬®, é® á ¬÷ á¨¬¢®«¨  «-
ä ¢÷âã A õ á«®¢ ¬¨ ¤®¢¦¨¨ 1, â®¡â® ¢å®¤ïâì ïª ¤® ¬®¦¨¨ A, â ª ÷
¤® ¬®¦¨¨ A∗. (�¢¨ç ©®, e /∈ A, ®áª÷«ìª¨ |e| = 0 ̸= 1.)

�  ¬®¦¨÷ A∗ ¢¨§ ç îâì ¡÷ àã ®¯¥à æ÷î ª®ª â¥ æ÷ù : ïªé®
a = ai1ai2 . . . aim , b = aj1aj2 . . . ajn , ¤¥ ¢á÷ ak ∈ A, â® ª®ª â¥ æ÷ï
a · b = ai1ai2 . . . aimaj1aj2 . . . ajn .
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�®§¤÷« 1. �®à¬ «ì÷ ¬®¢¨ â  £à ¬ â¨ª¨. öõà àå÷ï �®¬áìª®£®

�à¨ª« ¤ 1.2. �ªé® a = abb, b = ba, â® a · b = abbba, b · a = baabb.

�à¨ª« ¤ 1.2 ¯®ª §ãõ, é® ª®ª â¥ æ÷ï ¥ª®¬ãâ â¨¢ . �¤ ª, ïª «¥£-
ª® §à®§ã¬÷â¨, ª®ª â¥ æ÷ï  á®æ÷ â¨¢ , â®¡â® a · (b · g) = (a · b) · g.
� ª®¦ ®ç¥¢¨¤®, é® e { ¥©âà «ì¨© ¥«¥¬¥â ¢÷¤®á® ª®ª â¥ æ÷ù:
a · e = e · a = a ¤«ï ¤®¢÷«ì®£® a ∈ A∗. � ª¨¬ ç¨®¬,  «£¥¡à¨ç  áâàãª-
âãà  ⟨A∗, ·⟩ { ¥ª®¬ãâ â¨¢  ¯÷¢£àã¯  § ¥©âà «ì¨¬ ¥«¥¬¥â®¬, â®¡â®
¬®®ù¤ (¤¥â «ì® ¯à®  «£¥¡à¨ç÷ áâàãªâãà¨ ¤¨¢.,  ¯à¨ª« ¤, [7]).

� § ç¨¬®, é®, å®ç  áâàãªâãà  ⟨A∗, ·⟩ ÷ª®«¨ ¥ õ £àã¯®î (¦®¤¥ ¥-
¯®à®¦õ á«®¢® ¥ ¬ õ ®¡¥à¥®£®), ¢¨ª®ãõâìáï â¨¯®¢¨© ¤«ï £àã¯ § ª®
áª®à®ç¥ï:

(a · x = a · y) ⇒ (x = y); (x · b = y · b) ⇒ (x = y), a, b, x, y ∈ A∗.

� § ¯¨á÷ ¢¨à §÷¢ § ª®ª â¥ æ÷õî á«÷¢ á¨¬¢®« ý·þ ç áâ® ®¯ãáª îâì,
â®¡â® § ¬÷áâì a · b ¯¨èãâì ab. �ã¦ª¨ ã § ¯¨á÷ ª®ª â¥ æ÷ù âàì®å  ¡®
¡÷«ìè¥ á«÷¢, § ®£«ï¤ã    á®æ÷ â¨¢÷áâì, â ª®¦ ¬®¦  ®¯ãáª â¨, â®¡â®
§ ¬÷áâì (w1 · w2) · w3 ç¨ w1 · (w2 · w3) ¯¨èãâì w1w2w3.

� ¤ «÷ ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® ¯à¨à®¤¥ ¢ â¥®à÷ù ¯÷¢£àã¯ ¯®§ ç¥ï

an = a · a · · · · · a︸ ︷︷ ︸
n

, a0 = e,

¤¥ a ∈ A∗, n ∈ N. � ª, § ¬÷áâì abbaaa ¬®¦  ¯¨á â¨ ab2a3 ( «¥ ¥ a4b2

ç¨ b2a4, ®áª÷«ìª¨ ª®ª â¥ æ÷ï ¥ª®¬ãâ â¨¢ ),   § ¯¨á abababa ¬®¦ 
áª®à®ç¥® ¯®¤ â¨ ïª (ab)3a  ¡® a(ba)3.

�«®¢® a ∈ A∗  §¨¢ îâì ¯÷¤á«®¢®¬ á«®¢  b ∈ A∗, ïªé® ÷áãîâì â ª÷
u, v ∈ A∗, é® b = uav. �ç¥¢¨¤®, é® ¤«ï ¯¥¢¨å a, b ∈ A∗ ¬®¦ãâì ÷áã¢ -
â¨ à÷§÷ ¯ à¨ u, v ∈ A∗, â ª÷, é® b = uav; ã â ª¨å ¢¨¯ ¤ª å £®¢®àïâì ¯à®
à÷§÷ ¢å®¤¦¥ï a ¤® b. �÷«ìª÷áâì ¢å®¤¦¥ì a ¤® b ¯®§ ç îâì ç¥à¥§ |b|a.

�à¨ª« ¤ 1.3. 1. �«®¢® ab õ ¯÷¤á«®¢®¬ á«®¢  abb, ®áª÷«ìª¨ abb =
= e · ab · b, ÷ |abb|ab = 1.

2. �«®¢® ba ¥ õ ¯÷¤á«®¢®¬ á«®¢  abb, â®¡â® |abb|ba = 0.

3. �«®¢® b õ ¯÷¤á«®¢®¬ á«®¢  abcb, ÷ |abcb|b = 2: abcb = a·b·cb = abc·b·e.
4. �«®¢® bb õ ¯÷¤á«®¢®¬ á«®¢  abbbb, ÷ |abbbb|bb = 3: abbbb = a · bb · bb =

= ab · bb · b = abb · bb · e.
5. �ã¤ì-ïª¥ á«®¢® w ¬÷áâ¨âì |w|+ 1 ¢å®¤¦¥ì ¯®à®¦ì®£® á«®¢ .
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1.2. �®à¬ «ì÷ ¬®¢¨. �¯¥à æ÷ù  ¤ ä®à¬ «ì¨¬¨ ¬®¢ ¬¨

1.2. �®à¬ «ì÷ ¬®¢¨. �¯¥à æ÷ù

 ¤ ä®à¬ «ì¨¬¨ ¬®¢ ¬¨

1.2.1. �®ïââï ä®à¬ «ì®ù ¬®¢¨

� ¤ «÷ ¢¢ ¦ â¨¬¥¬®, é® § ¤ ¨©  «ä ¢÷â A à®§¡¨â®   ¤¢÷ ¥¯®à®¦÷
¯÷¤¬®¦¨¨ V ÷ T , é® ¥ ¯¥à¥â¨ îâìáï: A = V ∪T , V ∩T = ∅. �®¦¨-
ã V  §¨¢ îâì  «ä ¢÷â®¬ ¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢ (¥â¥à¬÷ «ì¨¬
 «ä ¢÷â®¬), T {  «ä ¢÷â®¬ â¥à¬÷ «ì¨å á¨¬¢®«÷¢ (â¥à¬÷ «ì¨¬  «-
ä ¢÷â®¬). �ªé® ¥ ¢ª § ® ÷è¥, ¤«ï ¯®§ ç¥ï ¥â¥à¬÷ «ì¨å á¨¬¢®-
«÷¢ ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® ¢¥«¨ª÷ «÷â¥à¨  £«÷©áìª®£®  «ä ¢÷âã § ÷¤¥ªá -
¬¨  ¡® ¡¥§ (A, C3, W6,2 â®é®), ¤«ï ¯®§ ç¥ï â¥à¬÷ «ì¨å á¨¬¢®«÷¢ {
¬ «¥ìª÷ «÷â¥à¨  £«÷©áìª®£®  «ä ¢÷âã § ÷¤¥ªá ¬¨  ¡® ¡¥§ (a, c5, y2,1,5
â®é®).

�§ ç¥ï 1.1. �®à¬ «ì®î ¬®¢®î ( ¡® ¯à®áâ® ¬®¢®î)  ¤  «ä -
¢÷â®¬ T  §¨¢ îâì ¡ã¤ì-ïªã ¯÷¤¬®¦¨ã L ¬®¦¨¨ T ∗: L ⊂ T ∗.

�à¨ª« ¤ 1.4. 1. L = {a2ncb : n ∈ N} { ä®à¬ «ì  ¬®¢   ¤  «ä ¢÷-
â®¬ T = {a, b, c}.

2. L = {a ∈ {0, 1, 2}∗ : |a|10 = 0} { ä®à¬ «ì  ¬®¢   ¤  «ä ¢÷â®¬
T = {0, 1, 2} (¬÷áâ¨âì á«®¢ , ã ïª¨å §  1 ¥ á«÷¤ãõ 0).

3. L = T { ä®à¬ «ì  ¬®¢   ¤ T , ®áª÷«ìª¨ T ⊂ T ∗.
4. ∅ â  T ∗ { ä®à¬ «ì÷ ¬®¢¨  ¤ T , ®áª÷«ìª¨ ∅ ⊂ T ∗ â  T ∗ ⊂ T ∗.

1.2.2. �¯¥à æ÷ù  ¤ ä®à¬ «ì¨¬¨ ¬®¢ ¬¨

1. �¥®à¥â¨ª®-¬®¦¨÷ ®¯¥à æ÷ù. �¥å © L1, L2 ⊂ T ∗. �®¤÷ L1∪L2,
L1 ∩L2, L1 \L2 { ¢÷¤¯®¢÷¤® ®¡'õ¤ ï, ¯¥à¥â¨ â  à÷§¨æï ¬®¢ L1 â  L2

ïª ¬®¦¨; ¤®¯®¢¥ï L ¤® ¬®¢¨ L ⊂ T ∗ ¢¨§ ç¥® ¢÷¤®á® T ∗, â®¡â®
L = T ∗ \ L.

2. �®ª â¥ æ÷ï ¬®¢. �®ª â¥ æ÷õî ä®à¬ «ì¨å ¬®¢ L1, L2 ⊂ T ∗

 §¨¢ îâì ä®à¬ «ìã ¬®¢ã L1 · L2 = {a · b : a ∈ L1, b ∈ L2} (ª®ª â¥ -
æ÷ï L1 · L2 ¬÷áâ¨âì ãá÷ ¬®¦«¨¢÷ ¯ à¨ ª®ª â¥ æ÷© á«÷¢ ÷§ ¬®¢ L1 ÷ L2).
�ª ÷ ª®ª â¥ æ÷ï á«÷¢, ª®ª â¥ æ÷ï ¬®¢  á®æ÷ â¨¢ ,  «¥, ¢ § £ «ì®¬ã
¢¨¯ ¤ªã, ¥ª®¬ãâ â¨¢ .

�¨¬¢®« ý·þ ã § ¯¨á÷ ª®ª â¥ æ÷ù ¬®¢ ç áâ® ®¯ãáª îâì, â®¡â® § ¬÷áâì
L1 · L2 ¯¨èãâì L1L2. �ã¦ª¨ ã § ¯¨á÷ ª®ª â¥ æ÷ù âàì®å  ¡® ¡÷«ìè¥
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�®§¤÷« 1. �®à¬ «ì÷ ¬®¢¨ â  £à ¬ â¨ª¨. öõà àå÷ï �®¬áìª®£®

¬®¢, § ®£«ï¤ã    á®æ÷ â¨¢÷áâì, â ª®¦ ¬®¦  ®¯ãáª â¨, â®¡â® § ¬÷áâì
(L1 · L2) · L3 ç¨ L1 · (L2 · L3) ¯¨èãâì L1L2L3.

�à¨ª« ¤ 1.5. 1. {ab, abc, bc}{c, e} = {abc, abcc, bcc, ab, bc}, ®¤ ª
{c, e}{ab, abc, bc} = {cab, ab, cabc, abc, cbc, bc}.

2. {c2}{(ab)n : n ∈ N}{c} = {c2(ab)nc : n ∈ N}.
3. L{e} = {e}L = L ¤«ï ¡ã¤ì-ïª®ù ¬®¢¨ L.
4. L ·∅ = ∅ · L = ∅ ¤«ï ¡ã¤ì-ïª®ù ¬®¢¨ L.
� ¢¥¤¥¨© ¯à¨ª« ¤ ¯®ª §ãõ, é® á«÷¤ à®§à÷§ïâ¨ ¬®¢¨ {e} (¬÷áâ¨âì

®¤¥ á«®¢® { ¯®à®¦õ) â  ∅ (õ ¯®à®¦ì®î ¬®¦¨®î, â®¡â® ¢§ £ «÷ ¥
¬÷áâ¨âì ¦®¤®£® á«®¢ ).

�ª ÷ ã ¢¨¯ ¤ªã ª®ª â¥ æ÷ù á«÷¢, ¤«ï ª®ª â¥ æ÷ù ¬®¢ ¢¨ª®à¨áâ®¢ã-
¢ â¨¬¥¬® ¯à¨à®¤¥ ¢¨§ ç¥ï áâ¥¯¥ï: Ln = L · L · · · · · L︸ ︷︷ ︸

n

, L0 = {e}, ¤¥

L ⊂ T ∗, n ∈ N.
� ã¢ ¦¥ï 1.1. Ln áª« ¤ õâìáï § ãá÷å ª®ª â¥ æ÷© n á«÷¢ ÷§ L:

Ln = {w1w2 . . . wn : w1, w2, . . . , wn ∈ L};

¢¨¯ ¤®ª n = 0 ¢÷¤¯®¢÷¤ õ ¬®¢÷, é® ¬÷áâ¨âì «¨è¥ ¯®à®¦õ á«®¢®: L0 = {e}.
� ã¢ ¦¥ï 1.2. �¨§ ç îç¨ ¡÷ à÷ ®¯¥à æ÷ù L1∪L2, L1∩L2, L1\L2 â 

L1 ·L2, ¬®¦  ¢÷¤¬®¢¨â¨áì ¢÷¤ ã¬®¢¨ L1, L2 ⊂ T ∗, â®¡â® ¬®¦  ¢¢ ¦ â¨,
é® ¬®¢¨ L1 â  L2 § ¤ ÷  ¤ à÷§¨¬¨  «ä ¢÷â ¬¨. �ªé® L1 ⊂ T ∗

1 , L2 ⊂ T ∗
2 ,

¤®áâ âì® ¢¢¥áâ¨ â¥à¬÷ «ì¨©  «ä ¢÷â T = T1 ∪ T2 ÷ ¢¢ ¦ â¨, é® ¬®¢¨
L1 â  L2 § ¤ ÷  ¤ T , ®áª÷«ìª¨ L1, L2 ⊂ T ∗.

3. � ¬¨ª ï (§÷à®çª ) �«÷÷.1 � ¬¨ª ï¬ (§÷à®çª®î) �«÷÷
ä®à¬ «ì®ù ¬®¢¨ L  §¨¢ îâì ä®à¬ «ìã ¬®¢ã

L∗ = L0 ∪ L1 ∪ L2 ∪ · · · ∪ Ln ∪ · · · . (1.1)

� ã¢ ¦¥ï 1.3. L∗ áª« ¤ õâìáï § ãá÷å ¬®¦«¨¢¨å ª®ª â¥ æ÷© áª÷-
ç¥®ù ª÷«ìª®áâ÷ á«÷¢ ÷§ L:

L∗ = {w1w2 . . . wn : w1, w2, . . . , wn ∈ L, n > 0},

¤¥ ¢¨¯ ¤®ª n = 0 ¢÷¤¯®¢÷¤ õ ¯®à®¦ì®¬ã á«®¢ã: e ∈ L∗.

1�«÷÷ (�«¥©÷) �â÷¢¥ �®ã« (1909{1994) { ¢¨¤ â¨©  ¬¥à¨ª áìª¨© ¢ç¥¨©; à®¡®-
â¨ �«÷÷ á¯÷«ì® § à®¡®â ¬¨ �. �¥àç , �. �¥¤¥«ï ÷ �. �ìîà÷£  ¤ «¨ ¯®ç â®ª â¥®à÷ù
®¡ç¨á«î¢ ®áâ÷; á ¬¥ �«÷÷ § ¯à®¯®ã¢ ¢ à¥£ã«ïà÷ ¢¨à §¨ ïª § á÷¡ ¢¨¢ç¥ï  ¢â®-
¬ â¨å (à¥£ã«ïà¨å) ¬®¢.
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1.2. �®à¬ «ì÷ ¬®¢¨. �¯¥à æ÷ù  ¤ ä®à¬ «ì¨¬¨ ¬®¢ ¬¨

� § ç¨¬®, é® ¬®¦¨  ¢á÷å á«÷¢  ¤  «ä ¢÷â®¬ â¥à¬÷ «ì¨å á¨¬-
¢®«÷¢ T õ § ¬¨ª ï¬ �«÷÷ ¬®¦¨¨ T ïª ä®à¬ «ì®ù ¬®¢¨, é® ã§£®-
¤¦ãõâìáï § ã¢¥¤¥¨¬ à ÷è¥ ¯®§ ç¥ï¬ T ∗.

�à¨ª« ¤ 1.6. 1. {ab}∗ = {(ab)n : n > 0}.
2. {ab, c}∗ = {(ab)n1cm1 . . . (ab)nkcmk : n1, . . . , nk,m1, . . . ,mk > 0, k > 0}.
3. {aa, ab, ba, bb}∗ = {w ∈ {a, b}∗ : |w| { ¯ à¥}.
4. {a, ab}∗ = {w ∈ {a, b}∗ : b ã áª« ¤÷ w ¬®¦¥ á«÷¤ã¢ â¨ â÷«ìª¨ §  a}.
5. ∅∗ = {e}.
ö§ § ¬¨ª ï¬ �«÷÷ ¯®¢'ï§   é¥ ®¤  ®¯¥à æ÷ï  ¤ ¬®¢®î L:

L+ = L1 ∪ L2 ∪ · · · ∪ Ln ∪ · · · . (1.2)

�®ªà¥¬ , T+ áª« ¤ õâìáï ÷§ ¢á÷å ¥¯®à®¦÷å á«÷¢  ¤  «ä ¢÷â®¬ T .

�à¨ª« ¤ 1.7. 1. {ab}+ = {(ab)n : n > 1}.
2. ∅+ = ∅.
3. {e}+ = {e}.
�«ï ¬®¢ L∗ â  L+ ¡¥§¯®á¥à¥¤ì® ÷§ (1.1) â  (1.2) ¢¨¯«¨¢ îâì â ª÷

á¯÷¢¢÷¤®è¥ï:

L∗ = L+ ∪ {e}, L+ = L · L∗ = L∗ · L.

�¯à ¢  1.1. �®¢¥áâ¨, é® (L+ = L∗) ⇔ (e ∈ L).

�¯¥à æ÷î ý+þ, ïª ÷ ý∗þ, ¬®¦  § áâ®á®¢ã¢ â¨ ¤® ¤®¢÷«ì®ù ¬®¦¨-
¨ á«÷¢  ¤  «ä ¢÷â®¬ A, ïª¨© ¬÷áâ¨âì ¥ â÷«ìª¨ â¥à¬÷ «ì÷ á¨¬¢®«¨;
§®ªà¥¬ , A+ áª« ¤ õâìáï ÷§ ¢á÷å ¥¯®à®¦÷å á«÷¢  ¤  «ä ¢÷â®¬ A. �¢¨-
ç ©®, ¬®¦¨¨ A∗ ÷ A+ ¥ õ ä®à¬ «ì¨¬¨ ¬®¢ ¬¨, ®áª÷«ìª¨ A ¬÷áâ¨âì
¯à¨ ©¬÷ ®¤¨ ¥â¥à¬÷ «ì¨© á¨¬¢®« (V ̸= ∅).

4. �¡¥àâ ï ¬®¢¨. �¡¥àâ ï¬ (¤§¥àª «ì¨¬ ¢÷¤®¡à ¦¥ï¬)
á«®¢  w = a1a2 · · · an ∈ T ∗ (a1, a2, . . . , an ∈ T )  §¨¢ îâì á«®¢®
wR = an . . . a2a1, § ¯¨á ¥ ã §¢®à®â®¬ã ¯®àï¤ªã. �ªà÷¬ â®£®, eR = e.
�¡¥àâ ï¬ (¤§¥àª «ì¨¬ ¢÷¤®¡à ¦¥ï¬) ä®à¬ «ì®ù ¬®¢¨ L ⊂ T ∗

 §¨¢ îâì ä®à¬ «ìã ¬®¢ã LR = {wR : w ∈ L}.
�à¨ª« ¤ 1.8. {anbm : n,m > 0}R = {bman : n,m > 0}.
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�®§¤÷« 1. �®à¬ «ì÷ ¬®¢¨ â  £à ¬ â¨ª¨. öõà àå÷ï �®¬áìª®£®

1.3. �®ïââï ä®à¬ «ì®ù £à ¬ â¨ª¨

�¥å © § ¤ ®  «ä ¢÷â A = V ∪ T , V ∩ T = ∅, ¤¥ V ÷ T {  «ä ¢÷â¨
¥â¥à¬÷ «ì¨å ÷ â¥à¬÷ «ì¨å á¨¬¢®«÷¢ ¢÷¤¯®¢÷¤®.

�§ ç¥ï 1.2. �à®¤ãªæ÷õî  ¡® ¯à ¢¨«®¬ ¯÷¤áâ ®¢ª¨  ¤  «ä -
¢÷â®¬ A  §¨¢ îâì ¤®¢÷«ìã ¯ àã (a, b) ∈ (A∗ × A∗); ¯à®¤ãªæ÷î (a, b)
§ ¯¨áãîâì ã ¢¨£«ï¤÷ a → b.

� ¦ãâì, é® á«®¢® g2 ∈ A∗ ¬®¦  ®âà¨¬ â¨ ÷§ á«®¢  g1 ∈ A∗ ¯à®¤ãª-
æ÷õî p = (a → b), ïªé® g1 = uav, g2 = ubv ¤«ï ¤¥ïª¨å u, v ∈ A∗. ö ªè¥
ª ¦ãç¨, g2 ®âà¨¬ ® ÷§ g1 § ¬÷®î ¤¥ïª®£® ¢å®¤¦¥ï a ¤® g1   b. �ªé®
g1 ¬÷áâ¨âì ¤¥ª÷«ìª  ¢å®¤¦¥ì ¯÷¤á«®¢  a, â® § ¬÷÷   b ¯÷¤«ï£ õ ¡ã¤ì-ïª¥
( «¥ ®¤¥) ¢å®¤¦¥ï; ã æì®¬ã ¢¨¯ ¤ªã ÷§ g1 ¯à®¤ãªæ÷õî p ¬®¦  ®âà¨-
¬ â¨, ïª ¯à ¢¨«®, ¤¥ª÷«ìª  à÷§¨å á«÷¢. �ªé® g1 ¥ ¬÷áâ¨âì ¯÷¤á«®¢  a,
¦®¤®£® á«®¢  ÷§ g1 ¯à®¤ãªæ÷õî p ®âà¨¬ â¨ ¥¬®¦«¨¢®; ã æì®¬ã ¢¨¯ ¤ªã
£®¢®àïâì, é® ¯à®¤ãªæ÷î p ¥¬®¦«¨¢® § áâ®áã¢ â¨ ¤® á«®¢  g1.

�à¨ª« ¤ 1.9. � ä÷ªáãõ¬® ¯à®¤ãªæ÷î ab → b. �®¤÷:

1) ÷§ á«®¢  bab ¬®¦  ®âà¨¬ â¨ ®¤¥ á«®¢® bb;

2) ÷§ á«®¢  babbab ¬®¦  ®âà¨¬ â¨ ¤¢  á«®¢ : bbbab â  babbb;

3) ÷§ á«®¢  bba § ¤ ®î ¯à®¤ãªæ÷õî ¥ ¬®¦  ®âà¨¬ â¨ ¦®¤®£® á«®-
¢ , ®áª÷«ìª¨ bba ¥ ¬÷áâ¨âì ¯÷¤á«®¢  ab.

�à¨ª« ¤ 1.10. � ä÷ªáãõ¬® ¯à®¤ãªæ÷î b → bb. �®¤÷:

1) ÷§ á«®¢  ba ¬®¦  ®âà¨¬ â¨ ®¤¥ á«®¢® bba;

2) ÷§ á«®¢  aabab ¬®¦  ®âà¨¬ â¨ ¤¢  á«®¢ : aabbab â  aababb;

3) ÷§ á«®¢  abb ¬®¦  ®âà¨¬ â¨ ®¤¥ á«®¢® abbb (¤¢  ¢å®¤¦¥ï b ¤®
abb ¯÷á«ï § ¬÷¨   bb ¤ îâì ®¤ ª®¢¨© à¥§ã«ìâ â);

4) ÷§ á«®¢  aa § ¤ ®î ¯à®¤ãªæ÷õî ¥ ¬®¦  ®âà¨¬ â¨ ¦®¤®£® á«®¢ .

�à®¤ãªæ÷î ¢¨£«ï¤ã a → e, a ∈ (V ∪ T )∗  §¨¢ îâì e-¯à®¤ãªæ÷õî. � -
áâ®áã¢ ï â ª®ù ¯à®¤ãªæ÷ù ¤® á«®¢  g ¯à¨¢®¤¨âì ¤® ¢¨¤ «¥ï ÷§ á«®¢  g
®¤®£® ÷§ ¢å®¤¦¥ì ¯÷¤á«®¢  a.

�à¨ª« ¤ 1.11. �à®¤ãªæ÷õî ba → e ÷§ á«®¢  bacba ¬®¦  ®âà¨¬ â¨
¤¢  á«®¢ : cba â  bac; ÷§ á«®¢  abb æ÷õî ¯à®¤ãªæ÷õî ¥ ¬®¦  ®âà¨¬ â¨
¦®¤®£® á«®¢ .

�à®¤ãªæ÷î ¢¨£«ï¤ã e → a ¬®¦  § áâ®áã¢ â¨ ¤® ¡ã¤ì-ïª®£® á«®¢  g,
®áª÷«ìª¨ g ¬÷áâ¨âì ¯à¨ ©¬÷ ®¤¥ ( á¯à ¢¤÷ |g| + 1 > 0) ¢å®¤¦¥ï
¯÷¤á«®¢  e.
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1.3. �®ïââï ä®à¬ «ì®ù £à ¬ â¨ª¨

�à¨ª« ¤ 1.12. �à®¤ãªæ÷õî e → b ÷§ á«®¢  ac ¬®¦  ®âà¨¬ â¨ âà¨
á«®¢ : bac, abc â  acb; ÷§ á«®¢  bc æ÷õî ¯à®¤ãªæ÷õî ¬®¦  ®âà¨¬ â¨ â÷«ìª¨
¤¢  à÷§¨å á«®¢  { bbc â  bcb, ®áª÷«ìª¨ ¯¥àè÷ ¤¢  ¢å®¤¦¥ï e ¤® bc ¯÷á«ï
§ ¬÷¨   b ¤ îâì ®¤¥ © â¥ á ¬¥ á«®¢® bbc.

�§ ç¥ï 1.3. �®à¬ «ì®î £à ¬ â¨ª®î ( ¡® ¯à®áâ® £à ¬ â¨ª®î)
 §¨¢ îâì ç¥â¢÷àªã G = ⟨V, T, P, S⟩, ¤¥ V ÷ T {  «ä ¢÷â¨ ¥â¥à¬÷ «ì¨å
÷ â¥à¬÷ «ì¨å á¨¬¢®«÷¢ ¢÷¤¯®¢÷¤®, P { ¥¯®à®¦ï áª÷ç¥  ¬®¦¨ 
¯à®¤ãªæ÷©  ¤  «ä ¢÷â®¬ A = V ∪T , S ∈ V { ä÷ªá®¢ ¨© ¥â¥à¬÷ «ì¨©
á¨¬¢®«, ïª¨©  §¨¢ îâì ¤¦¥à¥«®¬.

�®¡ § ¯¨á â¨ ª÷«ìª  ¯à®¤ãªæ÷© § ®¤ ª®¢¨¬¨ «÷¢¨¬¨ ç áâ¨ ¬¨, â®¡-
â® é®¡ § ¯¨á â¨ n ¯à®¤ãªæ÷© ¢¨£«ï¤ã a → b1, a → b2, . . . , a → bn, ç áâ®
¢¨ª®à¨áâ®¢ãîâì ¯®§ ç¥ï a → b1|b2| . . . |bn.

�«ï £à ¬ â¨ª¨ G = ⟨V, T, P, S⟩ ¯¨èãâì a ⇒
G

b, ïªé® á«®¢® b ∈ A∗

¬®¦  ®âà¨¬ â¨ ÷§ á«®¢  a ∈ A∗ ¤¥ïª®î ¯à®¤ãªæ÷õî p ∈ P . �â¦¥, §
ª®¦®î £à ¬ â¨ª®î G ¯®¢'ï§ ¥ ¡÷ à¥ ¢÷¤®è¥ï ý⇒

G
þ   A∗, ïª¥

áª« ¤ õâìáï ÷§ â ª¨å ¯ à (a, b) ∈ (A∗×A∗), é® a ⇒
G

b. �ªé® ÷§ ª®â¥ªáâã

§à®§ã¬÷«®, ¯à® ïªã £à ¬ â¨ªã ©¤¥âìáï, § ¬÷áâì a ⇒
G

b ¯¨èãâì a ⇒ b.

�§ ç¥ï 1.4. �à §¨â¨¢®-à¥ä«¥ªá¨¢¨¬ § ¬¨ª ï¬ ¡÷ à®£®
¢÷¤®è¥ï R ⊂ (X ×X)  §¨¢ îâì ¬÷÷¬ «ì¥ §  ¢ª« ¤¥ï¬ ý⊂þ ¢÷¤-
®è¥ï R∗ ⊂ (X×X), ïª¥ ¬÷áâ¨âì R ÷ õ âà §¨â¨¢¨¬ â  à¥ä«¥ªá¨¢¨¬.

ö§ ¢¨§ ç¥ï §à®§ã¬÷«®, é® ¤«ï ¢÷¤®è¥ï R ⊂ (X × X) âà §¨-
â¨¢®-à¥ä«¥ªá¨¢¥ § ¬¨ª ï R∗ ⊂ (X × X) áª« ¤ õâìáï ÷§ â ª¨å ¯ à
(a0, an) ∈ (X ×X), é®

a0Ra1, a1Ra2, . . . , an−1Ran

¤«ï ¤¥ïª¨å a1, . . . , an−1 ∈ X, n > 0. �®ªà¥¬ , ¤«ï § ¤ ®ù £à ¬ â¨ª¨
G = ⟨V, T, P, S⟩ âà §¨â¨¢®-à¥ä«¥ªá¨¢¥ § ¬¨ª ï ý

∗⇒
G
þ ¢÷¤®è¥ï

ý⇒
G
þ áª« ¤ õâìáï ÷§ â ª¨å ¯ à á«÷¢ (a, b), é® b ¬®¦  ®âà¨¬ â¨ (¢¨¢¥áâ¨,

¯®à®¤¨â¨) ÷§ a áª÷ç¥®î ª÷«ìª÷áâî § áâ®áã¢ ì ¯à®¤ãªæ÷© ÷§ ¬®¦¨¨
P . �®ªà¥âã ¯®á«÷¤®¢÷áâì á«÷¢ a1, . . . , an, â ªã, é®

a ⇒
G

a1 ⇒
G

a2 ⇒
G

· · · ⇒
G

an ⇒
G

b,

 §¨¢ îâì ¢¨¢¥¤¥ï¬ b ÷§ a ã £à ¬ â¨æ÷ G. � £®«®á¨¬®, é® ¢á÷ ¯ à¨

(a, a) (a ∈ A∗)  «¥¦ âì ¢÷¤®è¥î ý
∗⇒
G
þ, â®¡â® a

∗⇒
G

a; ¬®¦  ¢¢ ¦ â¨,

é® b = a ¢¨¢¥¤¥¥ ÷§ a §  0 § áâ®áã¢ ì ¯à®¤ãªæ÷© ÷§ P .
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�®§¤÷« 1. �®à¬ «ì÷ ¬®¢¨ â  £à ¬ â¨ª¨. öõà àå÷ï �®¬áìª®£®

�¥â «ì÷è¥ ¯à® à÷§÷ § ¬¨ª ï ¡÷ à®£® ¢÷¤®è¥ï ¤¨¢. [7, 8].
�§ ç¥ï 1.5. �®à¬ «ì®î ¬®¢®î L[G], ¯®à®¤¦¥®î £à ¬ â¨ª®î

G = ⟨V, T, P, S⟩,  §¨¢ îâì ¬®¦¨ã á«÷¢  ¤ â¥à¬÷ «ì¨¬  «ä ¢÷â®¬,
ïª÷ ¬®¦  ®âà¨¬ â¨ (¯®à®¤¨â¨) ÷§ ¤¦¥à¥«  áª÷ç¥®î ª÷«ìª÷áâî § áâ®-
áã¢ ì ¯à®¤ãªæ÷© ÷§ ¬®¦¨¨ P :

L[G] = {w ∈ T ∗ : S
∗⇒
G

w}.

� § â¨¬¥¬®, é® á«®¢® w ∈ T ∗ ¯®à®¤¦¥¥ £à ¬ â¨ª®îG, ïªé® S
∗⇒
G

w.

�§ ç¥ï 1.6. �à ¬ â¨ª¨G1 ÷G2  §¨¢ îâì ¥ª¢÷¢ «¥â¨¬¨, ïªé®
¢®¨ ¯®à®¤¦ãîâì âã á ¬ã ¬®¢ã:

(G1 ∼ G2) ⇔ (L[G1] = L[G2]).

�à¨ª« ¤ 1.13. 1. �®§£«ï¥¬® G1 = ⟨{S}, {a, b}, {S → abS|e}, S⟩. ö§
¤¦¥à¥«  S § áâ®áã¢ ï¬ ¯à®¤ãªæ÷ù p1 = (S → abS) ¬®¦  ®âà¨¬ â¨
á«®¢® abS, § áâ®áã¢ ï¬ ¯à®¤ãªæ÷ù p2 = (S → e) { á«®¢® e. ö§ á«®¢  abS
¯à®¤ãªæ÷ï¬¨ p1 â  p2 ¬®¦  ®âà¨¬ â¨ ¢÷¤¯®¢÷¤® (ab)2S â  ab. �à®¤®¢-
¦ãîç¨ ¯à®æ¥á, ®âà¨¬ãõ¬® ÷§ S á«®¢  (ab)nS â  (ab)n ¤«ï ¢á÷å n > 0. � 
à¨á. 1.1 ¯®ª § ® áå¥¬ã ¢¨¢¥¤¥ï; ¯®àãç ÷§ á¨¬¢®« ¬¨ ¢¨¢¥¤¥ï ý⇒þ
¢ª § ® ¯à®¤ãªæ÷ù, § áâ®á®¢ ÷   ª®ªà¥â®¬ã ªà®æ÷.

S abS

ab

(ab S)2

(ab)2

(ab S)n

(ab)n

p1

p2 p2 p2 p2

p1 p1 p1p1

ε

�¨á. 1.1

�â¦¥, ä®à¬ «ì  ¬®¢ , ¯®à®¤¦¥  £à ¬ â¨ª®î G1, ¬÷áâ¨âì á«®¢ 
(ab)n ∈ {a, b}∗ (n > 0). �¤ ª á«®¢  (ab)nS (n > 0), å®ç ÷ ¢¨¢®¤ïâìáï
÷§ ¤¦¥à¥«  S ¯à®¤ãªæ÷ï¬¨ p1 â  p2, ¥ ¢å®¤ïâì ã ¬®¢ã L[G1], ®áª÷«ìª¨
¬÷áâïâì ¥â¥à¬÷ «ì¨© á¨¬¢®« S. �áâ â®ç® ®âà¨¬ãõ¬®:

L[G1] = {(ab)n : n > 0}.

2. �®§£«ï¥¬® G2 = ⟨{S,A}, {a, b}, {S → aA|e, A → bS}, S⟩. ö§ ¤¦¥à¥-
«  S § áâ®áã¢ ï¬ ¯à®¤ãªæ÷© q1 = (S → aA) â  q2 = (A → bS) ¬®¦ 
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1.3. �®ïââï ä®à¬ «ì®ù £à ¬ â¨ª¨

®âà¨¬ â¨ á«®¢  (ab)naA â  (ab)nS (n > 0); ¤ «÷ ÷§ á«÷¢ (ab)nS (n > 0)
¯à®¤ãªæ÷õî q3 = (S → e) ¬®¦  ®âà¨¬ â¨ á«®¢  (ab)n (n > 0) (à¨á. 1.2).

S aA abS

ab

(ab S)n

(ab)n

q1 q1q2

q3 q3 q3

q1q2

ε

abaA
q1q2

q3

(ab S)n(ab S)2

(ab)2

�¨á. 1.2

�ç¥¢¨¤®, á«®¢  (ab)naA â  (ab)nS (n > 0) ¥ ¢å®¤ïâì ¤® ¬®¢¨ L[G2],
®áª÷«ìª¨ ¬÷áâïâì ¥â¥à¬÷ «ì÷ á¨¬¢®«¨ A â  S. �áâ â®ç® ®âà¨¬ãõ¬®:

L[G2] = {(ab)n : n > 0}.

� ç¨¬®, é® G2 ∼ G1, ®áª÷«ìª¨ ®¡¨¤¢÷ £à ¬ â¨ª¨ ¯®à®¤¦ãîâì âã á ¬ã
¬®¢ã {(ab)n : n > 0}.

3. �®§£«ï¥¬® G3 = ⟨{S}, {a, b, c}, {S → aSb|c}, S⟩. ö§ ¤¦¥à¥«  S ¯à®-
¤ãªæ÷õî S → aSb ¬®¦  ®âà¨¬ â¨ á«®¢® aSb, ÷§ ïª®£® æ÷õî ¦ ¯à®¤ãª-
æ÷õî ¬®¦  ®âà¨¬ â¨ á«®¢® a2Sb2. �à®¤®¢¦ãîç¨ ¯à®æ¥á, ®âà¨¬ãõ¬® ÷§
S ¯à®¤ãªæ÷õî S → aSb ¢á÷ á«®¢  anSbn (n > 0). � áâ®áã¢ ¢è¨ ¤® æ¨å
á«÷¢ ¯à®¤ãªæ÷î S → c, ®âà¨¬ãõ¬® á«®¢ , é® áª« ¤ îâì ¬®¢ã L[G3]:

L[G3] = {ancbn : n > 0}.

4. �®¡ã¤ãõ¬® £à ¬ â¨ªã, é® ¯®à®¤¦ãõ ¬®¢ã {(ab)n, ancbn : n > 0}.
�¯®ç âªã § § ç¨¬®, é®

{(ab)n, ancbn : n > 0} = L[G1] ∪ L[G3],

¢¢ ¦ îç¨, é® ®¡¨¤¢÷ ¬®¢¨ L[G1] â  L[G3] § ¤ ÷  ¤ á¯÷«ì¨¬  «ä ¢÷â®¬
{a, b, c} (¤¨¢. § ã¢ ¦¥ï 1.2). �¥à¥¯¨è¥¬® £à ¬ â¨ª¨ G1 â  G3 â ª, é®¡
¢®¨ ¬ «¨ á¯÷«ì¨© â¥à¬÷ «ì¨©  «ä ¢÷â â  ¥ ¬ «¨ á¯÷«ì¨å ¥â¥à¬÷-
 «ì¨å á¨¬¢®«÷¢:

G′
1 = ⟨{S1}, {a, b, c}, {S1 → abS1|e}, S1⟩ ∼ G1,

G′
3 = ⟨{S3}, {a, b, c}, {S3 → aS3b|c}, S3⟩ ∼ G3.
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�®§¤÷« 1. �®à¬ «ì÷ ¬®¢¨ â  £à ¬ â¨ª¨. öõà àå÷ï �®¬áìª®£®

�® ¬®¦¨¨ ¯à®¤ãªæ÷© èãª ®ù £à ¬ â¨ª¨, é® ¯®à®¤¦ãõ ä®à¬ «ìã
¬®¢ã L[G′

1] ∪ L[G′
3], ¢ª«îç¨¬® ¢á÷ ¯à®¤ãªæ÷ù £à ¬ â¨ª G′

1 â  G′
3,   â ª®¦

¤¢÷ ¯à®¤ãªæ÷ù S → S1|S3, ®âà¨¬ãîç¨ £à ¬ â¨ªã

⟨{S, S1, S3}, {a, b, c}, {S1 → abS1|e, S3 → aS3b|c, S → S1|S3}, S⟩.

5. �®¡ã¤ãõ¬® £à ¬ â¨ªã, é® ¯®à®¤¦ãõ ¬®¢ã {(ab)namcbm : n,m > 0}.
�¯®ç âªã § § ç¨¬®, é®

{(ab)namcbm : n,m > 0} = L[G′
1] · L[G′

3],

¤¥ G′
1 â  G′

3 { £à ¬ â¨ª¨, ¯®¡ã¤®¢ ÷ ã ¯®¯¥à¥¤ì®¬ã ¯ãªâ÷ æì®£® ¯à¨-
ª« ¤ã. �® ¬®¦¨¨ ¯à®¤ãªæ÷© èãª ®ù £à ¬ â¨ª¨, é® ¯®à®¤¦ãõ ¬®¢ã
L[G′

1] · L[G′
3], ¢ª«îç¨¬® ¢á÷ ¯à®¤ãªæ÷ù £à ¬ â¨ª G′

1 â  G′
3,   â ª®¦ ¯à®-

¤ãªæ÷î S → S1S3, ®âà¨¬ãîç¨ £à ¬ â¨ªã

⟨{S, S1, S3}, {a, b, c}, {S1 → abS1|e, S3 → aS3b|c, S → S1S3}, S⟩.

6. �®¡ã¤ãõ¬® £à ¬ â¨ªã, é® ¯®à®¤¦ãõ ¬®¢ã

{an1cbn1an2cbn2 . . . ankcbnk : n1, n2, . . . , nk > 0, k > 0}.

� § ç¨¬®, é® {an1cbn1 . . . ankcbnk : n1, . . . , nk > 0, k > 0} = (L[G3])*.
�«ï ¯®¡ã¤®¢¨ £à ¬ â¨ª¨, é® ¯®à®¤¦ãõ ¬®¢ã (L[G3])*, ¤®¤ ¬® ¤® ¬®¦¨-
¨ ¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢ £à ¬ â¨ª¨ G3 ®¢¨© á¨¬¢®« S1, ïª¨© ®£®«®-
á¨¬® ¤¦¥à¥«®¬; ¤® ¬®¦¨¨ ¯à®¤ãªæ÷© ¤®¤ ¬® ¤¢÷ ¯à®¤ãªæ÷ù S1 → S1S|e.
� ª¨¬ ç¨®¬, ®âà¨¬ãõ¬® £à ¬ â¨ªã

⟨{S, S1}, {a, b, c}, {S → aSb|c, S1 → S1S|e}, S1⟩,

ïª , ¢®ç¥¢¨¤ì, ¯®à®¤¦ãõ èãª ã ¬®¢ã (L[G3])*.

� ã¢ ¦¥ï 1.4. � § £ «ì®¬ã ¢¨¯ ¤ªã ¤«ï ¯®¡ã¤®¢¨ £à ¬ â¨ª, ïª÷
¯®à®¤¦ãîâì ®¡'õ¤ ï ¬®¢ L1∪L2, ª®ª â¥ æ÷î ¬®¢ L1L2 â  § ¬¨ª ï
�«÷÷ L∗

1 ¬®¢¨ L1, ¬®¦  ¯®¡ã¤ã¢ â¨ £à ¬ â¨ª¨, ïª÷ ¯®à®¤¦ãîâì ¬®¢¨
L1 â  L2,   ¯®â÷¬ áª®à¨áâ â¨áï ¯à¨©®¬®¬, ¢¨ª« ¤¥¨¬ ã ¯à¨ª« ¤÷ 1.13.
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1.4. öõà àå÷ï �®¬áìª®£®

1.4. öõà àå÷ï �®¬áìª®£®1

�÷§÷ £à ¬ â¨ª¨ ¬®¦ãâì ¯®à®¤¦ã¢ â¨ âã á ¬ã ä®à¬ «ìã ¬®¢ã;
 £ ¤ õ¬®, é® â ª÷ £à ¬ â¨ª¨ §£÷¤® § ®§ ç¥ï¬ 1.6  §¨¢ îâì ¥ª¢÷¢ -
«¥â¨¬¨. � ª, ¥ª¢÷¢ «¥â¨¬¨ õ £à ¬ â¨ª¨ ⟨{S}, {a, b}, {S → abS|e}, S⟩
â  ⟨{S,A}, {a, b}, {S → aA|e, A → bS}, S⟩, ¡® ¢®¨ ¯®à®¤¦ãîâì âã
á ¬ã ä®à¬ «ìã ¬®¢ã {(ab)n : n > 0} (¤¨¢. ¯à¨ª« ¤ 1.13). �î ¬®-
¢ã ¯®à®¤¦ãîâì â ª®¦ ¡¥§«÷ç ÷è¨å £à ¬ â¨ª {  ¯à¨ª« ¤, £à ¬ â¨ª 
⟨{S,A}, {a, b}, {S → Ab|e, A → Sa}, S⟩. �ç¥¢¨¤®, é® ¥ ÷áãõ ®¤®§ ç-
®ù ¢÷¤¯®¢÷¤÷   § ¯¨â ï, ïª  § ¥ª¢÷¢ «¥â¨å £à ¬ â¨ª ªà é  { ¢á¥
§ «¥¦¨âì ¢÷¤ ª®ªà¥â®ù ¯à ªâ¨ç®ù § ¤ ç÷. �  è ç á  ©¡÷«ìè ¯®-
è¨à¥®î ª« á¨ä÷ª æ÷õî ä®à¬ «ì¨å £à ¬ â¨ª õ ÷õà àå÷ï �®¬áìª®£®
(¤¨¢. [1{3]), ïª  óàãâãõâìáï ¢¨ª«îç®   ¢¨£«ï¤÷ ¯à®¤ãªæ÷© ÷ ¥ ¡¥à¥
¤® ã¢ £¨ ª÷«ìª÷áâì ¯à®¤ãªæ÷© â  ¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢.

�£÷¤® § ÷õà àå÷õî �®¬áìª®£® ¢¨¤÷«ïîâì ç®â¨à¨ ª« á¨,  ¡® â¨¯¨, £à -
¬ â¨ª; æ÷ â¨¯¨ âà ¤¨æ÷©® ã¬¥àãîâì ç¨á« ¬¨ ¢÷¤ 0 ¤® 3.

�à ¬ â¨ª¨ â¨¯ã 0. �¥ § £ «ì¨© â¨¯: ¡ã¤ì-ïªã ä®à¬ «ìã £à ¬ -
â¨ªã ¢÷¤®áïâì ¤® â¨¯ã 0.

� ã¢ ¦¥ï 1.5. � ¢¨§ ç¥÷ £à ¬ â¨ª¨ â¨¯ã 0, â®¡â® ã § £ «ì®-
¬ã ¢¨§ ç¥÷ ä®à¬ «ì®ù £à ¬ â¨ª¨ ⟨V, T, P, S⟩, ç áâ® § ¡®à®ïîâì ¯®-
ï¢ã ¯®à®¦ì®£® á«®¢  ã «÷¢¨å ç áâ¨ å ¯à®¤ãªæ÷©,  ª« ¤ îç¨ ã¬®¢ã
P ⊂ (A+×A∗), A = V ∪T (¤¨¢.,  ¯à¨ª« ¤, [4{9]). �¥ ®¡¬¥¦¥ï ¥ §¢ã-
¦ãõ ª« á ¬®¢, ¯®à®¤¦¥¨å ä®à¬ «ì¨¬¨ £à ¬ â¨ª ¬¨, ®áª÷«ìª¨ ª®¦ã
¯à®¤ãªæ÷î e → a (a ∈ A∗) ¬®¦  § ¬÷¨â¨ ¯à®¤ãªæ÷ï¬¨ x → xa â  x → ax
(x ∈ A).

�à ¬ â¨ª¨ â¨¯ã 1. �®à¬ «ìã £à ¬ â¨ªã ⟨V, T, P, S⟩  §¨¢ îâì
ª®â¥ªáâ®-§ «¥¦®î (��-£à ¬ â¨ª®î),  ¡® £à ¬ â¨ª®î â¨¯ã 1, ïªé®
¬®¦¨  P ¬÷áâ¨âì «¨è¥ ¯à®¤ãªæ÷ù ¢¨£«ï¤ã g1Ag2 → g1ag2, ¤¥ A ∈ V ;
a ∈ (V ∪T )+; g1, g2 ∈ (V ∪T )∗. � £®«®á¨¬®, é® ��-£à ¬ â¨ª¨ ¥ ¬÷áâïâì
e-¯à®¤ãªæ÷©.

� ã¢ ¦¥ï 1.6. � ¢¨§ ç¥÷ £à ¬ â¨ª¨ â¨¯ã 1 ÷®¤÷ ¤®§¢®«ïîâì
¯®ï¢ã ®¤÷õù e-¯à®¤ãªæ÷ù ¢¨£«ï¤ã S → e, ¤¥ S { ¤¦¥à¥«®, ¢¨¬ £ îç¨, é®¡
á¨¬¢®« S ¥ ¬÷áâ¨¢áï ã ¯à ¢÷© ç áâ¨÷ ¦®¤®ù ¯à®¤ãªæ÷ù. �ç¥¢¨¤®, é®

1�®¬áìª¨© �® ¬ �¡à £ ¬ ( à®¤. ã 1928 à.) { ¢¨¤ â¨©  ¬¥à¨ª áìª¨© ¢ç¥¨©; § -
¯à®¯®ã¢ ¢  ¯ à â ä®à¬ «ì¨å £à ¬ â¨ª ¤«ï ¢¨¢ç¥ï ¯à¨à®¤¨å ¬®¢, § áã¢ ¢è¨
£¥¥à â¨¢¨©  ¯àï¬ ã «÷£¢÷áâ¨æ÷.
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�®§¤÷« 1. �®à¬ «ì÷ ¬®¢¨ â  £à ¬ â¨ª¨. öõà àå÷ï �®¬áìª®£®

§  â ª®ù ã¬®¢¨ ¯à®¤ãªæ÷ï S → e ¬®¦¥ §ãáâà÷â¨áï ã ¢¨¢¥¤¥÷ ¥ ¡÷«ìè¥
®¤®£® à §ã,   ®â¦¥ § ¡¥§¯¥ç¨âì ¢¨¢¥¤¥ï «¨è¥ ®¤®£® á«®¢  { e (¤¨¢.,
 ¯à¨ª« ¤, [14]).

�à ¬ â¨ª¨ â¨¯ã 2. �®à¬ «ìã £à ¬ â¨ªã ⟨V, T, P, S⟩  §¨¢ îâì
ª®â¥ªáâ®-¢÷«ì®î (��-£à ¬ â¨ª®î),  ¡® £à ¬ â¨ª®î â¨¯ã 2, ïªé® P
¬÷áâ¨âì «¨è¥ ¯à®¤ãªæ÷ù ¢¨£«ï¤ã A → a, ¤¥ A ∈ V , a ∈ (V ∪ T )∗.

�à ¬ â¨ª¨ â¨¯ã 3.�®à¬ «ìã £à ¬ â¨ªã ⟨V, T, P, S⟩  §¨¢ îâì à¥-
£ã«ïà®î,  ¡® £à ¬ â¨ª®î â¨¯ã 3, ïªé® ¬®¦¨  P ¬÷áâ¨âì «¨è¥ ¯à®-
¤ãªæ÷ù ¢¨£«ï¤ã A → aB, A → a â  A → e, ¤¥ A,B ∈ V , a ∈ T .

� ã¢ ¦¥ï 1.7. � áãç á÷© «÷â¥à âãà÷ ç áâ®  ¢®¤ïâì ¡÷«ìè è¨à®ª¥
¢¨§ ç¥ï £à ¬ â¨ª â¨¯ã 3, ¤®§¢®«ïîç¨ ¯à®¤ãªæ÷ù ¢¨£«ï¤ã A → uB
â  A → u, ¤¥ A,B ∈ V , u ∈ T ∗, V ÷ T { ¢÷¤¯®¢÷¤® ¥â¥à¬÷ «ì¨©
â  â¥à¬÷ «ì¨©  «ä ¢÷â¨. � ª÷ £à ¬ â¨ª¨  §¨¢ îâì ¯à ¢®«÷÷©¨¬¨
(¤¨¢. [9]). �¥£ª® §à®§ã¬÷â¨, é® ¯à ¢®«÷÷©÷ £à ¬ â¨ª¨ ¯®à®¤¦ãîâì â®©
á ¬¨© ª« á ¬®¢, é® © à¥£ã«ïà÷ £à ¬ â¨ª¨, ®áª÷«ìª¨ ª®¦ã ¯à®¤ãªæ÷î
A → a1a2 . . . anB â  A → a1a2 . . . an ¬®¦  § ¬÷¨â¨ n ¯à®¤ãªæ÷ï¬¨ ¢¨-
£«ï¤ã A → a1B1, B1 → a2B2, . . . , Bn−2 → an−1Bn−1, Bn−1 → anB ç¨
Bn−1 → an (§ ¬÷áâì Bn−1 → anB), ¢¢®¤ïç¨ ®¢÷ ¥â¥à¬÷ «ì÷ á¨¬¢®«¨
B1, B2, . . . , Bn−1.

� ç¨¬®, é® ¤«ï ¢¨§ ç¥¨å ª« á÷¢ ä®à¬ «ì¨å £à ¬ â¨ª á¯à ¢¤¦ã-
îâìáï â ª÷ ¢ª« ¤¥ï:

• ª®¦  £à ¬ â¨ª  â¨¯ã 3 (à¥£ã«ïà  £à ¬ â¨ª ) õ £à ¬ â¨ª®î â¨-
¯ã 2 (��-£à ¬ â¨ª®î);

• ª®¦  £à ¬ â¨ª  â¨¯ã 2 (��-£à ¬ â¨ª ) ¡¥§ e-¯à®¤ãªæ÷© õ £à ¬ -
â¨ª®î â¨¯ã 1 (��-£à ¬ â¨ª®î);

• ª®¦  ä®à¬ «ì  £à ¬ â¨ª  õ £à ¬ â¨ª®î â¨¯ã 0.

�à¨ª« ¤ 1.14. �®à¬ «ì  £à ¬ â¨ª  ⟨{S, S1, S2}, {a, b}, {S → S1S2,
S1 → aS1|e, S2 → bS2|e}, S⟩ ª®â¥ªáâ®-¢÷«ì ,  «¥ ¥ à¥£ã«ïà  { ¯à®-
¤ãªæ÷ï S → S1S2 ¥ õ ¤®§¢®«¥®£® ¤«ï à¥£ã«ïà¨å £à ¬ â¨ª ¢¨£«ï¤ã. �¤-
 ª ¥ª¢÷¢ «¥â  £à ¬ â¨ª  ⟨{S,A}, {a, b}, {S → aS|bA|e, A → bA|e}, S⟩
à¥£ã«ïà .

�à¨ª« ¤ 1.15. �®à¬ «ì  £à ¬ â¨ª  ⟨{S,A,B}, {a, b, c}, {S → aAa,
aAa → abBca, bBc → baAac|baac}, S⟩ ª®â¥ªáâ®-§ «¥¦ ,  «¥ ¥
ª®â¥ªáâ®-¢÷«ì  { ¦®¤  ¯à®¤ãªæ÷ï, ®ªà÷¬ ¯¥àè®ù, ¥ õ ¤®§¢®«¥®£®
¤«ï ��-£à ¬ â¨ª ¢¨£«ï¤ã. � ã¢ ¦¨¬®, é® ¬®¢ , ¯®à®¤¦¥  æ÷õî £à ¬ -
â¨ª®î, õ ª®â¥ªáâ®-¢÷«ì®î.
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1.4. öõà àå÷ï �®¬áìª®£®

�¯à ¢  1.2. �«ï £à ¬ â¨ª¨ § ¯à¨ª« ¤ã 1.15 ¢ª § â¨ ¬®¢ã, ïªã ¢® 
¯®à®¤¦ãõ, â  ¥ª¢÷¢ «¥âã ��-£à ¬ â¨ªã.

� ¯à¨ª« ¤÷ 1.13 £à ¬ â¨ª  ¯. 1 ¯à ¢®«÷÷© ,  «¥ ¥ à¥£ã«ïà , ¯. 2 {
à¥£ã«ïà , £à ¬ â¨ª¨ ¯¯. 3{6 { ª®â¥ªáâ®-¢÷«ì÷.

�÷¤¯®¢÷¤® ¤® ÷õà àå÷ù £à ¬ â¨ª ¢¨§ ç îâì ª« á¨ ä®à¬ «ì¨å ¬®¢.
�§ ç¥ï 1.7. �®à¬ «ìã ¬®¢ã  §¨¢ îâì à¥£ã«ïà®î,  ¡® â¨¯ã 3

(¢÷¤¯®¢÷¤® ª®â¥ªáâ®-¢÷«ì®î,  ¡® â¨¯ã 2, â  ª®â¥ªáâ®-§ «¥¦®î,
 ¡® â¨¯ã 1), ïªé® ùù ¯®à®¤¦ãõ ¤¥ïª  à¥£ã«ïà  (¢÷¤¯®¢÷¤® ª®â¥ªáâ®-
¢÷«ì , ª®â¥ªáâ®-§ «¥¦ ) £à ¬ â¨ª . �®à¬ «ìã ¬®¢ã, ïªã ¯®à®¤¦ãõ
¤®¢÷«ì  £à ¬ â¨ª , ¢÷¤®áïâì ¤® â¨¯ã 0.

�à¨ª« ¤ 1.16. �®à¬ «ì  ¬®¢  {(ab)n : n > 0} à¥£ã«ïà , ¡® ùù ¯®-
à®¤¦ãõ à¥£ã«ïà  £à ¬ â¨ª  ⟨{S,A}, {a, b}, {S → aA|e, A → bS}, S⟩. � -
§ ç¨¬®, é® æî ¦ ¬®¢ã ¯®à®¤¦ãîâì ¡¥§«÷ç ÷è¨å £à ¬ â¨ª, á¥à¥¤ ïª¨å
õ ¥à¥£ã«ïà÷ (¤¨¢. ¯à¨ª« ¤ 1.13); ®¤ ª æï ¬®¢  §£÷¤® § ®§ ç¥ï¬ 1.7
õ à¥£ã«ïà®î, ®áª÷«ìª¨ ÷áãõ à¥£ã«ïà  £à ¬ â¨ª , ïª  ùù ¯®à®¤¦ãõ.

�à¨ª« ¤ 1.17. �®¡ã¤ãõ¬® à¥£ã«ïàã ä®à¬ «ìã £à ¬ â¨ªã, ïª  ¯®-
à®¤¦ãõ ¬®¢ã {a2nb3k+1 : n > 0, k > 0}. ö§ ¤¦¥à¥«  S § áâ®áã¢ ï¬
¯à®¤ãªæ÷© S → aS1, S1 → aS ¬®¦  ®âà¨¬ â¨ ¢á÷ á«®¢  ¢¨£«ï¤ã a2nS,
a2n+1S1 (n > 0). � «®£÷ç¨¬¨ ¬÷àªã¢ ï¬¨ ¤®¤ õ¬® ¯à®¤ãªæ÷ù ¤«ï ¯®-
à®¤¦¥ï á¨¬¢®«÷¢ b, ®áâ â®ç® ®âà¨¬ãîç¨ £à ¬ â¨ªã

⟨{S,A,B1, B2, B3}, {a, b}, {S → aA|bB1, A → aS,

B1 → bB2|e, B2 → bB3, B3 → bB1}, S⟩.

�à¨ª« ¤ 1.18. �®à¬ «ì  ¬®¢  {anbn : n > 0} ª®â¥ªáâ®-¢÷«ì , ¡®
ùù ¯®à®¤¦ãõ ��-£à ¬ â¨ª  ⟨{S}, {a, b}, {S → aSb|e}, S⟩. �¤ ª æï ¬®¢ 
¥à¥£ã«ïà , â®¡â® ùù ¥ ¯®à®¤¦ãõ ¦®¤  à¥£ã«ïà  £à ¬ â¨ª ; æ¥© ¥-
®ç¥¢¨¤¨© ä ªâ ¡ã¤¥ ¤®¢¥¤¥® à÷§¨¬¨ á¯®á®¡ ¬¨ ã ¯÷¤à®§¤. 3.5.3 (¯à¨ª-
« ¤ 3.28) â  3.8.3 (¯à¨ª« ¤ 3.47).

�à¨ª« ¤ 1.19. �®à¬ «ì  ¬®¢  {anbncn : n > 1} ¥ â÷«ìª¨ ¥à¥£ã-
«ïà ,    ¢÷âì ¥ ª®â¥ªáâ®-¢÷«ì , é® ¡ã¤¥ ¤®¢¥¤¥® ã ¯÷¤à®§¤. 4.6
(¯à¨ª« ¤ 4.24). �¤ ª æï ¬®¢  ª®â¥ªáâ®-§ «¥¦  (¯à¨ª« ¤ 5.1).

�¯à ¢  1.3. �ã¤ì-ïª  áª÷ç¥  ä®à¬ «ì  ¬®¢  õ à¥£ã«ïà®î.
�ª §÷¢ª . �¨ª®à¨áâ â¨ ¯à¨©®¬, § áâ®á®¢ ¨© ã § ã¢ ¦¥÷ 1.7.
� ã¢ ¦¥ï 1.8. � § ç¨¬®, é® ÷áãîâì ª« á¨ ä®à¬ «ì¨å ¬®¢ (£à -

¬ â¨ª), ïª÷ ¥ §¡÷£ îâìáï § ª« á ¬¨ ÷õà àå÷ù �®¬áìª®£®. � ¯à¨ª« ¤, ¤¥-
â¥à¬÷®¢ ÷ ª®â¥ªáâ®-¢÷«ì÷ ¬®¢¨ õ ¢ã¦ç¨¬ ª« á®¬, ÷¦ ª« á ��-¬®¢,
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�®§¤÷« 1. �®à¬ «ì÷ ¬®¢¨ â  £à ¬ â¨ª¨. öõà àå÷ï �®¬áìª®£®

 «¥ è¨àè¨¬ §  ª« á à¥£ã«ïà¨å ¬®¢. �« á¨ £à ¬ â¨ª LL(k) â  LR(k),
ïª÷ ¢¨ª®à¨áâ®¢ãîâìáï ¢ â¥®à÷ù á¨â ªá¨ç®£®   «÷§ã â  ª®¬¯÷«ïæ÷ù,
õ ¢« á¨¬¨ ¯÷¤¬®¦¨ ¬¨ ª« áã ��-£à ¬ â¨ª â  ¢« á¨¬¨  ¤¬®¦¨-
 ¬¨ ª« áã à¥£ã«ïà¨å £à ¬ â¨ª.

� ¯¨â ï â  § ¢¤ ï

¤«ï á ¬®ª®âà®«î

1. � ¢¥áâ¨ ®§ ç¥ï  «ä ¢÷âã â  ä®à¬ «ì®ù ¬®¢¨.
2. �¥à¥¢÷à¨â¨ à÷¢®áâ÷   {a, b, c}∗: a2b2c2 = (abc)2, a(bca)3b = (abc)3ab.
3. � ¢¥áâ¨ ®§ ç¥ï â¥®à¥â¨ª®-¬®¦¨¨å ®¯¥à æ÷© ®¡'õ¤ ï, ¯¥-

à¥â¨ã, à÷§¨æ÷ â  ¤®¯®¢¥ï ä®à¬ «ì¨å ¬®¢.
4. � ¢¥áâ¨ ®§ ç¥ï ®¯¥à æ÷© ª®ª â¥ æ÷ù, § ¬¨ª ï (§÷à®çª¨) �«÷-

÷ â  ®¡¥àâ ï ä®à¬ «ì¨å ¬®¢.
5. �¨ á¯à ¢¤¦ãõâìáï à÷¢÷áâì L = Ln ¤«ï ¬®¢¨ L = ∅? �«ï ïª¨å ¬®¢

á¯à ¢¤¦ãõâìáï à÷¢÷áâì L+ = L∗?
6. � ¢¥áâ¨ ®§ ç¥ï ¯à®¤ãªæ÷ù â  ä®à¬ «ì®ù £à ¬ â¨ª¨.
7. � ¢¥áâ¨ ®§ ç¥ï e-¯à®¤ãªæ÷ù.
8. � ¢¥áâ¨ ®§ ç¥ï ¬®¢¨, ¯®à®¤¦¥®ù ä®à¬ «ì®î £à ¬ â¨ª®î. �ª÷

£à ¬ â¨ª¨  §¨¢ îâì ¥ª¢÷¢ «¥â¨¬¨?
9. � ¢¥áâ¨ ¢á÷ â¨¯¨ ä®à¬ «ì¨å £à ¬ â¨ª â  ä®à¬ «ì¨å ¬®¢ §£÷¤®

§ ÷õà àå÷õî �®¬áìª®£®, ¢ª § â¨ ¢÷¤¯®¢÷¤÷ ¯à¨ª« ¤¨.
10. �¨ ¬®¦¥ ��-£à ¬ â¨ª   ¡® ��-£à ¬ â¨ª  ¯®à®¤¦ã¢ â¨ à¥£ã«ïà-

ã ¬®¢ã? �ªé® â ª, ¢ª § â¨ ¢÷¤¯®¢÷¤÷ ¯à¨ª« ¤¨.
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�®§¤÷« 2

� è¨¨ �ìîà÷£ 

÷ ä®à¬ «ì÷ £à ¬ â¨ª¨

2.1. �¨§ ç¥ï ¬ è¨¨ �ìîà÷£ 

2.1.1. �¥ä®à¬ «ì¨© ®¯¨á

� è¨  �ìîà÷£ 1 {  ¡áâà ªâ¨© ¯à¨áâà÷©, ïª¨© ¬®¦  ãï¢¨â¨ ïª
¥áª÷ç¥ã ¢ ®¡¨¤¢  ¡®ª¨ áâà÷çªã, à®§¡¨âã   ª®¬÷àª¨, â  ªãàá®à, ïª¨©
¢ ª®¦¨© ¬®¬¥â ç áã ¢ª §ãõ   ¯¥¢ã ª®¬÷àªã ÷ ¬®¦¥ ¯¥à¥áã¢ â¨áï
¢§¤®¢¦ áâà÷çª¨. �®¦  ª®¬÷àª  áâà÷çª¨ ¬®¦¥ ¬÷áâ¨â¨ ®¤¨ á¨¬¢®«  ¡®
¥ ¬÷áâ¨â¨ ¦®¤®£®; ïªé® ª®¬÷àª  ¥ ¬÷áâ¨âì ¦®¤®£® á¨¬¢®« , â® ¢¢ -
¦ îâì, é® ¢®  ¬÷áâ¨âì ¯®à®¦÷© á¨¬¢®« Λ. �®¬÷àªã,   ïªã ¢ª §ãõ
ªãàá®à,  §¨¢ îâì ¯®â®ç®î; á¨¬¢®«, é® ©®£® ¬÷áâ¨âì ¯®â®ç  ª®¬÷à-
ª , â ª®¦  §¨¢ îâì ¯®â®ç¨¬. �®¦¨  X â¨å á¨¬¢®«÷¢, ïª÷ ¬®¦ãâì
¬÷áâ¨â¨ ª®¬÷àª¨ áâà÷çª¨, áª« ¤ õ à®¡®ç¨©  «ä ¢÷â,  ¡® ¯à®áâ®  «ä ¢÷â
¬ è¨¨ �ìîà÷£ ; æï ¬®¦¨  õ áª÷ç¥®î ÷ ¥¯®à®¦ì®î.

� è¨  �ìîà÷£  ¯à æîõ ¯®ªà®ª®¢®, §  ¤¨áªà¥â¨¬¨ ¬®¬¥â ¬¨ ç -
áã t = 0, 1, 2, . . . . �  ¯®ç âªã à®¡®â¨, â®¡â® ã ¬®¬¥â t = 0,   áâà÷çªã
¬ è¨¨ ¯®¤ îâì ¢å÷¤¥ á«®¢® áª÷ç¥®ù ¤®¢¦¨¨, ïª¥ áª« ¤ õâìáï ÷§
á¨¬¢®«÷¢ §®¢÷èì®£®  «ä ¢÷âã T ⊂ X, T ̸= ∅; ¢¢ ¦ îâì, é® Λ /∈ T . �÷¤
ç á à®¡®â¨ ¬ è¨¨ ã ª®¦¨© ¬®¬¥â t ¬®¦¥ §¬÷î¢ â¨áì «¨è¥ ¯®â®ç-

1�ìîà÷£ �«  (1912{1954) {  £«÷©áìª¨© ¢ç¥¨©, ®¤¨ ÷§ ¯¥àè¨å § ¯à®¯®ã¢ ¢
¢¨§ ç â¨ ¯®ïââï  «£®à¨â¬ã ç¥à¥§  ¡áâà ªâ÷ ¬ è¨¨.
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�®§¤÷« 2. � è¨¨ �ìîà÷£  ÷ ä®à¬ «ì÷ £à ¬ â¨ª¨

¨© á¨¬¢®«. �â¦¥,   áâà÷çæ÷ ã ¡ã¤ì-ïª¨© ¬®¬¥â ç áã «¨è¥ áª÷ç¥ 
ª÷«ìª÷áâì ª®¬÷à®ª ¬®¦¥ ¬÷áâ¨â¨ ¥¯®à®¦÷ á¨¬¢®«¨ (à¨á. 2.1).

a1 a2 a
n

Курсор

ΛΛ Λ Λ Λ ΛΛ

Поточна комірка

Поточний символ

�¨á. 2.1

� ã¢ ¦¥ï 2.1. �ªé® ¥ ¢ª § ® ÷è¥, ªãàá®à ã ¬®¬¥â t = 0 ¢ª §ãõ
  ¯¥àè¨© §«÷¢  á¨¬¢®« ¢å÷¤®£® á«®¢ , â®¡â®   ªà ©÷© «÷¢¨© ¥¯®à®¦-
÷© á¨¬¢®«.

� ª®¦¨© ¬®¬¥â ç áã ¬ è¨  �ìîà÷£  ¯¥à¥¡ã¢ õ ¢ ®¤®¬ã ÷§ á¢®ùå
áâ ÷¢; áâ  ¬ è¨¨ ã ª®ªà¥â¨© ¬®¬¥â t  §¨¢ îâì ¯®â®ç¨¬. �®-
¦¨  Q áâ ÷¢ ¬ è¨¨ �ìîà÷£  õ áª÷ç¥®î ÷ ¥¯®à®¦ì®î. � ¬®-
¦¨÷ áâ ÷¢ Q ¢¨¤÷«ïîâì ¤¢÷ ¯÷¤¬®¦¨¨: ¬®¦¨ã ¯®ç âª®¢¨å áâ ÷¢
I ⊂ Q ÷ ¬®¦¨ã § ª«îç¨å áâ ÷¢ F ⊂ Q. �  ¯®ç âªã à®¡®â¨ ¬ è¨ 
¯¥à¥¡ã¢ õ ¢ ®¤®¬ã ÷§ ¯®ç âª®¢¨å áâ ÷¢ q0 ∈ I (ã ¢¨¯ ¤ªã I = ∅ ¬ è¨ 
¢§ £ «÷ ¥ ¯®ç¨ õ à®¡®âã).

�÷ù ¬ è¨¨ �ìîà÷£    ª®¦®¬ã ªà®æ÷ ¢¨§ ç õ áª÷ç¥  ¬®¦¨ 
¯¥à¥å®¤÷¢,  ¡®ª®¬ ¤. �®¦¨© ¯¥à¥å÷¤ ¬ è¨¨ õ ¢¯®àï¤ª®¢ ¨¬  ¡®à®¬
¢¨£«ï¤ã ((q1, a1), (q2, a2, d)) ∈ (((Q \F )×X)× (Q×X ×{l, r, s})). � ¡®à¨
(q1, a1) â  (q2, a2, d)  §¨¢ â¨¬¥¬® ¢÷¤¯®¢÷¤® «÷¢®î â  ¯à ¢®î ç áâ¨ ¬¨
ª®¬ ¤¨. �  ª®¦®¬ã ªà®æ÷ ¬ è¨  èãª õ ª®¬ ¤ã ((q1, a1), (q2, a2, d)),
â ªã, é®¡ ¥«¥¬¥â¨ q1 ∈ Q\F â  a1 ∈ X ¡ã«¨ ¢÷¤¯®¢÷¤® ¯®â®ç¨¬ áâ ®¬
â  ¯®â®ç¨¬ á¨¬¢®«®¬, ÷ ¢¨ª®ãõ â ª÷ ¤÷ù:

1) § ¯¨áãõ ã ¯®â®çã ª®¬÷àªã ®¢¨© á¨¬¢®« a2 ∈ X (¬®¦«¨¢¨© ¢¨¯ -
¤®ª a2 = a1);

2) ¯¥à¥¬÷éãõ ªãàá®à   ®¤ã ª®¬÷àªã ç¨ § «¨è õ ©®£®   ¬÷áæ÷: ¯¥à¥-
¬÷éãõ «÷¢®àãç, ïªé® d = l; ¯¥à¥¬÷éãõ ¯à ¢®àãç, ïªé® d = r; § «¨è õ  
¬÷áæ÷, ïªé® d = s;

3) §¬÷îõ ¯®â®ç¨© áâ    áâ  q2 ∈ Q (¬®¦«¨¢¨© ¢¨¯ ¤®ª q2 = q1).
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2.1. �¨§ ç¥ï ¬ è¨¨ �ìîà÷£ 

�ªé® ¡ã¤ì-ïª÷ ¤¢  ¯¥à¥å®¤¨ ((q1, a1), (q2, a2, d)) â  ((q̃1, ã1), (q̃2, ã2, d̃))
à÷§ïâìáï «÷¢¨¬¨ ç áâ¨ ¬¨, â®¡â® q1 ̸= q̃1  ¡® a1 ̸= ã1, ¤÷ù ¬ è¨¨  
ª®¦®¬ã ªà®æ÷ ¢¨§ ç¥÷ ®¤®§ ç®  ¡® ¥ ¢¨§ ç¥÷ ¢§ £ «÷ (ïªé® ¥-
¬ õ ¯¥à¥å®¤ã, ¢ ïª®¬ã «÷¢  ç áâ¨  ¢÷¤¯®¢÷¤ õ ¯®â®ç®¬ã áâ ã â  ¯®â®ç-
®¬ã á¨¬¢®«ã). � ªã ¬ è¨ã �ìîà÷£ , ïª , ¤® â®£® ¦, ¬ õ «¨è¥ ®¤¨
¯®ç âª®¢¨© áâ ,  §¨¢ îâì ¤¥â¥à¬÷®¢ ®î.

� § £ «ì®¬ã ¢¨¯ ¤ªã ¤¥ïª÷ ¯¥à¥å®¤¨ ¬®¦ãâì §¡÷£ â¨áï §  «÷¢®î ç á-
â¨®î, â®¡â® ¬ â¨ ¢¨£«ï¤ ((q1, a1), (q2, a2, d)) â  ((q1, a1), (q̃2, ã2, d̃)); â®¤÷
¤÷ù ¬ è¨¨ ¥®¤®§ ç÷ ã ¢¨¯ ¤ªã ¯®â®ç®£® áâ ã q1 â  ¯®â®ç®£® á¨¬-
¢®«  a1. �ç¥¢¨¤®, é® ¤÷ù ¬ è¨¨ ¥®¤®§ ç÷ © §   ï¢®áâ÷ ¤¥ª÷«ìª®å
¯®ç âª®¢¨å áâ ÷¢ q10, q

2
0, . . . , q

m
0 , ®áª÷«ìª¨ à®¡®â  ¬®¦¥ ¯®ç â¨áï § ¡ã¤ì-

ïª®£® áâ ã qi0 (i = 1, 2, . . . ,m). � è¨ã �ìîà÷£  ¡¥§ ®¡¬¥¦¥ì é®¤®
¤¥â¥à¬÷®¢ ®áâ÷  §¨¢ îâì ¥¤¥â¥à¬÷®¢ ®î.

�¥â¥à¬÷®¢   ¬ è¨  �ìîà÷£  § ¢¥àèãõ à®¡®âã ¢ ¤¢®å ¢¨¯ ¤ª å:
1) ¯®â®ç¨© áâ  õ ®¤¨¬ ÷§ § ª«îç¨å (®à¬ «ì¥ § ¢¥àè¥ï);
2) ¯®â®ç¨© áâ  ¥ § ª«îç¨©, ÷ ¥¬ õ ª®¬ ¤¨,«÷¢  ç áâ¨  ïª®ù ¢÷¤-

¯®¢÷¤ õ ¯®â®ç®¬ã áâ ã â  ¯®â®ç®¬ã á¨¬¢®«ã ( ¢ à÷©¥ § ¢¥àè¥ï).
� § ç¨¬®, é®   ¯¥¢¨å ¢å÷¤¨å á«®¢ å ¬ è¨  �ìîà÷£  ¬®¦¥ ¢§ -

£ «÷ ÷ª®«¨ ¥ § ª÷ç¨â¨ à®¡®âã.
�à¨ª« ¤ 2.1. �®§£«ï¥¬® ¬ è¨ã �ìîà÷£  § à®¡®ç¨¬  «ä ¢÷â®¬

X = {a, b, c,Λ}, §®¢÷è÷¬  «ä ¢÷â®¬ T = {a, b, c} ÷ ¬®¦¨®î áâ ÷¢
Q = {q0, q1}, á¥à¥¤ ïª¨å ®¤¨ ¯®ç âª®¢¨© áâ  q0 â  ®¤¨ § ª«îç¨©
áâ  q1, ÷ á¨áâ¥¬®î ª®¬ ¤

((q0, a), (q0, a, r)), ((q0,Λ), (q0, c, r)), ((q0, b), (q1, c, s)).

� § ç¨¬®, é® æï ¬ è¨  ¤¥â¥à¬÷®¢  , ®áª÷«ìª¨ ¬ õ «¨è¥ ®¤¨
¯®ç âª®¢¨© áâ  ÷ ¥ ¬÷áâ¨âì ª®¬ ¤ § ®¤ ª®¢®î «÷¢®î ç áâ¨®î.

�¢ ¦ õ¬®, é® ¢å÷¤¥ á«®¢® ¬ õ ¢¨£«ï¤ w ∈ {a, b, c}∗; ªãàá®à, §£÷¤®
§÷ áâ ¤ àâ®î ¤®¬®¢«¥÷áâî (¤¨¢. § ã¢ ¦¥ï 2.1), ¢ª §ãõ   ¯¥àè¨©
§«÷¢  á¨¬¢®« ¢å÷¤®£® á«®¢ .

�ªé® ¢å÷¤¥ á«®¢® ¯®ç¨ õâìáï § á¨¬¢®«  a, â® à®¡®â  ¯®ç¥âìáï §
¢¨ª® ï ª®¬ ¤¨ ((q0, a), (q0, a, r)): ¯®â®ç¨© á¨¬¢®« â  ¯®â®ç¨© áâ 
¥ §¬÷ïâìáï, ªãàá®à §áã¥âìáï ¢¯à ¢®   ®¤ã ª®¬÷àªã. �ç¥¢¨¤®, é®
¬ è¨  ¢¨ª®ã¢ â¨¬¥ ª®¬ ¤ã ((q0, a), (q0, a, r)) ¤®â¨, ¯®ª¨ ªãàá®à ¥
ý¯à®ù¤¥þ ¢á÷ á¨¬¢®«¨ a   ¯®ç âªã á«®¢ . � «÷ ¬®¦«¨¢÷ âà¨ à÷§÷ ¢¨¯ ¤-
ª¨, ïª÷ © à®§£«ï¥¬®.
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1. �¥å © w = anba (n > 0, a ∈ {a, b, c}∗), â®¡â®   ¯®ç âªã ¢å÷¤®£®
á«®¢  ¯÷á«ï n «÷â¥à a á«÷¤ãõ b. �®¤÷, é®©® ¯®â®ç®î áâ ¥ ¯¥àè  §«÷-
¢  «÷â¥à  b, ¡ã¤¥ ¢¨ª®   ª®¬ ¤  ((q0, b), (q1, c, s)): ã ¯®â®çã ª®¬÷àªã
¡ã¤¥ § ¯¨á ® c, ªãàá®à § «¨è¨âìáï   ¬÷áæ÷ © ¬ è¨  §ã¯¨¨âìáï, ¯¥-
à¥©è®¢è¨ ã § ª«îç¨© áâ  q1. �  à¨á. 2.2 ¯®ª § ® à®¡®âã æ÷õù ¬ è¨¨
  ¢å÷¤®¬ã á«®¢÷ aabac (âãâ ÷ ¤ «÷ ¡÷«ï ªãàá®à  ¯®ª § ® ¯®â®ç¨© áâ ).

a

a

a

a

a

a

b

b

b

Λ

Λ

Λ

Λ

Λ

Λ

a

a

a

c

c

c

Λ

Λ

Λ

Λ Λ

Λ Λ

Λ Λ

t q a q a  r=0 , ), ( , , )); команда до виконання: (( 0 0

a a cΛΛ a c Λ Λ Λ

q1

t q a q a  r=1 , ), ( , , )); команда до виконання: (( 0 0

t q b q c  s= , ), ( , , ))2; команда до виконання: (( 0 1

t=3; машина заключн стані  роботу завершеноу ому ,

q0

q0

q0

�¨á. 2.2

2. �¥å © w = anca (n > 0, a ∈ {a, b, c}∗), â®¡â®   ¯®ç âªã ¢å÷¤®£®
á«®¢  ¯÷á«ï n «÷â¥à a á«÷¤ãõ c. �®¤÷, é®©® ¯®â®ç®î áâ ¥ ¯¥àè  §«÷¢ 
«÷â¥à  c, ¬ è¨   ¢ à÷©® §ã¯¨¨âìáï, ®áª÷«ìª¨ á¥à¥¤ ª®¬ ¤ à®§£«ï¤ã-
¢ ®ù ¬ è¨¨ ¥¬ õ ¦®¤®ù § «÷¢®î ç áâ¨®î (q0, c) (á¨¬¢®« c ¢§ £ «÷ ¥
¬÷áâ¨âìáï ã «÷¢÷© ç áâ¨÷ ¦®¤®£® ¯¥à¥å®¤ã § ¤ ®ù ¬ è¨¨). �  à¨á. 2.3
¯®ª § ® à®¡®âã æ÷õù ¬ è¨¨   ¢å÷¤®¬ã á«®¢÷ aacab.

a

a

a

a

a

a

c

c

c

Λ

Λ

Λ

Λ

Λ

Λ

a

a

a

b

b

b

Λ

Λ

Λ

Λ Λ

Λ Λ

Λ Λ

t q a q a  r=0 , ), ( , , )); команда до виконання: (( 0 0

t q a q a  r=1 , ), ( , , )); команда до виконання: (( 0 0

t=2; команди до виконання немає

Машина завершила роботу аварійно

q0

q0

q0

�¨á. 2.3

24



2.1. �¨§ ç¥ï ¬ è¨¨ �ìîà÷£ 

3. �¥å © w = an (n > 0), â®¡â® ¢å÷¤¥ á«®¢® ¥ ¬÷áâ¨âì «÷â¥à b â 
c. �®¤÷ ªãàá®à ¯÷á«ï ®áâ ì®ù «÷â¥à¨ a ®¯¨¨âìáï   ¯®à®¦ì®¬ã á¨¬-
¢®«÷, é® ¯à¨¢¥¤¥ ¤® ¢¨ª® ï ª®¬ ¤¨ ((q0,Λ), (q0, c, r)). � ª¨¬ ç¨®¬,
ã ¯¥àèã ¯®à®¦î ª®¬÷àªã ¯à ¢®àãç ¢÷¤ ¢å÷¤®£® á«®¢  ¡ã¤¥ § ¯¨á ®
á¨¬¢®« c, ¬ è¨  § «¨è¨âìáï ã áâ ÷ q0, ÷ ªãàá®à §áã¥âìáï ¢¯à ¢®  
®¤ã ª®¬÷àªã. � «÷ á¨âã æ÷ï ¥ §¬÷¨âìáï, ®áª÷«ìª¨ ¯à ¢®àãç ¢÷¤ ªãàá®à 
â¥¯¥à «¨è¥ ¯®à®¦÷ ª®¬÷àª¨: ¬ è¨  ¯®áâ÷©® ¡ã¤¥ ¢¨ª®ã¢ â¨ ª®¬ -
¤ã ((q0,Λ), (q0, c, r)), § ¯¨áãîç¨   ª®¦®¬ã ªà®æ÷ ã ¯®â®çã ¯®à®¦î
ª®¬÷àªã «÷â¥àã c ÷ ¯¥à¥áã¢ îç¨ ªãàá®à ¢á¥ ¤ «÷ ¢¯à ¢®. �  à¨á. 2.4 ¯®ª -
§ ® à®¡®âã æ÷õù ¬ è¨¨   ¢å÷¤®¬ã á«®¢÷ aa.

a

a

a

a

a

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ Λ

Λ Λ

Λ Λ

aΛΛ Λ Λ Λ

t q q c  r= , ), ( , , ))2; команда до виконання: (( 0 0Λ

Λ Λ Λ

Λ

Λ

Λ Λ

a

c

ΛΛ

a Λ

Машина не закінчує роботу

t q a q a  r=0 , ), ( , , )); команда до виконання: (( 0 0

t q a q a  r= , ), ( , , ))1; команда до виконання: (( 0 0

t q q c  r= , ), ( , , ))3; команда до виконання: (( 0 0Λ

q0

q0

q0

q0

Λ

�¨á. 2.4

2.1.2. �®à¬ «ì¨© ®¯¨á

�§ ç¥ï 2.1. � è¨®î �ìîà÷£   §¨¢ îâì ¢¯®àï¤ª®¢ ¨©  -
¡÷à ⟨Q,X, T,Λ,∆, I, F ⟩, ¤¥ Q, X â  T { áª÷ç¥÷ ¥¯®à®¦÷ ¬®¦¨¨,
Λ ∈ X \ T , ∆ ⊂ (((Q \ F ) × X) × (Q × X × {l, r, s})), I ⊂ Q, F ⊂ Q.
�®¦¨ã Q  §¨¢ îâì ¬®¦¨®î áâ ÷¢, X { à®¡®ç¨¬  «ä ¢÷â®¬, T {
§®¢÷è÷¬  «ä ¢÷â®¬, Λ { ¯®à®¦÷¬ á¨¬¢®«®¬, ∆ { ¬®¦¨®î ¯¥à¥å®¤÷¢
(ª®¬ ¤), I { ¬®¦¨®î ¯®ç âª®¢¨å áâ ÷¢, F { ¬®¦¨®î § ª«îç¨å
áâ ÷¢.

�§ ç¥ï 2.2. � è¨ã �ìîà÷£  ⟨Q,X, T,Λ,∆, I, F ⟩  §¨¢ îâì
¤¥â¥à¬÷®¢ ®î, ïªé® ¢¨ª®ãîâìáï ¤¢÷ ã¬®¢¨:
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1) ¤«ï ¡ã¤ì-ïª®ù ¯ à¨ (q1, a1) ∈ ((Q \ F ) × X) ÷áãõ ¥ ¡÷«ìè¥ ®¤÷õù
âà÷©ª¨ (q2, a2, d) ∈ (Q×X × {l, r, s}), â ª®ù, é® ((q1, a1), (q2, a2, d)) ∈ ∆;

2) ¬ è¨  ¬ õ «¨è¥ ®¤¨ ¯®ç âª®¢¨© áâ , â®¡â® I = {q0}, q0 ∈ Q.

�§ ç¥ï 2.3. �®ä÷£ãà æ÷õî ¬ è¨¨ �ìîà÷£  ⟨Q,X, T,Λ,∆, I, F ⟩
 §¨¢ îâì ¤®¢÷«ì¨©  ¡÷à (u, q, a, v) ∈ (X∗×Q×X×X∗). �«ï ä÷ªá®¢ ®ù
ª®ä÷£ãà æ÷ù (u, q, a, v) ¥«¥¬¥â¨ q ÷ a  §¨¢ îâì ¯®â®ç¨¬ áâ ®¬ â 
¯®â®ç¨¬ á¨¬¢®«®¬.

�  ¬®¦¨÷ ¢á÷å ª®ä÷£ãà æ÷© ¬ è¨¨ M = ⟨Q,X, T,Λ,∆, I, F ⟩ ¢¨-
§ ç¨¬® ¡÷ à¥ ¢÷¤®è¥ï ýM⊢ þ, ïª¥  §¨¢ îâì â ªâ®¬ à®¡®â¨.

1. �¥å © ((q1, a1), (q2, a2, s)) ∈ ∆. �®¤÷ (u, q1, a1, v) M⊢ (u, q2, a2, v) ¤«ï
¢á÷å u ∈ X∗, v ∈ X∗.

2. �¥å © ((q1, a1), (q2, a2, l)) ∈ ∆. �®¤÷ (ub, q1, a1, v) M⊢ (u, q2, b, a2v) â 
(e, q1, a1, v) M⊢ (e, q2,Λ, a2v) ¤«ï u ∈ X∗, v ∈ X∗, b ∈ X.

3. �¥å © ((q1, a1), (q2, a2, r)) ∈ ∆. �®¤÷ (u, q1, a1, bv) M⊢ (ua2, q2, b, v) â 
(u, q1, a1, e) M⊢ (ua2, q2,Λ, e) ¤«ï u ∈ X∗, v ∈ X∗, b ∈ X.

�÷¤®è¥ï ý *
M⊢ þ { âà §¨â¨¢®-à¥ä«¥ªá¨¢¥ § ¬¨ª ï ¢÷¤®è¥-

ï ýM⊢ þ (¤¨¢. ®§ ç¥ï 1.4), { áª« ¤ õâìáï ÷§ â ª¨å ¯ à ª®ä÷£ãà æ÷©
(c1, c2), é® c2 ¬®¦  ®âà¨¬ â¨ ÷§ c1 áª÷ç¥®î ª÷«ìª÷áâî â ªâ÷¢ ýM⊢ þ.
� § ç¨¬®, é® c *

M⊢ c ¤«ï ¡ã¤ì-ïª®ù ª®ä÷£ãà æ÷ù c, ®áª÷«ìª¨ ¢÷¤®è¥-
ï ý *

M⊢ þ à¥ä«¥ªá¨¢¥.

�«ï ª®ä÷£ãà æ÷ù ¬ è¨¨ �ìîà÷£  ⟨Q,X, T,Λ,∆, I, F ⟩ ¢¨ª®à¨áâ®¢ã-
¢ â¨¬¥¬® â ª®¦  «ìâ¥à â¨¢¥ ¯®§ ç¥ï (u, q, w) ∈ (X∗×Q×X∗), ïª¥
¥ ¯¥à¥¤¡ ç õ ¢÷¤®ªà¥¬«¥ï ¯®â®ç®£® á¨¬¢®« :

(u, q, w) =

{
(u, q, a, v), ïªé® w = av, a ∈ X, v ∈ X∗,

(u, q,Λ, e), ïªé® w = e.

�ªé® M = ⟨Q,X, T,Λ,∆, {q0}, F ⟩ { ¤¥â¥à¬÷®¢   ¬ è¨  �ìîà÷-
£ , ÷ ¤«ï w ∈ T ∗, w̃ ∈ T ∗ ÷áãîâì â ª÷ q ∈ F , k > 0, m > 0, é®
(e, q0, w) *M⊢ (Λk, q, w̃Λm), â® ª ¦ãâì, é®M ¯¥à¥¢®¤¨âì (¯¥à¥â¢®àîõ) ¢å÷¤¥
á«®¢® w ã ¢¨å÷¤¥ á«®¢® w̃.

� ¤ «÷, ïªé® ÷§ ª®â¥ªáâã §à®§ã¬÷«®, é® ©¤¥âìáï á ¬¥ ¯à® ¬ è¨ã
�ìîà÷£  M , § ¬÷áâì ýM⊢ þ â  ý *

M⊢ þ ¯¨á â¨¬¥¬® ¢÷¤¯®¢÷¤® ý⊢þ â  ý *⊢þ.
�à¨ª« ¤ 2.2. �¯¨è¥¬® à®¡®âã ¬ è¨¨ �ìîà÷£  § ¯à¨ª« ¤ã 2.1

¤«ï ¢å÷¤¨å á«÷¢ aabac, aacab â  aa ç¥à¥§ ¢÷¤®è¥ï ý⊢þ:
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(e, q0, a, abac) ⊢ (a, q0, a, bac) ⊢ (aa, q0, b, ac) ⊢ (aa, q1, c, ac);

(e, q0, a, acab) ⊢ (a, q0, a, cab) ⊢ (aa, q0, c, ab);

(e, q0, a, a) ⊢ (a, q0, a, e) ⊢ (aa, q0,Λ, e) ⊢ (aac, q0,Λ, e) ⊢ (aacc, q0,Λ, e) ⊢ · · · .

�  á«®¢÷ aabac ¬ è¨  § ª÷çãõ à®¡®âã ®à¬ «ì®, ¯¥à¥©è®¢è¨
ã § ª«îç¨© áâ  q1;   á«®¢÷ aacab ¬ è¨  § ª÷çãõ à®¡®âã  ¢ -
à÷©®, ®áª÷«ìª¨ ¥¬ õ ¯¥à¥å®¤ã § «÷¢®î ç áâ¨®î (q0, c);   á«®¢÷ aa
¬ è¨  ¥ § ª÷çãõ à®¡®âã, §¤÷©áîîç¨ ¯¥à¥å®¤¨ ¯® ª®ä÷£ãà æ÷ïå
(aacn, q0,Λ, e), n > 0.

�à¨ª« ¤ 2.3. �®§£«ï¥¬® ¬ è¨ã �ìîà÷£  ⟨Q,X, T,Λ,∆, I, F ⟩, ïª 
§¤÷©áîõ ª®¯÷î¢ ï á«®¢  w ∈ {a, b}∗. �¥å © Q = {q0, q1, q2, q3, q4, qa, qb},
X = {a, b, ã, b̃, A,B,Λ}, T = {a, b}, I = {q0}, F = {q4}, ¬®¦¨  ∆
¬÷áâ¨âì â ª÷ ¯¥à¥å®¤¨ (®¬¥à¨ ¯à®áâ ¢«¥® ¤«ï §àãç®áâ÷ ¯®á¨« ì):

1

((q0, a), (qa, ã, r)),
2

((q0, b), (qb, b̃, r)),
3

((qa, a), (qa, a, r)),
4

((qa, b), (qa, b, r)),
5

((qa, A), (qa, A, r)),
6

((qa, B), (qa, B, r)),
7

((qb, a), (qb, a, r)),
8

((qb, b), (qb, b, r)),
9

((qb, A), (qb, A, r)),
10

((qb, B), (qb, B, r)),
11

((qa,Λ), (q1, A, l)),
12

((qb,Λ), (q1, B, l)),
13

((q1, A), (q1, A, l)),
14

((q1, B), (q1, B, l)),
15

((q1, a), (q1, a, l)),
16

((q1, b), (q1, b, l)),

17

((q1, ã), (q0, a, r)),
18

((q1, b̃), (q0, b, r)),
19

((q0, A), (q2, a, r)),
20

((q0, B), (q2, b, r)),
21

((q2, A), (q2, a, r)),
22

((q2, B), (q2, b, r)),
23

((q2,Λ), (q3,Λ, l)),
24

((q3, a), (q3, a, l)),
25

((q3, b), (q3, b, l)),
26

((q3,Λ), (q4,Λ, r)),
27

((q0,Λ), (q4,Λ, s)).

�®ª ¦¥¬® à®¡®âã æ÷õù ¬ è¨¨   ¢å÷¤®¬ã á«®¢÷ w = aab ( ¤ á¨¬¢®-
«®¬ ý⊢þ ¢áî¤¨ ¯à®áâ ¢«¥® ®¬¥à ª®¬ ¤¨, é® ¢¨ª®ãõâìáï):

(e, q0, a, ab)
1

⊢ (ã, qa, a, b)
3

⊢ (ãa, qa, b, e)
4

⊢ (ãab, qa,Λ, e)
11

⊢ (ãa, q1, b, A)
16

⊢
16

⊢ (ã, q1, a, bA)
15

⊢ (e, q1, ã, abA)
17

⊢ (a, q0, a, bA)
1

⊢ (aã, qa, b, A)
4

⊢ (aãb, qa, A, e)
5

⊢
5

⊢ (aãbA, qa,Λ, e)
11

⊢ (aãb, q1, A,A)
13

⊢ (aã, q1, b, AA)
16

⊢ (a, q1, ã, bAA)
17

⊢
17

⊢ (aa, q0, b, AA)
2

⊢ (aab̃, qb, A,A)
9

⊢ (aab̃A, qb, A, e)
9

⊢ (aab̃AA, qb,Λ, e)
12

⊢
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12

⊢ (aab̃A, q1, A,B)
13

⊢ (aab̃, q1, A,AB)
13

⊢ (aa, q1, b̃, AAB)
18

⊢ (aab, q0, A,AB)
19

⊢
19

⊢ (aaba, q2, A,B)
21

⊢ (aabaa, q2, B, e)
22

⊢ (aabaab, q2,Λ, e)
23

⊢ (aabaa, q3, b,Λ)
25

⊢
25

⊢ (aaba, q3, a, bΛ)
24

⊢ (aab, q3, a, abΛ)
24

⊢ (aa, q3, b, aabΛ)
25

⊢ (a, q3, a, baabΛ)
24

⊢
24

⊢ (e, q3, a, abaabΛ)
24

⊢ (e, q3,Λ, aabaabΛ)
26

⊢ (Λ, q4, a, abaabΛ),

÷ ¬ è¨  § ¢¥àèãõ à®¡®âã ¯¥à¥å®¤®¬ ã § ª«îç¨© áâ  q4.
�â¦¥, (e, q0, aab) *⊢(Λ, q4, aabaabΛ). �¥£ª® §à®§ã¬÷â¨, é® ¤«ï ¤®¢÷«ì®£®

w ∈ {a, b}+ ¬ è¨  ª®¯÷îõ ¥¯®à®¦õ ¢å÷¤¥ á«®¢® w, ¯¥à¥â¢®àîîç¨
©®£® ã á«®¢® ww: (e, q0, w) *⊢ (Λ, q4, wwΛ). �®à¥ªâ÷áâì à®¡®â¨ ã ¢¨¯ ¤ªã
¯®à®¦ì®£® ¢å÷¤®£® á«®¢  § ¡¥§¯¥çãõ ®áâ ï ª®¬ ¤ :

(e, q0,Λ, e)
27

⊢ (e, q4,Λ, e).

�¯à ¢  2.1. �®¡ã¤ã¢ â¨ ¬ è¨ã �ìîà÷£ , ïª  §¤÷©áîõ ª®¯÷î¢ ï
á«®¢  w ∈ T ∗, ¤¥ T = {a1, a2, . . . , an}, n ∈ N.

2.2. � è¨  �ìîà÷£  ïª à®§¯÷§ ¢ ç á«÷¢

�§ ç¥ï 2.4. � ¦ãâì, é® ¤¥â¥à¬÷®¢   ¬ è¨  �ìîà÷£ 
M = ⟨Q,X, T,Λ,∆, {q0}, {qa, qr}⟩ à®§¢'ï§ãõ (à®§¯÷§ õ) ä®à¬ «ìã ¬®¢ã
L ⊂ T ∗ §÷ áâ ®¬ ¤®¯ãáªã qa, ïªé®:

1) ¤«ï ª®¦®£® á«®¢  w ∈ L § ©¤ãâìáï â ª÷ k > 0, m > 0, é®
(e, q0, w) *

M⊢ (Λk, qa,Λ
m);

2) ¤«ï ª®¦®£® á«®¢  w /∈ L § ©¤ãâìáï â ª÷ k > 0, m > 0, é®
(e, q0, w) *

M⊢ (Λk, qr,Λ
m). �®à¬ «ìã ¬®¢ã, ïªã à®§¢'ï§ãõ ¯à¨ ©¬÷ ®¤-

  ¬ è¨  �ìîà÷£ ,  §¨¢ îâì à®§¢'ï§®î,  ¡® à¥ªãàá¨¢®î.
� ã¢ ¦¥ï 2.2. �ªé® ¬ è¨  �ìîà÷£  ⟨Q,X, T,Λ,∆, {q0}, {qa, qr}⟩

à®§¢'ï§ãõ ä®à¬ «ìã ¬®¢ã L ⊂ T ∗ §÷ áâ ®¬ ¤®¯ãáªã qa, â® æï ¦ ¬ è¨ 
à®§¢'ï§ãõ ¬®¢ã L §÷ áâ ®¬ ¤®¯ãáªã qr.

�à¨ª« ¤ 2.4. �®§£«ï¥¬® ¬ è¨ã �ìîà÷£  ⟨Q,X, T,Λ,∆, I, F ⟩, ïª 
à®§¢'ï§ãõ ¬®¢ã L = {anbncn : n > 0}. �¥å ©X = {a, b, c, ∗,Λ}, T = {a, b, c},
Q = {q0, q1, q2, q3, q4, q5, q6, qa, qr}, I = {q0}, F = {qa, qr} §÷ áâ ®¬ ¤®¯ãá-
ªã qa, ¬®¦¨  ∆ ¬÷áâ¨âì â ª÷ ¯¥à¥å®¤¨:

((q0, a), (q1, ∗, r)), ((q1, a), (q1, a, r)), ((q1, b), (q2, ∗, r)), ((q1, ∗), (q1, ∗, r)),
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2.2. � è¨  �ìîà÷£  ïª à®§¯÷§ ¢ ç á«÷¢

((q2, b), (q2, b, r)), ((q2, c), (q3, ∗, l)), ((q2, ∗), (q2, ∗, r)), ((q3, b), (q3, b, l)),
((q3, ∗), (q3, ∗, l)), ((q3, a), (q1, ∗, r)), ((q3,Λ), (q4,Λ, r)), ((q4, ∗), (q4,Λ, r)),
((q4,Λ), (qa,Λ, s)), ((q0,Λ), (qa,Λ, s)), ((q0, b), (q5, ∗, l)), ((q0, c), (q5, ∗, l)),
((q1, c), (q5, ∗, l)), ((q1,Λ), (q5,Λ, l)), ((q2, a), (q5, ∗, l)), ((q2,Λ), (q5,Λ, l)),
((q4, a), (q5, ∗, l)), ((q4, b), (q5, ∗, l)), ((q4, c), (q5, ∗, l)), ((q5, a), (q5, ∗, l)),
((q5, b), (q5, ∗, l)), ((q5, c), (q5, ∗, l)), ((q5, ∗), (q5, ∗, l)), ((q5,Λ), (q6,Λ, r)),
((q6, a), (q6,Λ, r)), ((q6, b), (q6,Λ, r)), ((q6, c), (q6,Λ, r)), ((q6, ∗), (q6,Λ, r)),

((q6,Λ), (qr,Λ, s)).

�¥£ª® ¯¥à¥¢÷à¨â¨, é® æï ¬ è¨  à®§¢'ï§ãõ ¬®¢ã L = {anbncn : n > 0}.
�¯à ¢¤÷, (e, q0, a

nbncn) *⊢ (Λ3n+1, qa,Λ) ¤«ï n ∈ N, â  (e, q0,Λ) ⊢ (e, qa,Λ);
ïªé® w /∈ L, â® (e, q0, w) *⊢ (Λ3n+1, qr,Λ), ¤¥ n = |w|.

� § ç¨¬®, é® æï ¦ ¬ è¨  à®§¢'ï§ãõ ¬®¢ã {a, b, c}∗\{anbncn : n > 0}
§÷ áâ ®¬ ¤®¯ãáªã qr.

�¯à ¢  2.2. �®ª § â¨ à®¡®âã ¬ è¨¨ �ìîà÷£  § ¯à¨ª« ¤ã 2.4 ã
â¥à¬÷ å ¢÷¤®è¥ï ý⊢þ ¤«ï ¢å÷¤¨å á«÷¢ a2b2c2 ∈ L â  a2b2c3 /∈ L.

�§ ç¥ï 2.5. �¥å © M = ⟨Q,X, T,Λ,∆, I, F ⟩ { ¤®¢÷«ì , ¥
®¡®¢'ï§ª®¢® ¤¥â¥à¬÷®¢  , ¬ è¨  �ìîà÷£ . � ¦ãâì, é® ¬ è¨  M
¤®¯ãáª õ (á¯à¨©¬ õ) á«®¢® w ∈ T ∗, ïªé® (e, q0, w) *

M⊢ (Λk, q,Λm) ¤«ï ¤¥-
ïª¨å q0 ∈ I, q ∈ F , k > 0, m > 0. �®¦¨ã á«÷¢, ïª÷ ¤®¯ãáª õ ¬ è¨  M ,
 §¨¢ îâì ¬®¢®î, ïªã ¤®¯ãáª õ (á¯à¨©¬ õ) M . �®à¬ «ìã ¬®¢ã, ïªã ¤®-
¯ãáª õ ¯à¨ ©¬÷ ®¤  ¬ è¨  �ìîà÷£ ,  §¨¢ îâì  ¯÷¢à®§¢'ï§®î,
 ¡® à¥ªãàá¨¢® ¯¥à¥à å®¢®î.

� ã¢ ¦¥ï 2.3. � â¥à¬÷ å ¥ä®à¬ «ì®£® ®¯¨áã, ïªé® ¬ è¨  ¥
¤®¯ãáª õ § ¤ ®£® ¢å÷¤®£® á«®¢ , ¬®¦«¨¢¨© ®¤¨ ÷§ âàì®å ¢¨¯ ¤ª÷¢:

1) ¬ è¨  §ã¯¨¨« áì ¥ ¢ § ª«îç®¬ã áâ ÷ ( ¢ à÷©  §ã¯¨ª );
2) ¤¥ïª÷ ª®¬÷àª¨ ¯÷á«ï §ã¯¨ª¨ § «¨è¨«¨áì ¥¯®à®¦÷¬¨;
3) ¬ è¨  ¥ §ã¯¨¨« áì.

� ã¢ ¦¥ï 2.4. �ªé® ¬ è¨  �ìîà÷£  ⟨Q,X, T,Λ,∆, {q0}, {qa, qr}⟩
à®§¢'ï§ãõ å®ç  ¡ ®¤ã ¬®¢ã L ⊂ T ∗, â® æï ¬ è¨  ¤®¯ãáª õ ¡ã¤ì-ïª¥
á«®¢® w ∈ T ∗, â®¡â® ¤®¯ãáª õ ä®à¬ «ìã ¬®¢ã T ∗.

� ã¢ ¦¥ï 2.5. �¥å © ¬ è¨  �ìîà÷£  ⟨Q,X, T,Λ,∆, {q0}, {qa, qr}⟩
à®§¢'ï§ãõ ¬®¢ã L ⊂ T ∗ §÷ áâ ®¬ ¤®¯ãáªã qa. �®¤÷ ¬ è¨  �ìîà÷£ 
⟨Q,X, T,Λ,∆, {q0}, {qa}⟩ ¤®¯ãáª õ ¬®¢ã L, â®¡â® ¡ã¤ì-ïª  à®§¢'ï§  ¬®-
¢  L õ  ¯÷¢à®§¢'ï§®î.
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�®§¤÷« 2. � è¨¨ �ìîà÷£  ÷ ä®à¬ «ì÷ £à ¬ â¨ª¨

�à¨ª« ¤ 2.5. �®à¬ «ì  ¬®¢  L = {anbncn : n > 0} ÷§ ¯à¨ª-
« ¤ã 2.4 à®§¢'ï§ ,   ®â¦¥ ÷  ¯÷¢à®§¢'ï§  { ùù ¤®¯ãáª õ ¬ è¨ 
⟨Q,X, T,Λ,∆, {q0}, {qa}⟩, ¤¥ ¬®¦¨¨ Q, X â  ∆ â ª÷ ¦, ïª ÷ ¢ ¯à¨ª-
« ¤÷ 2.4. � â¥à¬÷ å ¥ä®à¬ «ì®£® ¢¨§ ç¥ï ¬ è¨¨ �ìîà÷£  æï
¬ è¨  §ã¯¨ïõâìáï ¢ § ª«îç®¬ã áâ ÷ qa § ®ç¨é¥ï¬ áâà÷çª¨ ¤«ï
¢å÷¤¨å á«÷¢ w ∈ L; ¤«ï ¢å÷¤¨å á«÷¢ w /∈ L ¬ è¨  §ã¯¨ïõâìáï ã áâ -
÷ qr, ïª¨© ¥ õ § ª«îç¨¬.

� § ç¨¬®, é® ¬®¦  §¬÷¨â¨ ¬®¦¨ã ¯¥à¥å®¤÷¢ â ª, é®¡ ¬ è¨ 
  ¢å÷¤¨å á«®¢ å w /∈ L ¢§ £ «÷ ¥ §ã¯¨ï« áì:

∆̃ = {((q0, a), (q1, ∗, r)),((q1, a), (q1, a, r)),((q1, b), (q2, ∗, r)),((q1, ∗), (q1, ∗, r)),
((q2, b), (q2, b, r)), ((q2, c), (q3, ∗, l)), ((q2, ∗), (q2, ∗, r)), ((q3, b), (q3, b, l)),

((q3, ∗), (q3, ∗, l)), ((q3, a), (q1, ∗, r)), ((q3,Λ), (q4,Λ, r)), ((q4, ∗), (q4,Λ, r)),
((q4,Λ), (qa,Λ, s)), ((q0,Λ), (qa,Λ, s)), ((q0, b), (qr, ∗, l)), ((q0, c), (qr, ∗, l)),
((q1, c), (qr, ∗, l)), ((q1,Λ), (qr,Λ, l)), ((q2, a), (qr, ∗, l)), ((q2,Λ), (qr,Λ, l)),
((q4, a), (qr, ∗, l)), ((q4, b), (qr, ∗, l)), ((q4, c), (qr, ∗, l)), ((qr, a), (qr, ∗, l)),
((qr, b), (qr, ∗, l)), ((qr, c), (qr, ∗, l)), ((qr, ∗), (qr, ∗, l)), ((qr,Λ), (qr,Λ, l))};

áâ ¨ q5 â  q6 â¥¯¥à ¬®¦  ¢¨«ãç¨â¨: Q̃ = {q0, q1, q2, q3, q4, qa, qr}.
�ç¥¢¨¤®, é® ¬ è¨  ⟨Q̃,X, T,Λ, ∆̃, {q0}, {qa}⟩ ¤®¯ãáª õ âã á ¬ã ¬®¢ã
{anbncn : n > 0}.

�¯à ¢  2.3. �®ª § â¨ à®¡®âã ¬ è¨¨ �ìîà÷£  § ¯à¨ª« ¤ã 2.5 ã
â¥à¬÷ å ¢÷¤®è¥ï ý⊢þ ¤«ï ¢å÷¤®£® á«®¢  a2b2c3 /∈ L â  ¯®à÷¢ïâ¨ §
à¥§ã«ìâ â®¬ ¢¯à ¢¨ 2.2.

�à¨ª« ¤ 2.6. � ¢¥¤¥¬® ¬ è¨ã �ìîà÷£  ⟨Q,X, {a, b},Λ,∆, I, F ⟩,
ïª  ¤®¯ãáª õ ¬®¢ã {a2, ab}∗. �¥å © X = {a, b,Λ}, Q = {q0, q1, q2, q3},
I = {q0}, ∆ = {((q0, a), (q1,Λ, r)), ((q1, a), (q0,Λ, r)), ((q0, a), (q2,Λ, r)),
((q2, b), (q0,Λ, r)), ((q0,Λ), (q3,Λ, s))}, F = {q3}. �ç¥¢¨¤®, é® æï ¬ è¨ 
¤®¯ãáª õ â÷ © â÷«ìª¨ â÷ á«®¢   ¤  «ä ¢÷â®¬ {a, b}, ïª÷ ¬®¦  §®¡à §¨â¨
ã ä®à¬÷ a1a2 . . . an, ¤¥ a1, a2, . . . , an ∈ {a2, ab}, n > 0. � § ç¨¬®, é® æ¥
¥¤¥â¥à¬÷®¢   ¬ è¨ , ®áª÷«ìª¨ ¬÷áâ¨âì ¤¢  ¯¥à¥å®¤¨ § ®¤ ª®¢¨¬¨
«÷¢¨¬¨ ç áâ¨ ¬¨.

�¯à ¢  2.4. �®¡ã¤ã¢ â¨ ¤¥â¥à¬÷®¢ ã ¬ è¨ã �ìîà÷£ , ïª  ¤®-
¯ãáª õ ¬®¢ã {a2, ab}∗.

�¥®à¥¬  2.1. �®¢÷«ìã  ¯÷¢à®§¢'ï§ã ä®à¬ «ìã ¬®¢ã L ¤®¯ãáª õ
¤¥ïª  ¤¥â¥à¬÷®¢   ¬ è¨  �ìîà÷£ .
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2.2. � è¨  �ìîà÷£  ïª à®§¯÷§ ¢ ç á«÷¢

�å¥¬  ¤®¢¥¤¥ï. �¥å © ¬®¢ã L ⊂ T ∗ ¤®¯ãáª õ ¤¥ïª , ¬®¦«¨¢® ¥-
¤¥â¥à¬÷®¢  , ¬ è¨  M = ⟨Q,X, T,Λ,∆, I, F ⟩, I = {q10, q20, . . . , qn0 }. �¥
¢âà ç îç¨ § £ «ì®áâ÷ ¬®¦  ¢¢ ¦ â¨, é® Q ∩X = ∅. � ¢¥¤¥¬® áå¥¬ã
à®¡®â¨ ¤¥â¥à¬÷®¢ ®ù ¬ è¨¨ M̃ = ⟨Q̃, X̃, T,Λ, ∆̃, {q0}, {qf}⟩, ïª  ¤®¯ãá-
ª õ á«®¢® w ∈ T ∗ â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ æ¥ á«®¢® ¤®¯ãáª õ ¬ è¨  M .

1. � è¨  M̃ § ¯¨áãõ   á¢®ù© áâà÷çæ÷ á«®¢®

#l#q10w#q20w# . . .#qn0w##r,

¤¥ ý#þ, ý#lþ, ý#rþ { ¤¥ïª÷ á¨¬¢®«¨, ïª÷ ¥ ¬÷áâïâìáï ã ¬®¦¨ å Q â  X.
2. � è¨  § å®¤¨âì   áâà÷çæ÷ á«®¢® ¢¨£«ï¤ã#l#uqv#, ¤¥ u, v ∈ X∗,

q ∈ Q; ïªé® â ª®£® á«®¢    áâà÷çæ÷ ¥¬ õ (¬÷¦ á¨¬¢®« ¬¨ #l â  #r

¬÷áâïâìáï «¨è¥ ¤¢  á¨¬¢®«¨ #), ¬ è¨  § ª÷çãõ à®¡®âã  ¢ à÷©®.
3. �ªé® q ∈ F , u = Λk, v = Λm, ¤¥ k > 0, m > 0, ¬ è¨  ®ç¨éãõ

áâà÷çªã â  ¯¥à¥å®¤¨âì ã § ª«îç¨© áâ  qf , § ¢¥àèãîç¨ à®¡®âã á¯à¨©-
ïââï¬ á«®¢  w.

4. �«ï ª®¦®ù ª®ä÷£ãà æ÷ù (ũ, q̃, ṽ) ∈ (X∗ × Q × X∗), â ª®ù, é®

(u, q, v) M⊢ (ũ, q̃, ṽ), ¬ è¨  M̃ § ¯¨áãõ á«®¢® ũq̃ṽ##r, ¯®ç¨ îç¨ § ª®¬÷à-
ª¨, ¤¥ ¬÷áâ¨âìáï á¨¬¢®« #r.

5. � è¨  M̃ § ¯¨áãõ   áâà÷çªã § ¬÷áâì á«®¢  #l#uqv# á«®¢®
Λ|u|+|v|+2#l# â  ¯¥à¥å®¤¨âì ¤® ¢¨ª® ï ¯. 2.

�÷¤ ç á à®¡®â¨ ¬ è¨  M̃ ¢÷¤â¢®àîõ   áâà÷çæ÷ ¢á÷ ª®ä÷£ãà æ÷ù, ã
ïª÷ ¬ è¨  M ¬®¦¥ ¯®âà ¯¨â¨ § ¯®ç âª®¢¨å ª®ä÷£ãà æ÷© (e, q10, w),
(e, q20, w), . . . ,(e, q

n
0 , w) §  áª÷ç¥ã ª÷«ìª÷áâì ªà®ª÷¢. �â¦¥, ïªé® ¢¨å÷¤ 

¬ è¨  M ¤®¯ãáª õ á«®¢® w ∈ T ∗, ¬ è¨  M̃ ¢à¥èâ÷-à¥èâ § ©¤¥ ª®-
ä÷£ãà æ÷î (Λk, q,Λn) § ¤¥ïª¨¬¨ q ∈ F , u = Λk, v = Λm, k > 0, m > 0,
®ç¨áâ¨âì áâà÷çªã â  § ¢¥àè¨âì à®¡®âã. �ªé® ¬ è¨ M ¥ ¤®¯ãáª õ á«®-
¢  w, ¬ è¨  M̃ § ¢¥àè¨âì à®¡®âã  ¢ à÷©®. � ª¨¬ ç¨®¬, M̃ ¤®¯ãáª õ
á«®¢® w ∈ T ∗ â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ á«®¢® w ¤®¯ãáª õ ¬ è¨  M , é® ©
âà¥¡  ¡ã«® ¤®¢¥áâ¨.

�¯à ¢  2.5. �«ï ¬ è¨¨ �ìîà÷£  § ¯à¨ª« ¤ã 2.6 â  ¢å÷¤®£® á«®¢ 
a3b §¬®¤¥«î¢ â¨ à®¡®âã ¬ è¨¨ M̃ , ¯®á«÷¤®¢® ¢÷¤â¢®àîîç¨   áâà÷çæ÷
¢á÷ ª®ä÷£ãà æ÷ù, ã ïª÷ ¬ è¨  M ¬®¦¥ ¯®âà ¯¨â¨.

�¯à ¢  2.6. 1. � ¢¥áâ¨ ¯à¨ª« ¤ ä®à¬ «ì®ù ¬®¢¨, ïª  ¥ õ  ¯÷¢-
à®§¢'ï§®î.

2. � ¢¥áâ¨ ¯à¨ª« ¤ ¥à®§¢'ï§®ù ä®à¬ «ì®ù ¬®¢¨, ïª  õ  ¯÷¢-
à®§¢'ï§®î.
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�ª §÷¢ª . �ª®à¨áâ â¨áï â¥®à¥¬®î ¯à®  «£®à¨â¬÷çã ¥à®§¢'ï§÷áâì
¯à®¡«¥¬¨ á ¬®§ áâ®á®¢ ®áâ÷ ¬ è¨¨ �ìîà÷£  (¤¨¢.,  ¯à¨ª« ¤, [15]).

2.3. � ¯÷¢à®§¢'ï§÷ ¬®¢¨

÷ ä®à¬ «ì÷ £à ¬ â¨ª¨

�®¢¥¤¥¬®, é® ª« á  ¯÷¢à®§¢'ï§¨å ¬®¢ §¡÷£ õâìáï ÷§ ª« á®¬ ¬®¢, ïª÷
¯®à®¤¦ãîâìáï ¤¥ïª®î ä®à¬ «ì®î £à ¬ â¨ª®î.

� áâã¯  ¯à®áâ  «¥¬  { ¤®¯®¬÷¦ , ®¤ ª ¬ õ ÷ á ¬®áâ÷©¥ § ç¥ï.

�¥¬  2.1. �«ï ¡ã¤ì-ïª®ù £à ¬ â¨ª¨ G = ⟨V, T, P, S⟩ ÷áãõ ¥ª¢÷¢ -
«¥â  £à ¬ â¨ª  G′ = ⟨V ′, T, P ′, S ′⟩, â ª , é®

((a → b) ∈ P ′) ⇒ (|b|S′ = 0) ,

â®¡â® S ′ ¥ ¢å®¤¨âì ¤® ¯à ¢®ù ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù ÷§ P ′.

�®¢¥¤¥ï. �®áâ âì® ¢¨¡à â¨ ¤®¢÷«ì¨© á¨¬¢®« S ′ /∈ (V ∪ T ) ÷ ¯®-
ª« áâ¨ V ′ = V ∪ {S ′} â  P ′ = P ∪ {S ′ → S}.

�¥ ®¤¨ ¯à®áâ¨© à¥§ã«ìâ â áä®à¬ã«îõ¬® ã ¢¨£«ï¤÷ ¢¯à ¢¨.

�¯à ¢  2.7. �«ï ä÷ªá®¢ ¨å u, v ∈ A∗ ¯®¡ã¤ã¢ â¨ ¤¥â¥à¬÷®¢ ã
¬ è¨ã �ìîà÷£  Mu,v = ⟨Q,X,A,Λ,∆, {q0},∅⟩, â ªã, é®:

1) ∀ g1, g2 ∈ A∗ ∃ k,m > 0: (g1, q0, ug2)
*⊢ (Λkg1, q0, vg2Λ

m);
2) ∀ g1 ∈ A∗ ∃ k,m > 0: (g1, q0, w)

*⊢ (Λkg1, q0, wΛ
m), ïªé® w ̸= ug2 ¤«ï

¦®¤®£® g2 ∈ A∗.

�ª §÷¢ª . � ¢¨¯ ¤ªã |u| ̸= |v| ¤«ï ª®à¥ªâ®ù § ¬÷¨ u   v §áããâ¨ g1

 ¡® g2, ¢¨ª®à¨áâ®¢ãîç¨ â¥å÷ªã ª®¯÷î¢ ï § ¯à¨ª« ¤ã 2.3.

�¥®à¥¬  2.2. �¥å © ä®à¬ «ì  ¬®¢  L ¯®à®¤¦ãõâìáï ¤¥ïª®î £à -
¬ â¨ª®î. �®¤÷ ¬®¢  L õ  ¯÷¢à®§¢'ï§®î.

�®¢¥¤¥ï. �¥å © ä®à¬ «ì  ¬®¢  L ¯®à®¤¦ãõâìáï ¤¥ïª®î £à ¬ â¨-
ª®î G = ⟨V, T, P, S⟩. � ®£«ï¤ã   «¥¬ã 2.1 ¢¢ ¦ â¨¬¥¬®, é® S ¥ ¢å®¤¨âì
¤® ¯à ¢®ù ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù ÷§ P . �®¡ã¤ãõ¬® ¬ è¨ã �ìîà÷£ 
M = ⟨Q,X, T,Λ,∆, {q0}, {qf}⟩, ïª  ¤®¯ãáª õ ¬®¢ã L.

�¥å © P = {ai → bi : 1 6 i 6 n}. �«ï ª®¦®ù ¯à®¤ãªæ÷ù
(ai → bi) ∈ P ÷áãõ, §£÷¤® § à¥§ã«ìâ â®¬ ¢¯à ¢¨ 2.7, ¬ è¨  �ìîà÷£ 
Mbi,ai = ⟨Qi, Xi, V ∪ T,Λ,∆i, {q0,i},∅⟩, â ª , é®:
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2.3. � ¯÷¢à®§¢'ï§÷ ¬®¢¨ ÷ ä®à¬ «ì÷ £à ¬ â¨ª¨

1) ∀ g1, g2 ∈ (V ∪ T )∗ ∃ k,m > 0: (g1, q0, big2)
*⊢ (Λkg1, q0, aig2Λ

m);
2) ∀ g1 ∈ (V ∪T )∗ ∃ k,m > 0: (g1, q0, w)

*⊢(Λkg1, q0, wΛ
m), ïªé® w ̸= big2

¤«ï ¦®¤®£® g2 ∈ (V ∪ T )∗.
�¥§ ¢âà â¨ § £ «ì®áâ÷ ¬®¦  ¢¢ ¦ â¨, é® Qi∩Qj = ∅ ¤«ï ¡ã¤ì-ïª¨å

i ̸= j. � ª®¦ ¢¢ ¦ â¨¬¥¬®, é® q0, qf /∈ Qi ¤«ï ¢á÷å 1 6 i 6 n. �ãª ã
¬ è¨ã M ¢¨§ ç¨¬® â ª¨¬ ç¨®¬:

X = X1 ∪X2 ∪ · · · ∪Xn, Q = Q1 ∪Q2 ∪ · · · ∪Qn ∪ {q0, qf},
∆ = ∆1 ∪∆2 ∪ · · · ∪∆n ∪ {ra, la : a ∈ (V ∪ T )}∪

∪{ca,i : a ∈ (V ∪ T ), 1 6 i 6 n} ∪ {((q0, S), (qf ,Λ, s))},

¤¥ ra = ((q0, a), (q0, a, r)), la = ((q0, a), (q0, a, l)), ca,i = ((q0, a), (q0,i, a, s)).
� § ç¨¬®, é® ¬ è¨  M ¥¤¥â¥à¬÷®¢  .

�  ¯®¡ã¤®¢®î ¬ è¨¨ M ª®¬ ¤¨ ca,i (a ∈ (V ∪ T )) § ¡¥§¯¥çãîâì
¢¨ª® ï ª®¬ ¤ ¬ è¨¨ Mbi,ai ÷, ïª  á«÷¤®ª, § ¬÷ã bi   ai, ïªé®
ªãàá®à ¢ª §ãõ   ¯®ç â®ª á«®¢  bi. �®¬ ¤¨ ra â  la (a ∈ (V ∪ T ))
¯¥à¥áã¢ îâì ªãàá®à ¢÷¤¯®¢÷¤® ¢¯à ¢® â  ¢«÷¢® ¢§¤®¢¦ ¯®â®ç®£® á«®-
¢ . � à¥èâ÷, ª®¬ ¤  ((q0, S), (qf ,Λ, s)) § ¡¥§¯¥çãõ ª®à¥ªâ¥ § ¢¥àè¥-
ï à®¡®â¨, é®©®   áâà÷çæ÷ §'ï¢¨âìáï á¨¬¢®« S. �â¦¥, §  ¯®¡ã¤®¢®î
¤«ï ¤®¢÷«ì®£® w ∈ T ∗ ¬ õ¬®, é® S

∗⇒
G

w â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨

(e, q0, w) *⊢ (Λk, q0, S,Λ
m) ⊢ (Λk, qf ,Λ,Λ

m) ¤«ï ¤¥ïª¨å k > 0,m > 0. � -
ª¨¬ ç¨®¬, ¬ è¨  �ìîà÷£  M ¤®¯ãáª õ â÷ © â÷«ìª¨ â÷ á«®¢  w ∈ T ∗,
ïª÷ ¯®à®¤¦ãõ £à ¬ â¨ª  G. �¥®à¥¬ã ¤®¢¥¤¥®.

�¥®à¥¬  2.3. �ã¤ì-ïª   ¯÷¢à®§¢'ï§  ä®à¬ «ì  ¬®¢  L ¯®à®¤¦ã-
õâìáï ¤¥ïª®î £à ¬ â¨ª®î.

�®¢¥¤¥ï. �¥å © ¬®¢  L  ¯÷¢à®§¢'ï§ , â®¡â® ¤®¯ãáª õâìáï ¤¥ïª®î
¬ è¨®î �ìîà÷£  M = ⟨Q,X, T,Λ,∆, I, F ⟩.

�®¡ã¤ãõ¬® £à ¬ â¨ªã G = ⟨V, T, P, S⟩, â ªã, é® L = L[G]. �÷§ì¬¥¬®
V = (X \ T ) ∪ {S} ∪ {Aq,a,#l,#r : a ∈ (X \ T ), q ∈ Q}, ¢¢ ¦ îç¨, é® X
¥ ¬÷áâ¨âì á¨¬¢®«÷¢ Aq,a,#l,#r â  S. � «÷ ¢÷§ì¬¥¬®

P = {bAq2,x → Aq1,ax : ((q1, a), (q2, b, r)) ∈ ∆, x ∈ V }∪
∪{Aq2,xb → xAq1,a : ((q1, a), (q2, b, l)) ∈ ∆, x ∈ V }∪

∪{Aq2,b → Aq1,a : ((q1, a), (q2, b, s)) ∈ ∆}∪
∪{S → #lAqf ,Λ#r : qf ∈ F} ∪ {#lAq0,a → a : q0 ∈ I, a ∈ T}∪
∪{#r → Λ#r,#l → #lΛ,Λ#r → #r,#lΛ → #l,#l#r → e}.
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�®§¤÷« 2. � è¨¨ �ìîà÷£  ÷ ä®à¬ «ì÷ £à ¬ â¨ª¨

�¥£ª® §à®§ã¬÷â¨, é® ¯®¡ã¤®¢   £à ¬ â¨ª  G ¯®à®¤¦ãõ â÷ © â÷«ìª¨
â÷ á«®¢ , ïª÷ ¤®¯ãáª õ ¬ è¨  �ìîà÷£  M .

� ã¢ ¦¥ï 2.6. öáãîâì à÷§®¬ ÷â÷ ¬®¤¨ä÷ª æ÷ù ¬ è¨ �ìîà÷£ ,
ïª÷, ¯à®â¥, ¥ §¡÷«ìèãîâì ý®¡ç¨á«î¢ «ì®ù ¯®âã¦®áâ÷þ ¯à¨áâà®î ÷ ¥
à®§è¨àîîâì ª« áã ¬®¢, é® á¯à¨©¬ îâìáï (¤¨¢. [12] â , ¤¥â «ì÷è¥, [13]).

�®¤ âª®¢® ¯à® â¥®à÷î ¬ è¨ �ìîà÷£  ¤¨¢.,  ¯à¨ª« ¤, [16{18].

� ¯¨â ï â  § ¢¤ ï

¤«ï á ¬®ª®âà®«î

1. � ¢¥áâ¨ ¥ä®à¬ «ì¨© ®¯¨á â  ¯à¨æ¨¯ à®¡®â¨ ¬ è¨¨ �ìîà÷£ .
�ª÷ ¤÷ù ¢¨ª®ãõ ¬ è¨  �ìîà÷£  ¤«ï ª®¬ ¤¨ ((q1, a1), (q2, a2, d))?

2. � ¢¥áâ¨ ä®à¬ «ì¥ ®§ ç¥ï ¬ è¨¨ �ìîà÷£ .
3. � ¢¥áâ¨ ®§ ç¥ï ¤¥â¥à¬÷®¢ ®ù ¬ è¨¨ �ìîà÷£ . �ª ,   ¢ èã

¤ã¬ªã, ¯¥à¥¢ £  ¤¥â¥à¬÷®¢ ¨å ¬ è¨ �ìîà÷£  ïª à®§¯÷§ ¢ ç÷¢ á«÷¢
¯®à÷¢ï® § ¥¤¥â¥à¬÷®¢ ¨¬¨, ÷  ¢¯ ª¨?

4. � ¢¥áâ¨ ®§ ç¥ï ª®ä÷£ãà æ÷ù â  â ªâã à®¡®â¨ ¬ è¨¨ �ìîà÷£ .
�ª ¢¢®¤ïâì ¢÷¤®è¥ï ý *

M⊢ þ?
5. � â¨ ¢¨§ ç¥ï ¯®ïââî ý¬ è¨  �ìîà÷£  à®§¢'ï§ãõ (à®§¯÷§ õ)

ä®à¬ «ìã ¬®¢ã §÷ áâ ®¬ ¤®¯ãáªãþ. �ªã ¬®¢ã  §¨¢ îâì à®§¢'ï§®î
(à¥ªãàá¨¢®î)?

6. � â¨ ¢¨§ ç¥ï ¯®ïââî ý¬ è¨  �ìîà÷£  ¤®¯ãáª õ ä®à¬ «ì-
ã ¬®¢ãþ. �ªã ¬®¢ã  §¨¢ îâì  ¯÷¢à®§¢'ï§®î (à¥ªãàá¨¢® ¯¥à¥à å®¢-
®î)?

7. � ¢¥áâ¨ áå¥¬ã ¯®¡ã¤®¢¨ ¤¥â¥à¬÷®¢ ®ù ¬ è¨¨ �ìîà÷£ , ïª  ¤®-
¯ãáª õ âã ¦ á ¬ã ¬®¢ã, é® © ¥¤¥â¥à¬÷®¢  .

8. � ¢¥áâ¨ áå¥¬ã ¤®¢¥¤¥ï  ¯÷¢à®§¢'ï§®áâ÷ ¬®¢¨, ïªã ¯®à®¤¦ãõ ¤¥-
ïª  £à ¬ â¨ª .

9. � ¢¥áâ¨ áå¥¬ã ¯®¡ã¤®¢¨ £à ¬ â¨ª¨, é® ¯®à®¤¦ãõ  ¯÷¢à®§¢'ï§ã
¬®¢ã.

10. � ¢¥áâ¨ ¯à¨ª« ¤¨ ¬®¤¨ä÷ª æ÷© ¬ è¨¨ �ìîà÷£ ; ç¨ à®§è¨àî-
îâì æ÷ ¬®¤¨ä÷ª æ÷ù ª« á ¬®¢, é® ¤®¯ãáª îâìáï, ¯®à÷¢ï® § ª« á¨ç®î
¬ è¨®î �ìîà÷£ ?
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�®§¤÷« 3

�ª÷ç¥÷  ¢â®¬ â¨

â  à¥£ã«ïà÷ £à ¬ â¨ª¨

3.1. �ª÷ç¥÷  ¢â®¬ â¨: ®á®¢÷ ¯®ïââï

3.1.1. �¥ä®à¬ «ì¨© ®¯¨á

�ª÷ç¥¨©  ¢â®¬ â ¬®¦  ãï¢¨â¨ ïª  ¡áâà ªâ¨© ¯à¨áâà÷©, é® ¬÷á-
â¨âì ¥®¡¬¥¦¥ã ¢ ®¡¨¤¢  ¡®ª¨ áâà÷çªã, à®§¡¨âã   ª®¬÷àª¨, â  ªãàá®à,
ïª¨© ¢ ª®¦¨© ¬®¬¥â ç áã ¢ª §ãõ   ¯¥¢ã ª®¬÷àªã ÷ ¬®¦¥ ¯¥à¥áã¢ â¨áï
¢§¤®¢¦ áâà÷çª¨ ¢ ®¤®¬ã  ¯àï¬ªã { §«÷¢   ¯à ¢®. �®¦  ª®¬÷àª  ¬®-
¦¥ ¬÷áâ¨â¨ ®¤¨ á¨¬¢®«  ¡® ¥ ¬÷áâ¨â¨ ¦®¤®£®; ïªé® ª®¬÷àª  ¥ ¬÷á-
â¨âì ¦®¤®£® á¨¬¢®« , â® ¢¢ ¦ îâì, é® ¢®  ¬÷áâ¨âì ¯®à®¦÷© á¨¬-
¢®« Λ. �®¬÷àªã,   ïªã ¢ª §ãõ ªãàá®à,  §¨¢ îâì ¯®â®ç®î; á¨¬¢®«, é®
¬÷áâ¨âìáï ã ¯®â®ç÷© ª®¬÷àæ÷, â ª®¦  §¨¢ îâì ¯®â®ç¨¬. �®¦¨  T
á¨¬¢®«÷¢, ¢÷¤¬÷¨å ¢÷¤ Λ, ïª÷ ¬®¦ãâì ¬÷áâ¨â¨ ª®¬÷àª¨ áâà÷çª¨, áª« -
¤ õ  «ä ¢÷â áª÷ç¥®£®  ¢â®¬ â ; æï ¬®¦¨  õ áª÷ç¥®î â  ¥¯®-
à®¦ì®î.

�ª÷ç¥¨©  ¢â®¬ â ¯à æîõ ¯®ªà®ª®¢®, §  ¤¨áªà¥â¨¬¨ ¬®¬¥â ¬¨
ç áã t = 0, 1, 2, . . . . �  ¯®ç âªã à®¡®â¨, â®¡â® ã ¬®¬¥â t = 0,   áâà÷çªã
¯®¤ îâì ¢å÷¤¥ á«®¢® áª÷ç¥®ù ¤®¢¦¨¨, ïª¥ áª« ¤ õâìáï ÷§ á¨¬¢®«÷¢
 «ä ¢÷âã T ( £ ¤ õ¬®, é® Λ /∈ T ). �ªé® ¢å÷¤¥ á«®¢® ¥¯®à®¦õ, ªãàá®à
áª÷ç¥®£®  ¢â®¬ â  ¢ ¬®¬¥â t = 0 ¢ª §ãõ   ¯¥àè¨© §«÷¢  á¨¬¢®«
¢å÷¤®£® á«®¢  (à¨á. 3.1).

35



�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

a1 a2 anΛΛ Λ Λ Λ ΛΛ

Вхідне слово

Момент (початок роботи)t=0

�¨á. 3.1

� ª®¦¨© ¬®¬¥â ç áã áª÷ç¥¨©  ¢â®¬ â ¯¥à¥¡ã¢ õ ¢ ®¤®¬ã §÷
á¢®ùå áâ ÷¢; áâ  áª÷ç¥®£®  ¢â®¬ â  ¢ ª®ªà¥â¨© ¬®¬¥â t  §¨¢ -
îâì ¯®â®ç¨¬. �®¦¨  Q áâ ÷¢ áª÷ç¥®£®  ¢â®¬ â  õ áª÷ç¥®î ÷
¥¯®à®¦ì®î. � ¬®¦¨÷ Q ¢¨¤÷«ïîâì ¤¢÷ ¯÷¤¬®¦¨¨: ¬®¦¨ã I ¯®-
ç âª®¢¨å áâ ÷¢ ÷ ¬®¦¨ã F ¤®¯ãáª îç¨å áâ ÷¢. �  ¯®ç âªã à®¡®â¨
áª÷ç¥¨©  ¢â®¬ â ¯¥à¥¡ã¢ õ ¢ ®¤®¬ã ÷§ ¯®ç âª®¢¨å áâ ÷¢ q0 ∈ I.

�÷ù áª÷ç¥®£®  ¢â®¬ â    ª®¦®¬ã ªà®æ÷ ¢¨§ ç õ ¥¯®à®¦ï áª÷-
ç¥  ¬®¦¨  ¯¥à¥å®¤÷¢ ∆ ⊂ (Q×T×Q). �  ª®¦®¬ã ªà®æ÷ áª÷ç¥¨©
 ¢â®¬ â §  ¯®â®ç¨¬ áâ ®¬ q1 ∈ Q â  ¯®â®ç¨¬ á¨¬¢®«®¬ a ∈ T èãª õ
¯¥à¥å÷¤ (q1, a, q2) ÷ ¢¨ª®ãõ â ª÷ ¤÷ù:

1) ¢¨¤ «ïõ ¯®â®ç¨© á¨¬¢®« (§ ¯¨áãõ ã ¯®â®çã ª®¬÷àªã ¯®à®¦÷©
á¨¬¢®« Λ);

2) ¯¥à¥¬÷éãõ ªãàá®à   ®¤ã ª®¬÷àªã ¯à ¢®àãç;

3) §¬÷îõ ¯®â®ç¨© áâ    áâ  q2 ∈ Q (¬®¦«¨¢¨© ¢¨¯ ¤®ª q2 = q1).

�ªé® ¤«ï ¡ã¤ì-ïª¨å q1 ∈ Q â  a ∈ T ÷áãõ õ¤¨¨© áâ  q2 ∈ Q, â ª¨©,
é® (q1, a, q2) ∈ ∆, ¤÷ù áª÷ç¥®£®  ¢â®¬ â    ª®¦®¬ã ªà®æ÷ ¢¨§ ç¥÷
®¤®§ ç®. � ª¨© áª÷ç¥¨©  ¢â®¬ â, ïª¨©, ¤® â®£® ¦, ¬ õ «¨è¥ ®¤¨
¯®ç âª®¢¨© áâ ,  §¨¢ îâì ¤¥â¥à¬÷®¢ ¨¬. �ª÷ç¥¨©  ¢â®¬ â ¡¥§
®¡¬¥¦¥ì é®¤® ¤¥â¥à¬÷®¢ ®áâ÷  §¨¢ îâì ¥¤¥â¥à¬÷®¢ ¨¬.

�ª÷ç¥¨©  ¢â®¬ â § ª÷çãõ à®¡®âã, ïªé® ¢å÷¤¥ á«®¢® ¯à®ç¨â ¥
¯®¢÷áâî (¯®â®ç¨¬ á¨¬¢®«®¬ õ Λ)  ¡® ¤«ï ¯®â®ç®£® áâ ã â  á¨¬¢®« 
¥¬ õ ¢÷¤¯®¢÷¤®£® ¯¥à¥å®¤ã.

� ¦ãâì, é® áª÷ç¥¨©  ¢â®¬ â ¤®¯ãáª õ á«®¢® w = a1a2 . . . an
(ai ∈ T , 1 6 i 6 n), ïªé® ÷áãõ ¯®á«÷¤®¢÷áâì áâ ÷¢ q0 ∈ I, q1 ∈ Q, q2 ∈ Q,
. . . , qn−1 ∈ Q, qn ∈ F , â ª , é® (qi−1, ai, qi) ∈ ∆ ¤«ï ¢á÷å 1 6 i 6 n. �®ªà¥-
¬ , ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â ¤®¯ãáª õ ¢å÷¤¥ á«®¢® w ∈ T ∗,
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3.1. �ª÷ç¥÷  ¢â®¬ â¨: ®á®¢÷ ¯®ïââï

ïªé®, ¯à®ç¨â ¢è¨ á«®¢® w, æ¥©  ¢â®¬ â § ª÷çãõ à®¡®âã ¢ ®¤®¬ã § ¤®-
¯ãáª îç¨å áâ ÷¢. �®¦¨ã á«÷¢, ïª÷ ¤®¯ãáª õ § ¤ ¨© áª÷ç¥¨©  ¢â®-
¬ â,  §¨¢ îâì ä®à¬ «ì®î ¬®¢®î, ïªã æ¥©  ¢â®¬ â ¤®¯ãáª õ. �®à¬ «ì-
ã ¬®¢ã, ïªã ¤®¯ãáª õ ¯à¨ ©¬÷ ®¤¨ áª÷ç¥¨©  ¢â®¬ â,  §¨¢ îâì
 ¢â®¬ â®î.

�à¨ª« ¤ 3.1. � ¤  «ä ¢÷â®¬ T = {a, b} à®§£«ï¥¬® áª÷ç¥¨©  ¢-
â®¬ â ÷§ ¬®¦¨®î áâ ÷¢ Q = {q0, q1, q2}, ¬®¦¨ ¬¨ ¯®ç âª®¢¨å â  ¤®-
¯ãáª îç¨å áâ ÷¢ I = F = {q0} â  ¬®¦¨®î∆, é® ¬÷áâ¨âì è÷áâì ¯¥à¥å®-
¤÷¢: (q0, a, q1), (q1, a, q0), (q1, b, q0), (q0, b, q2), (q2, a, q2), (q2, b, q2). � § ç¨¬®,
é® æ¥©  ¢â®¬ â ¤¥â¥à¬÷®¢ ¨©.

�ªé® ¢å÷¤¥ á«®¢® ¯®ç¨ õâìáï § á¨¬¢®«  b, ¡ã¤¥ ¢¨ª® ¨© ¯¥à¥å÷¤
(q0, b, q2), áª÷ç¥¨©  ¢â®¬ â ¯¥à¥©¤¥ ã áâ  q2 ÷ ¤ «÷, §ç¨âãîç¨ ïª a,
â ª ÷ b (¯¥à¥å®¤¨ (q2, a, q2) â  (q2, b, q2) ¢÷¤¯®¢÷¤®), § «¨è¨âìáï ã áâ ÷
q2 /∈ F . �ªé® ¢å÷¤¥ á«®¢® ¯®ç¨ õâìáï § á¨¬¢®«  a, ¡ã¤¥ ¢¨ª® ¨©
¯¥à¥å÷¤ (q0, a, q1),  ¢â®¬ â ¯¥à¥©¤¥ ã áâ  q1 ÷ ¤ «÷, §ç¨âãîç¨ ïª a, â ª ÷ b
(¯¥à¥å®¤¨ (q1, a, q0) â  (q1, b, q0) ¢÷¤¯®¢÷¤®), ¯¥à¥©¤¥ ã áâ  q0 ∈ F . � ª¨¬
ç¨®¬, § ¤ ¨©  ¢â®¬ â ¤®¯ãáª õ â÷ © â÷«ìª¨ â÷ á«®¢ , é® õ ª®ª â¥ æ÷õî
áª÷ç¥®ù ª÷«ìª®áâ÷ á«÷¢ aa â  ab,   ®â¦¥ ¤®¯ãáª õ ¬®¢ã {aa, ab}∗. � 
à¨á. 3.2 ¯®ª § ® à®¡®âã  ¢â®¬ â    ¢å÷¤®¬ã á«®¢÷ aaab.

a

Λ

Λ

Λ

Λ

a

a

Λ

Λ

Λ

a

a

a

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

b

b

b

b

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ

Λ Λ

Λ Λ

Λ

Λ

Λ

Λ

Λ

Λ

t q a  q=0 , , ); перехід до виконання: ( 0 1

t q a  q=1; перехід до виконання: ( , , )1 0

q0

q1

q0

q1

q0

Λ

t q a  q=2 , , ); перехід до виконання: ( 0 1

t=3; перехід до виконання: (q b  q1 0, , )

t=4; переходу до виконання немає

�¨á. 3.2

�ª÷ç¥¨©  ¢â®¬ â § ¢¥àè¨¢ à®¡®âã ã áâ ÷ q0 ∈ F ,   ®â¦¥ ¤®¯ãáâ¨¢
á«®¢® aaab.
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�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

� ã¢ ¦¥ï 3.1. �ª÷ç¥¨©  ¢â®¬ â ¢¨ª®à¨áâ®¢ãõ «¨è¥ âã ç áâ¨-
ã áâà÷çª¨, ïª  ¬÷áâ¨âì ¢å÷¤¥ á«®¢®. �âà÷çª  § ¥áª÷ç¥®î ª÷«ìª÷á-
âî ª®¬÷à®ª ¢¢¥¤¥  «¨è¥ ¤«ï §àãç®áâ÷ ¥ä®à¬ «ì®£® ®¯¨áã, ®áª÷«ìª¨
¢å÷¤¥ á«®¢®, å®ç  © ¬ õ áª÷ç¥ã ¤®¢¦¨ã,  «¥ ¬®¦¥ ¡ãâ¨ ïª § ¢£®¤®
¢¥«¨ª¨¬.

� ã¢ ¦¥ï 3.2. �®§£«ï¤ îâì  ¢â®¬ â¨, ïª÷ ¬ îâì ¢¨å÷¤¨© ¯®â÷ª
(¤¨áªà¥â÷ ¯¥à¥â¢®àî¢ ç÷), á¥à¥¤ ïª¨å ¢¨¤÷«ïîâì  ¢â®¬ â¨ �÷«÷ â   ¢-
â®¬ â¨ �ãà  (¤¥â «ì÷è¥ ¤¨¢. [4, 12,19]).

3.1.2. �®à¬ «ì¨© ®¯¨á

�§ ç¥ï 3.1. �ª÷ç¥¨¬  ¢â®¬ â®¬  §¨¢ îâì ¢¯®àï¤ª®¢ ¨©
 ¡÷à ⟨Q, T, ∆, I, F ⟩, ¤¥ Q â  T { áª÷ç¥÷ ¥¯®à®¦÷ ¬®¦¨¨,
∆ ⊂ (Q × T × Q), I ⊂ Q, F ⊂ Q. �®¦¨ã Q  §¨¢ îâì ¬®¦¨®î
áâ ÷¢, T {  «ä ¢÷â®¬, ∆ { ¢÷¤®è¥ï¬ (¬®¦¨®î) ¯¥à¥å®¤÷¢, I { ¬®-
¦¨®î ¯®ç âª®¢¨å áâ ÷¢, F { ¬®¦¨®î ¤®¯ãáª îç¨å áâ ÷¢.

�§ ç¥ï 3.2. �ª÷ç¥¨©  ¢â®¬ â ⟨Q, T,∆, I, F ⟩  §¨¢ îâì ç áâ-
ª®¢¨¬ ¤¥â¥à¬÷®¢ ¨¬, ïªé® |I| = 1 ( ¢â®¬ â ¬ õ «¨è¥ ®¤¨ ¯®ç âª®¢¨©
áâ ), ÷ ¤«ï ¡ã¤ì-ïª®ù ¯ à¨ (q1, a) ∈ (Q × T ) ÷áãõ ¥ ¡÷«ìè¥ ®¤®£® áâ -
ã q2 ∈ Q, â ª®£®, é® (q1, a, q2) ∈ ∆, â  ¤¥â¥à¬÷®¢ ¨¬, ïªé® áâ  q2
õ¤¨¨©.

� ã¢ ¦¥ï 3.3. �¥à¥©â¨ ¢÷¤ ç áâª®¢®£® ¤¥â¥à¬÷®¢ ®£®  ¢â®¬ â 
¤® ¤¥â¥à¬÷®¢ ®£® ¬®¦  â ª¨¬ ç¨®¬: ¤®¯®¢¨â¨ ¬®¦¨ã Q ¤®¤ â-
ª®¢¨¬ áâ ®¬ q̃ /∈ Q ÷ ¤®¯®¢¨â¨ ¬®¦¨ã ∆ ¯¥à¥å®¤ ¬¨ (q̃, a, q̃), a ∈ T
â  ¯¥à¥å®¤ ¬¨ (q1, a, q̃) ¤«ï â¨å ¯ à (q1, a), ¤«ï ïª¨å ¥ ÷áãõ ¢÷¤¯®¢÷¤®£®
áâ ã q2 (ä ªâ¨ç® ¤®¯®¢¨â¨ áâ ®¬, ã ïª¨© ¯®âà ¯«ïîâì ¢á÷ ¥¢¨§ -
ç¥÷ ¯ à¨ q1 â  a).

�§ ç¥ï 3.3. �®ä÷£ãà æ÷õî áª÷ç¥®£®  ¢â®¬ â  ⟨Q, T,∆, I, F ⟩
 §¨¢ îâì ¤®¢÷«ì¨©  ¡÷à (q, w) ∈ (Q× T ∗).

� ã¢ ¦¥ï 3.4. �®à®¦÷© á¨¬¢®« Λ ã ¥ä®à¬ «ì®¬ã ®¯¨á÷ áª÷ç¥-
®£®  ¢â®¬ â  ¢¨ª®à¨áâ®¢ãîâì «¨è¥ ¤«ï ®¯¨á ï á¨âã æ÷ù § ¢¥àè¥ï
à®¡®â¨, ª®«¨ ¢å÷¤¥ á«®¢® ¯à®ç¨â ¥ ¯®¢÷áâî, ÷ ªãàá®à ¢ª §ãõ á ¬¥   Λ.
�«ï ä®à¬ «ì®£® ®¯¨áã áª÷ç¥®£®  ¢â®¬ â , é® ¥ ¯¥à¥¤¡ ç õ ¢¢¥¤¥-
ï áâà÷çª¨ â  ªãàá®à , ¯®à®¦÷© á¨¬¢®« ¥ ¯®âà÷¡¨©.
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3.1. �ª÷ç¥÷  ¢â®¬ â¨: ®á®¢÷ ¯®ïââï

�  ¬®¦¨÷ ª®ä÷£ãà æ÷© áª÷ç¥®£®  ¢â®¬ â  M = ⟨Q, T,∆, I, F ⟩
¢¨§ ç¨¬® ¡÷ à¥ ¢÷¤®è¥ï ýM⊢ þ, ïª¥  §¨¢ îâì â ªâ®¬ à®¡®â¨:

((q1, w) M⊢ (q2, u)) ⇔

{
w = au, a ∈ T ;

(q1, a, q2) ∈ ∆,

¤¥ q1, q2 ∈ Q, w ∈ T ∗, u ∈ T ∗. ö ªè¥ ª ¦ãç¨, ¢÷¤®è¥ï ýM⊢ þ ¬÷áâ¨âì
¯ à¨ ª®ä÷£ãà æ÷© ¢¨£«ï¤ã ((q1, au), (q2, u)), ¤¥ (q1, a, q2) ∈ ∆.

�ªé® (q1, a) M⊢ (q2, e), â®¡â® (q1, a, q2) ∈ ∆ ¤«ï ¤¥ïª¨å q1, q2 ∈ Q, a ∈ T ,
â® ª ¦ãâì, é® áâ  q2 ¤®áï¦¨© §÷ áâ ã q1 á¨¬¢®«®¬ a ∈ T . � § ç¨¬®,
é® ÷§ ¢¨§ ç¥ï ¢÷¤®è¥ï ýM⊢ þ ¥£ ©® ¢¨¯«¨¢ õ ¥ª¢÷¢ «¥â÷áâì

((q1, a) M⊢ (q2, e)) ⇔
(
∀u ∈ T ∗ : (q1, au) M⊢ (q2, u)

)
. (3.1)

�®ä÷£ãà æ÷î c ∈ (Q×T ∗) áª÷ç¥®£®  ¢â®¬ â  M  §¢¥¬® âã¯¨ª®-
¢®î, ïªé® ¥ ÷áãõ ¦®¤®ù ª®ä÷£ãà æ÷ù c̃, â ª®ù, é® c M⊢ c̃. �ç¥¢¨¤®, é®
ª®ä÷£ãà æ÷ï (q, au) (q ∈ Q, a ∈ T , u ∈ T ∗) õ âã¯¨ª®¢®î â®¤÷ © â÷«ìª¨ â®-
¤÷, ª®«¨ ∀ q̃ ∈ Q : (q, a, q̃) /∈ ∆. �®ä÷£ãà æ÷ï (q, e) õ, ®ç¥¢¨¤®, âã¯¨ª®¢®î
¤«ï ¡ã¤ì-ïª®£® q ∈ Q.

�÷¤®è¥ï ý *
M⊢ þ { âà §¨â¨¢®-à¥ä«¥ªá¨¢¥ § ¬¨ª ï ¢÷¤®è¥-

ï ýM⊢ þ (¤¨¢. ®§ ç¥ï 1.4), { áª« ¤ õâìáï ÷§ â ª¨å ¯ à ª®ä÷£ãà æ÷©
(c0, cn), é®

c0 M⊢ c1 M⊢ c2 · · · M⊢ cn

¤«ï ¤¥ïª®ù ¯®á«÷¤®¢®áâ÷ ª®ä÷£ãà æ÷© c1, c2, . . . , cn−1 (n > 0).
�ªé® (q1, w) *

M⊢ (q2, e), â® ª ¦ãâì, é® áâ  q2 ¤®áï¦¨© ÷§ áâ ã q1 á«®-
¢®¬ w ∈ T ∗; §®ªà¥¬ , ¡ã¤ì-ïª¨© áâ  q ¤®áï¦¨© ÷§ q ∈ Q (÷§ á ¬®£® á¥¡¥)
¯®à®¦÷¬ á«®¢®¬ e ∈ T ∗, ®áª÷«ìª¨ (q, e) *

M⊢ (q, e). � ¥ª¢÷¢ «¥â®áâ÷ (3.1)
÷¤ãªæ÷õî §  ¤®¢¦¨®î á«®¢  w ∈ T ∗ «¥£ª® ¢¨¢¥áâ¨ ¥ª¢÷¢ «¥â÷áâì

((q1, w) *
M⊢ (q2, e)) ⇔

(
∀u ∈ T ∗ : (q1, wu) *

M⊢ (q2, u)
)
.

� ¤ «÷, ïªé® § ª®â¥ªáâã §à®§ã¬÷«®, é® ©¤¥âìáï á ¬¥ ¯à® áª÷ç¥¨©
 ¢â®¬ â M , § ¬÷áâì ýM⊢ þ â  ý *

M⊢ þ ¯¨á â¨¬¥¬® ¢÷¤¯®¢÷¤® ý⊢þ â  ý *⊢þ.
�§ ç¥ï 3.4. � ¦ãâì, é® áª÷ç¥¨©  ¢â®¬ âM = ⟨Q, T,∆, I, F ⟩

¤®¯ãáª õ (á¯à¨©¬ õ) á«®¢® w ∈ T ∗, ïªé® (q0, w) *
M⊢ (q, e) ¤«ï ¤¥ïª¨å q0 ∈ I

â  q ∈ F . �®¦¨ã á«÷¢ L[M ], ïª÷ ¤®¯ãáª õ áª÷ç¥¨©  ¢â®¬ âM ,  §¨-
¢ îâì ä®à¬ «ì®î ¬®¢®î, ïªã ¤®¯ãáª õ (á¯à¨©¬ õ, à®§¯÷§ õ) áª÷ç¥-
¨©  ¢â®¬ â M . �®à¬ «ìã ¬®¢ã, ïªã ¤®¯ãáª õ å®ç  ¡ ®¤¨ áª÷ç¥¨©
 ¢â®¬ â,  §¨¢ îâì  ¢â®¬ â®î.
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�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

�à¨ª« ¤ 3.2. �à®¤¥¬®áâàãõ¬® à®¡®âã áª÷ç¥®£®  ¢â®¬ â  ÷§
¯à¨ª« ¤ã 3.1   á«®¢÷ aaab ã â¥à¬÷ å ¢÷¤®è¥ï ý⊢þ:

(q0, aaab) ⊢ (q1, aab) ⊢ (q0, ab) ⊢ (q1, b) ⊢ (q0, e),

â®¡â® (q0, aaab) *
M⊢ (q0, e).

�áª÷«ìª¨ q0 ∈ I â  q0 ∈ F ,  ¢â®¬ â ¤®¯ãáª õ á«®¢® aaab. �ª ¢¦¥
§ § ç «®áì (¤¨¢. ¯à¨ª« ¤ 3.1), § ¤ ¨© áª÷ç¥¨©  ¢â®¬ â ¤®¯ãáª õ â÷
© â÷«ìª¨ â÷ á«®¢ , é® õ ª®ª â¥ æ÷õî áª÷ç¥®ù ª÷«ìª®áâ÷ á«÷¢ aa â  ab,
â®¡â® ¤®¯ãáª õ ¬®¢ã {aa, ab}∗.

�§ ç¥ï 3.5. �ª÷ç¥÷  ¢â®¬ â¨ M1 â  M2  §¨¢ îâì ¥ª¢÷¢ -
«¥â¨¬¨, ïªé®M1 â M2 § ¤ ÷  ¤ á¯÷«ì¨¬  «ä ¢÷â®¬ â  ¤®¯ãáª îâì
âã á ¬ã ¬®¢ã:

(M1 ∼ M2) ⇔ (L[M1] = L[M2]).

�à¨ª« ¤ 3.3. �ª÷ç¥¨©  ¢â®¬ â ÷§ ¯à¨ª« ¤ã 3.1 ¥ª¢÷¢ «¥â-
¨© áª÷ç¥®¬ã  ¢â®¬ âã  ¤  «ä ¢÷â®¬ {a, b} ÷§ ¬®¦¨®î áâ ÷¢
{q0, q1, q2}, õ¤¨¨¬ ¯®ç âª®¢¨¬ ÷ õ¤¨¨¬ ¤®¯ãáª îç¨¬ áâ ®¬ q0 â  ¬®-
¦¨®î ¯¥à¥å®¤÷¢ {(q0, a, q1), (q1, a, q0), (q0, a, q2), (q2, b, q0)}. � § ç¨¬®, é®
æ¥©  ¢â®¬ â ¥¤¥â¥à¬÷®¢ ¨©. � ª, ¢å÷¤¨¬ á«®¢®¬ aaab ÷§ q0 ¬®¦ 
¯®âà ¯¨â¨ ã âà¨ à÷§÷ âã¯¨ª®¢÷ ª®ä÷£ãà æ÷ù:

(q0, aaab) ⊢ (q2, aab);

(q0, aaab) ⊢ (q1, aab) ⊢ (q0, ab) ⊢ (q1, b);

(q0, aaab) ⊢ (q1, aab) ⊢ (q0, ab) ⊢ (q2, b) ⊢ (q0, e).

� ª¨¬ ç¨®¬, (q0, aaab) *⊢ (q2, aab), (q0, aaab) *⊢ (q1, b) â  (q0, aaab) *⊢ (q0, e).
�â¦¥,  ¢â®¬ â ¤®¯ãáª õ á«®¢® aaab, ®áª÷«ìª¨ (q0, aaab) *⊢ (q0, e), ¤¥ q0 ∈ I,
q0 ∈ F . �¥£ª® §à®§ã¬÷â¨, é® æ¥©  ¢â®¬ â ¤®¯ãáª õ â÷ © â÷«ìª¨ â÷ á«®¢ ,
ïª÷ õ ª®ª â¥ æ÷õî áª÷ç¥®ù ª÷«ìª®áâ÷ á«÷¢ aa â  ab, â®¡â® ¤®¯ãáª õ
¬®¢ã {aa, ab}∗,   ®â¦¥ á¯à ¢¤÷ ¥ª¢÷¢ «¥â¨©  ¢â®¬ âã ÷§ ¯à¨ª« ¤ã 3.1.

3.1.3. � ¤ ï áª÷ç¥®£®  ¢â®¬ â  §  ¤®¯®¬®£®î

£à ä 

�ª÷ç¥¨©  ¢â®¬ â ⟨Q, T,∆, I, F ⟩ ¬®¦  ®¤®§ ç® (ã ¬¥¦ å ä÷ª-
á®¢ ®£®  «ä ¢÷âã T ) § ¤ â¨ §  ¤®¯®¬®£®î ¬÷ç¥®£® ®à÷õâ®¢ ®£® ¬ã«ì-
â¨£à ä , ¯®¡ã¤®¢ ®£® §  â ª¨¬¨ ¯à ¢¨« ¬¨:
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3.1. �ª÷ç¥÷  ¢â®¬ â¨: ®á®¢÷ ¯®ïââï

1) ª®¦  ¢¥àè¨  £à ä  ¯®¬÷ç¥  ¤¥ïª¨¬ áâ ®¬ q ∈ Q, ÷ ª®¦¨©
áâ  ¯®¬÷ç õ ¢ â®ç®áâ÷ ®¤ã ¢¥àè¨ã;

2) ª®¦¥ à¥¡à® £à ä  ¯®¬÷ç¥¥ ¤¥ïª¨¬ á¨¬¢®«®¬ a ∈ T ;
3) ®à÷õâ®¢ ¥ à¥¡à® § ¬÷âª®î a ∈ T ¢¥¤¥ ¢÷¤ ¢¥àè¨¨ § ¬÷âª®î q1 ∈ Q

¤® ¢¥àè¨¨ § ¬÷âª®î q2 â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ (q1, a, q2) ∈ ∆;

4) ¢¥àè¨¨ £à ä  ¯®§ ç¥÷ ª®« ¬¨ ®¤ ª®¢®£® (ã ¬¥¦ å
¯¥¢®£® £à ä ) à ¤÷ãá , ¢÷¤¯®¢÷¤ã ¬÷âªã áâ ã ¯à®áâ ¢«ïîâì
¢á¥à¥¤¨÷ ª®«  (à¨á. 3.3,  ); ¢¥àè¨¨, é® ¢÷¤¯®¢÷¤ îâì ¯®ç â-
ª®¢¨¬ áâ  ¬, ¯®¬÷ç îâì áâà÷«ª®î (à¨á. 3.3, ¡ ); ¢¥àè¨¨, é®
¢÷¤¯®¢÷¤ îâì ¤®¯ãáª îç¨¬ áâ  ¬, ¯®§ ç îâì ¤®¤ âª®¢¨¬
§®¢÷è÷¬ ª®«®¬ (à¨á. 3.3, ¢); ¢¥àè¨¨, é® ¢÷¤¯®¢÷¤ îâì áâ -
 ¬, ïª÷ õ ®¤®ç á® ¯®ç âª®¢¨¬¨ ÷ ¤®¯ãáª îç¨¬¨, ¬ îâì
áâà÷«ªã ÷ ¤®¤ âª®¢¥ §®¢÷èõ ª®«® (à¨á. 3.3, £).

q

q0

qf

q0,f

а

б

в

г

�¨á. 3.3

�à¨ª« ¤ 3.4. �  à¨á. 3.4  ¢¥¤¥® £à ä áª÷ç¥®£®  ¢â®¬ â  §
¯à¨ª« ¤ã 3.1,   à¨á. 3.5 { £à ä ¥ª¢÷¢ «¥â®£®  ¢â®¬ â  § ¯à¨ª« ¤ã 3.3.

q1

q2

q0
a

a

b

b

ba

�¨á. 3.4

q1

q2

q0

a

a

a

b

�¨á. 3.5

�à¨ª« ¤ 3.5. �  à¨á. 3.6 §®¡à ¦¥® £à ä áª÷ç¥®£®  ¢â®¬ â ,
é® ¤®¯ãáª õ â ªã ä®à¬ «ìã ¬®¢ã:

{anbm+1c2k+1 : n > 0,m > 0, k > 0}∪
∪{an : n > 0} ∪ {bmc2k+1 : m > 0, k > 0}.

�¥© £à ä §®¡à ¦ãõ  ¢â®¬ â ÷§ ¬®¦¨®î
áâ ÷¢ Q = {q0, q1, q2, q3}, ¬®¦¨ ¬¨ ¯®ç â-

q1 q3
q0

a b
b c c

c

q2

�¨á. 3.6

ª®¢¨å â  ¤®¯ãáª îç¨å áâ ÷¢ I = {q0, q1} â  F = {q0, q3} ¢÷¤¯®¢÷¤®,
÷ ¬®¦¨®î ∆ ÷§ è¥áâ¨ ¯¥à¥å®¤÷¢:

∆ = {(q0, a, q0), (q0, b, q1), (q1, b, q1), (q1, c, q3), (q3, c, q2), (q2, c, q3)}.
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�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

�ªé® ¢¢ ¦ â¨, é®  «ä ¢÷â ¥ ¬÷áâ¨âì á¨¬¢®«÷¢, ¢÷¤¬÷¨å ¢÷¤ a, b â  c, â®
£à ä §®¡à ¦ãõ áª÷ç¥¨©  ¢â®¬ â ⟨Q, {a, b, c},∆, I, F ⟩ ÷§ é®©® ¢ª § -
¨¬¨ ¬®¦¨ ¬¨ Q, ∆, I, F . �ç¥¢¨¤®, é®  ¢â®¬ â ¥ õ ¤¥â¥à¬÷®¢ ¨¬,
®áª÷«ìª¨ ¬ õ ¤¢  ¯®ç âª®¢¨å áâ ¨.

3.2. �¥â¥à¬÷®¢ ÷ áª÷ç¥÷  ¢â®¬ â¨

3.2.1. �ãªæ÷ï ¯¥à¥å®¤÷¢

�¥å ©M = ⟨Q, T,∆, I, F ⟩ { ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â (¤¨¢.
®§ ç¥ï 3.2). �®¢¥¤÷ªã  ¢â®¬ â  M , ¢à å®¢ãîç¨ ©®£® ¤¥â¥à¬÷®¢ -
÷áâì, §àãç® ¢¨¢ç â¨ §  ¤®¯®¬®£®î äãªæ÷ù ¯¥à¥å®¤÷¢ d : (Q× T ) → Q:

(d(q1, a) = q2) ⇔ ((q1, a, q2) ∈ ∆) (3.2)

¤«ï ¢á÷å q1, q2 ∈ Q, a ∈ T . � § ç¨¬®, é® á¯÷¢¢÷¤®è¥ï (3.2), § ¢¤ïª¨
¤¥â¥à¬÷®¢ ®áâ÷  ¢â®¬ â  M , ¤®§¢®«ïõ ®¤®§ ç® ¢¨§ ç¨â¨ äãªæ÷î
¯¥à¥å®¤÷¢ d ç¥à¥§ ¢÷¤®è¥ï ¯¥à¥å®¤÷¢ ∆, ÷  ¢¯ ª¨ { ¢÷¤®è¥ï ∆
ç¥à¥§ äãªæ÷î d. � ª®¦ § § ç¨¬®, é® ¤«ï ¥¤¥â¥à¬÷®¢ ¨å  ¢â®¬ â÷¢
à®§£«ï¤ îâì [4,10,11] (¡ £ â®§ çã) äãªæ÷î ¯¥à¥å®¤÷¢ d : (Q×T ) → 2Q,
¤¥ 2Q { ¬®¦¨  ¢á÷å ¯÷¤¬®¦¨ ¬®¦¨¨ Q.

�à¨ª« ¤ 3.6. �¢¥¤¥¬® ¢ â ¡«¨æî § ç¥ï äãª-
æ÷ù ¯¥à¥å®¤÷¢ ¤«ï ¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â 
÷§ ¯à¨ª« ¤ã 3.1 (¤¨¢. â ¡«. 3.1). �ï¤ª¨ â ¡«¨æ÷ ¢÷¤¯®¢÷-
¤ îâì á¨¬¢®« ¬  «ä ¢÷âã a, b ∈ T , áâ®¢¯æ÷ { áâ  ¬
q0, q1, q2 ∈ Q.

� ¡«¨æï 3.1

q0 q1 q2
a q1 q0 q2
b q2 q0 q2

� ¡«¨æî â¨¯ã 3.1 ÷§ § ç¥ï¬¨ äãªæ÷ù ¯¥à¥å®¤÷¢ ¤¥â¥à¬÷®¢ ®£®
 ¢â®¬ â  M  §¨¢ îâì â ¡«¨æ¥î ¯¥à¥å®¤÷¢  ¢â®¬ â  M .

�¢¥¤¥¬® ¤® à®§£«ï¤ã äãªæ÷î d∗ : (Q × T ∗) → Q, ïª  õ ¯à¨à®¤¨¬
à®§è¨à¥ï¬ äãªæ÷ù ¯¥à¥å®¤÷¢ d:

d∗(q, e) = q, d∗(q, wa) = d(d∗(q, w), a), (3.3)

¤¥ q ∈ Q, w ∈ T ∗, a ∈ T . �¨§ ç¥ã à¥ªãà¥â¨¬¨ á¯÷¢¢÷¤®è¥ï¬¨ (3.3)
äãªæ÷î d∗  §¢¥¬® à®§è¨à¥®î äãªæ÷õî ¯¥à¥å®¤÷¢  ¢â®¬ â  M .
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3.2. �¥â¥à¬÷®¢ ÷ áª÷ç¥÷  ¢â®¬ â¨

�¯à ¢  3.1. �®à¨áâãîç¨áì á¯÷¢¢÷¤®è¥ï¬ (3.3), ¤®¢¥áâ¨ â ª÷ ¢« -
áâ¨¢®áâ÷ à®§è¨à¥®ù äãªæ÷ù ¯¥à¥å®¤÷¢ d∗:

1) ∀ a ∈ T ∀ q ∈ Q : d∗(q, a) = d(q, a);
2) ∀ a, b ∈ T ∀ q ∈ Q : d∗(q, ab) = d(d(q, a), b);
3) ∀u, v ∈ T ∗ ∀ q ∈ Q : d∗(q, uv) = d∗(d∗(q, u), v).

� ã¢ ¦¥ï 3.5. �«ï ¤®¢¥¤¥ï ¢« áâ¨¢®áâ÷ 3 áª®à¨áâ â¨áì ÷¤ãªæ÷õî
§  |v| > 0.

�¯à ¢  3.2. �§ £ «ì¨â¨ ¢« áâ¨¢®áâ÷ 1 ÷ 2   ¢¨¯ ¤®ª á«®¢  ¤®¢÷«ì-
®ù ¤®¢¦¨¨ n:

∀ a1, a2, . . . , an ∈ T ∀ q ∈ Q : d∗(q, a1a2 . . . an) = d(· · · d(d(q, a1), a2), . . . , an).

ö¤ãªæ÷õî §  ¤®¢¦¨®î á«®¢  w ∈ T ∗ «¥£ª® ¢¨¢¥áâ¨ ¥ª¢÷¢ «¥â÷áâì,
ïª  ¯®¢'ï§ãõ à®§è¨à¥ã äãªæ÷î ¯¥à¥å®¤÷¢ § ¢÷¤®è¥ï¬ ý *⊢þ:

(d∗(q1, w) = q2) ⇔ ((q1, w) *⊢ (q2, e)),

¤¥ q1, q2 ∈ Q, w ∈ T ∗.
�®à¬ «ìã ¬®¢ã L[M ], ïªã ¤®¯ãáª õ ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢-

â®¬ â M = ⟨Q, T,∆, {q0}, F ⟩, â ª®¦ §àãç® ®¯¨á â¨ ¢ â¥à¬÷ å à®§è¨-
à¥®ù äãªæ÷ù ¯¥à¥å®¤÷¢:

L[M ] = {w ∈ T ∗ : d∗(q0, w) ∈ F}. (3.4)

� ã¢ ¦¥ï 3.6. � â¥à¬÷ å ¥ä®à¬ «ì®£® ®¯¨áã à®§è¨à¥  äãª-
æ÷ï ¯¥à¥å®¤÷¢ d∗ ®¡ç¨á«îõ áâ  q2 = d∗(q1, w)  ¢â®¬ â M ¯÷á«ï §ç¨âã¢ -
ï á«®¢  w ∈ T ∗, ïªé®   ¯®ç âªã §ç¨âã¢ ï á«®¢  w  ¢â®¬ â ¯¥à¥¡ã¢ ¢
ã áâ ÷ q1.

�à¨ª« ¤ 3.7. �¯¨è¥¬® à®§è¨à¥ã äãªæ÷î ¯¥à¥å®¤÷¢ ¤«ï  ¢â®¬ â 
÷§ ¯à¨ª« ¤ã 3.1 (w ∈ {aa, ab}∗, u ∈ {a, b}∗):

1) d∗(q0, w) = q0, d
∗(q0, wa) = q1, d

∗(q0, wbu) = q2;
2) d∗(q1, aw) = d∗(q1, bw) = q0, d

∗(q1, awa) = q1, d
∗(q1, awbu) = q2;

3) d∗(q2, u) = q2.
� ç¨¬®, é® d∗(q0, w) ∈ F = {q0} â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ w ∈ {aa, ab}∗,

â®¡â® L[M ] = {aa, ab}∗.
�à¨ª« ¤ 3.8. �®¡ã¤ãõ¬® áª÷ç¥¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â, ïª¨©

¤®¯ãáª õ ¬®¢ã L = {w ∈ {a, b}∗ : |w|a ···3}.
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�®¦«¨¢÷ ¢ à÷ â¨ ª÷«ìª®áâ÷ ¢å®¤¦¥ì a: 3k,
3k+1, 3k+2, k ∈ N∪{0},  ¢â®¬ â ¬ õ ¤®¯ãáâ¨â¨
á«®¢  § 3k ¢å®¤¦¥ï¬¨ a â  ¥ ¤®¯ãáâ¨â¨ á«®¢ 
§ 3k + 1 ÷ 3k + 2 ¢å®¤¦¥ï¬¨ a. �â¦¥, ¤«ï
¯®¡ã¤®¢¨  ¢â®¬ â  ¤®áâ âì® âàì®å áâ ÷¢ q0,
q1 â  q2; (q0, w) *⊢ (qi, e) â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨
w ¬÷áâ¨âì 3k + i ¢å®¤¦¥ì a (i = 0, 1, 2). �à ä
¢÷¤¯®¢÷¤®£®  ¢â®¬ â  §®¡à ¦¥®   à¨á. 3.7.

q1 q2
q0

b b

a a

b

a

�¨á. 3.7

�ãªæ÷ï ¯¥à¥å®¤÷¢ ¬ õ ¢¨£«ï¤ d(qi, a) = q(i+1) mod 3, d(qi, b) = qi, ¤¥
ýmod 3þ âãâ ÷ ¤ «÷ ¯®§ ç õ ®áâ çã ¢÷¤ ¤÷«¥ï   3; à®§è¨à¥  äãªæ÷ï
¯¥à¥å®¤÷¢ { d∗(qi, w) = q(i+|w|a) mod 3.

�¯à ¢  3.3. �®¡ã¤ã¢ â¨ áª÷ç¥¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â, ïª¨©
¤®¯ãáª õ ¬®¢ã L = {w ∈ {a, b}∗ : |w|a > 3}.

�ª §÷¢ª . �¨ª®à¨áâ®¢ãîç¨ ¯à¨©®¬, ¢¨ª« ¤¥¨© ã ¯à¨ª« ¤i 3.8, ¢÷¤-
á«÷¤ªã¢ â¨ ¬®¦«¨¢÷ ¢ à÷ â¨ ª÷«ìª®áâ÷ ¢å®¤¦¥ì a: 0, 1, 2, 3 â  ¡÷«ìè¥.
�®§è¨à¥  äãªæ÷ï ¯¥à¥å®¤÷¢ d∗(qi, w) = qmin{i+|w|a,3}.

�à¨ª« ¤ 3.9. �®¡ã¤ãõ¬® áª÷ç¥¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â, ïª¨©
¤®¯ãáª õ ¬®¢ã L = {w ∈ {a, b}∗ : |w|a ···3, |w|b ···2}.

�®¦«¨¢÷ ¢ à÷ â¨ ª÷«ìª®áâ÷ ¢å®¤¦¥ì a: 3k,
3k + 1, 3k + 2, k ∈ N ∪ {0}; ¬®¦«¨¢÷ ¢ à÷ â¨
ª÷«ìª®áâ÷ ¢å®¤¦¥ì b: 2m, 2m + 1, m ∈ N ∪ {0}.
�â¦¥, ¤«ï ¯®¡ã¤®¢¨  ¢â®¬ â  ¤®áâ âì® è¥áâ¨
áâ ÷¢ qij (i = 0, 1, 2, j = 0, 1): (q00, w) *⊢(qij, e) â®-
¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ w ¬÷áâ¨âì 3k+ i ¢å®¤¦¥ì
a â  2m + j ¢å®¤¦¥ì b. �à ä ¢÷¤¯®¢÷¤®£®  ¢-
â®¬ â  ¯®ª § ®   à¨á 3.8. �®§è¨à¥  äãªæ÷ï
¯¥à¥å®¤÷¢ d∗(qij, w) = q((i+|w|a) mod 3) ((j+|w|b) mod 2).

q10 q20
q00

b b

a a

b

a

q21
aa q11q01

bbb

a

�¨á. 3.8

� ã¢ ¦¨¬®, é® ¢ § £ «ì®¬ã ¢¨¯ ¤ªã ¤«ï ¬®¢¨ |w|a ···n1, |w|b ···n2  ¢-
â®¬ â ¬ õ n1 áâ®¢¯æ÷¢ â  n2 àï¤ª÷¢.

�¯à ¢  3.4. �¨ª®à¨áâ®¢ãîç¨ ¯à¨©®¬, ¢¨ª« ¤¥¨© ã ¯à¨ª« ¤÷ 3.9,
¯®¡ã¤ã¢ â¨ áª÷ç¥÷ ¤¥â¥à¬÷®¢ ÷  ¢â®¬ â¨, ïª÷ ¤®¯ãáª îâì ¬®¢¨:

1. L = {w ∈ {a, b}∗ : (|w|a ···3) ∨ (|w|b ···2)};
2. L = {w ∈ {a, b}∗ : |w|a ···3, 1 6 |w|b 6 2};
3. L = {w ∈ {a, b}∗ : |w|a > 3, 1 6 |w|b 6 2};
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4. L = {w ∈ {a, b}∗ : (|w|a > 3) ∨ (1 6 |w|b 6 2)};
5. L = {w ∈ {a, b}∗ : |w|a mod 3 = |w|b mod 3};
6. L = {w ∈ {a, b, c}∗ : |w|a ···3, |w|b ···3, |w|c ···2}.

�¨ï¢«ïõâìáï, é® ª« á¨ ¤®¢÷«ì¨å áª÷ç¥¨å  ¢â®¬ â÷¢ â  ª« á¨ ¤¥-
â¥à¬÷®¢ ¨å áª÷ç¥¨å  ¢â®¬ â÷¢ §¡÷£ îâìáï.

�¥®à¥¬  3.1. �¥å © M = ⟨Q, T,∆, I, F ⟩ { ¤®¢÷«ì¨© áª÷ç¥¨©
 ¢â®¬ â. �®¤÷ ÷áãõ ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â M0, ¥ª¢÷¢ -
«¥â¨©  ¢â®¬ âã M .

�®¢¥¤¥ï. �¨§ ç¨¬®  ¢â®¬ â M0 = ⟨Q0, T,∆0, I0, F0⟩ â ª¨¬ ç¨®¬:
Q0 = 2Q, I0 = {I}, F0 = {A ⊂ Q : A∩ F ̸= ∅}. �à å®¢ãîç¨ á¯÷¢¢÷¤®è¥-
ï (3.2), § ¬÷áâì ¬®¦¨¨ ¯¥à¥å®¤÷¢ ∆0 § ¤ ¬® äãªæ÷î ¯¥à¥å®¤÷¢ d0:

d0(A, a) = {q2 ∈ Q : ∃ q1 ∈ A : (q1, a, q2) ∈ ∆} =

= {q2 ∈ Q : ∃ q1 ∈ A : (q1, a) M⊢ (q2, e)},

¤¥ A ∈ 2Q (A ⊂ Q), a ∈ T . �à å®¢ãîç¨ à÷¢÷áâì (3.3) â  ¢¨§ ç¥ï
âà §¨â¨¢®-à¥ä«¥ªá¨¢®£® § ¬¨ª ï, § ¯¨è¥¬® § ç¥ï à®§è¨à¥®ù
äãªæ÷ù ¯¥à¥å®¤÷¢  ¢â®¬ â  M0 ç¥à¥§ ¢÷¤®è¥ï ý *

M⊢ þ:

d∗0(A,w) = {q2 ∈ Q : ∃ q1 ∈ A : (q1, w) *
M⊢ (q2, e)},

¤¥ A ∈ 2Q, w ∈ T ∗. �à å®¢ãîç¨ á¯÷¢¢÷¤®è¥ï (3.4), ¤®¢®¤¨¬®, é®
¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â M0 ¤®¯ãáª õ w ∈ T ∗ â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ w
¤®¯ãáª õ ¢¨å÷¤¨©  ¢â®¬ â M :

(w ∈ L[M0]) ⇔ (d∗0(I, w) ∈ F0) ⇔ (d∗0(I, w) ∩ F ̸= ∅) ⇔ (∃ q2 ∈ F :

q2 ∈ d∗0(I, w)) ⇔ (∃ q2 ∈ F ∃ q1 ∈ I : (q1, w) *
M⊢ (q2, e)) ⇔ (w ∈ L[M ]).

� ª¨¬ ç¨®¬, L[M ] = L[M0], â®¡â® ¢¨å÷¤¨©  ¢â®¬ â M ¥ª¢÷¢ «¥â-
¨© ¤¥â¥à¬÷®¢ ®¬ã  ¢â®¬ âã M0, é® § ¢¥àèãõ ¤®¢¥¤¥ï â¥®à¥¬¨.

�®¢¥¤¥ï â¥®à¥¬¨ 3.1  ¤ õ ¯àï¬¨© ¬¥â®¤ ¯®¡ã¤®¢¨ ¤¥â¥à¬÷®¢ -
®£® áª÷ç¥®£®  ¢â®¬ â  M0 = ⟨2Q, T,∆0, I0, F0⟩, ¥ª¢÷¢ «¥â®£® § ¤ -
®¬ã ¤®¢÷«ì®¬ã (¬®¦«¨¢® ¥¤¥â¥à¬÷®¢ ®¬ã) áª÷ç¥®¬ã  ¢â®¬ âã
M = ⟨Q, T,∆, I, F ⟩.
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�à¨ª« ¤ 3.10. �«ï ¥¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â 

⟨{q0, q1, q2}, {a, b}, {(q0, a, q1), (q1, a, q0), (q0, a, q2), (q2, b, q0)}, {q0}, {q0}⟩

(¤¨¢. ¯à¨ª« ¤ 3.3) ¯®¡ã¤ãõ¬® ¢÷¤¯®¢÷¤¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â §  ¬¥-
â®¤®¬ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.1 (¤¨¢. â ¡«¨æî ¯¥à¥å®¤÷¢ 3.2). �¯à ¢-
¤÷, à÷¢®áâ÷ d0(∅, a) = d0(∅, b) = ∅ ®ç¥¢¨¤÷. ö§ áâ ã q0 á¨¬¢®«®¬
a ¤®áï¦÷ áâ ¨ q1 â  q2, á¨¬¢®«®¬ b ¦®¤¨© §÷ áâ ÷¢ ¥¤®áï¦¨©:
d0({q0}, a) = {q1, q2}, d0({q0}, b) = ∅. ö§ áâ ã q1 á¨¬¢®«®¬ a ¤®áï¦¨©
áâ  q0, á¨¬¢®«®¬ b ¦®¤¨© §÷ áâ ÷¢ ¥¤®áï¦¨©: d0({q1}, a) = {q0},
d0({q1}, b) = ∅. ö§ áâ ã q2 á¨¬¢®«®¬ a ¦®¤¨© §÷ áâ ÷¢ ¥¤®áï¦¨©;
á¨¬¢®«®¬ b ¤®áï¦¨© áâ  q0: d0({q2}, a) = ∅, d0({q2}, b) = {q0}. � «÷,

d0({q0, q1}, a) = d0({q0}, a) ∪ d0({q1}, a) = {q1, q2} ∪ {q0} = {q0, q1, q2},
d0({q0, q1}, b) = d0({q0}, b) ∪ d0({q1}, b) = ∅ ∪∅ = ∅;

®áâ ÷ âà¨ áâ®¢¯æ÷ â ¡«. 3.2 § ¯®¢îîâìáï   «®£÷ç®.
� ¡«¨æï 3.2

∅ {q0} {q1} {q2} {q0, q1} {q0, q2} {q1, q2} {q0, q1, q2}
a ∅ {q1, q2} {q0} ∅ {q0, q1, q2} {q1, q2} {q0} {q0, q1, q2}
b ∅ ∅ ∅ {q0} ∅ {q0} {q0} {q0}

�®¦¨¨ ¯®ç âª®¢¨å â  ¤®¯ãáª îç¨å áâ ÷¢ ¢÷¤¯®¢÷¤® I0 = {q0} â 
F0 = {{q0}, {q0, q1}, {q0, q2}, {q0, q1, q2}}.

�â¦¥,  ¢â®¬ â M0 ¬ õ 23 = 8 áâ ÷¢,
÷§ ïª¨å «¨è¥ 3 ¤®áï¦÷ § ¯®ç âª®¢®£® áâ -
ã I0: áâ ¨ {q1, q2}, ∅ ÷, ¢« á¥, I0 (¤¨¢.
â ¡«. 3.2). �¨«ãç¨¢è¨ ÷§  ¢â®¬ â  M0 â÷
5 áâ ÷¢, ïª÷ ¥¤®áï¦÷ § ¯®ç âª®¢®£®, ®âà¨-
¬ãõ¬® ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â,
£à ä ïª®£® §®¡à ¦¥®   à¨á. 3.9. � § -
ç¨¬®, é® ¯®¡ã¤®¢ ¨©  ¢â®¬ â §¡÷£ õâìáï §
 ¢â®¬ â®¬ ÷§ ¯à¨ª« ¤ã 3.1 § â®ç÷áâî ¤® ¯¥-
à¥©¬¥ã¢ ï áâ ÷¢.

{q1,q2}{ }q0
a

a

b

b

ba Æ

�¨á. 3.9

� § ç¨¬®, é® § ¯¥à¥å®¤®¬ ¤® ¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â 
M0 ¬®¦¥ áãââõ¢® §à®áâ¨ ª÷«ìª÷áâì áâ ÷¢: ïªé®  ¢â®¬ â M ¬ õ n áâ -
÷¢, â® M0 ¬ õ 2

n áâ ÷¢ { ¯÷¤¬®¦¨ ¬®¦¨¨ Q. �à®â¥ ¤¥ïª÷ §÷ áâ ÷¢
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 ¢â®¬ â  M0 ¬®¦ãâì ¡ãâ¨ ¥¤®áï¦÷ § ¯®ç âª®¢®£® áâ ã I0 = {I}, ÷ ùå
¬®¦  ¢¨«ãç¨â¨ (ïª æ¥ ÷ ¡ã«® §à®¡«¥® ã ¯à¨ª« ¤÷ 3.10). � ª¥ ¢¨«ãç¥ï
¥ §¬÷îõ ¬®¢¨ L[M0] = L[M ] (¤¥â «ì÷è¥ ¤¨¢. ¯÷¤à®§¤. 3.6.2).

�â¦¥, ¤«ï ¯®¡ã¤®¢¨ â ¡«¨æ÷ ¯¥à¥å®¤÷¢  ¢â®¬ â M0 ¤®æ÷«ì® ®¡¬¥¦ã-
¢ â¨áì áâ  ¬¨, ¤®áï¦¨¬¨ § ¯®ç âª®¢®£®, ¢¨ª®à¨áâ®¢ãîç¨,  ¯à¨ª« ¤,
¬¥å ÷§¬ ç¥à£¨:   ¯®ç âªã à®¡®â¨ ¢ ç¥à£ã § ¯¨áãõ¬® áâ  I0;   ª®¦®-
¬ã ªà®æ÷ ¤÷áâ õ¬® § ç¥à£¨ áâ  A ∈ 2Q â  § ¯¨áãõ¬® ã ç¥à£ã ¢á÷ áâ ¨,
ïª÷ ¤®áï¦÷ § A ¤¥ïª¨¬ á¨¬¢®«®¬ a ∈ T â  ïª÷ é¥ ¥ ¬÷áâïâìáï ã â ¡«¨æ÷
¯¥à¥å®¤÷¢.

�à¨ª« ¤ 3.11. �«ï ¥¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â , £à ä
ïª®£® §®¡à ¦¥®   à¨á. 3.10, ¢÷¤¯®¢÷¤¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â, ¯®¡ã-
¤®¢ ¨© §  ¬¥â®¤®¬ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.1 § ¢¨ª®à¨áâ ï¬ ¬¥å ÷§¬ã
ç¥à£¨, ¬ õ 23 = 8 áâ ÷¢, § ïª¨å 5 ¤®áï¦÷ § ¯®ç âª®¢®£® áâ ã {q0, q1}
(¤¨¢. â ¡«. 3.3). �¨«ãç¨¢è¨ ÷è÷
3 áâ ¨, ¥¤®áï¦÷ § {q0, q1}, ®âà¨-
¬ãõ¬® ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©
 ¢â®¬ â, £à ä ïª®£® §®¡à ¦¥®  
à¨á. 3.11.

� ¡«¨æï 3.3

{q0, q1} {q2} ∅ {q0} {q1}
a {q2} {q0} ∅ {q2} {q2}
b ∅ {q1} ∅ ∅ ∅

q2

q1

q0

a

a

a

b

�¨á. 3.10

{q2}

{ }q0,q1

a

a

b

b

ba Æ

{ }q0{ }q1

a a

bb

�¨á. 3.11

� § ç¨¬®, é®  ¢¥¤¥÷ áª÷ç¥÷  ¢â®¬ â¨ â ª®¦ ¤®¯ãáª îâì ¬®¢ã
{aa, ab}∗, â®¡â® ¥ª¢÷¢ «¥â÷  ¢â®¬ â ¬ § ¯à¨ª« ¤÷¢ 3.1 â  3.3.

�¯à ¢  3.5. �«ï ¥¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â , £à ä ïª®-
£® §®¡à ¦¥®   à¨á. 3.6, ¯®¡ã¤ã¢ â¨ ¢÷¤¯®¢÷¤¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®-
¬ â §  ¬¥â®¤®¬ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.1.
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3.3. � à ªâ¥à¨§ æ÷ï ª« áã à¥£ã«ïà¨å ¬®¢

ç¥à¥§ áª÷ç¥÷  ¢â®¬ â¨

�®¢¥¤¥¬®, é® ª« á¨ à¥£ã«ïà¨å ÷  ¢â®¬ â¨å ¬®¢ §¡÷£ îâìáï.
�¥®à¥¬  3.2. �¥å © G { à¥£ã«ïà  £à ¬ â¨ª . �®¤÷ ÷áãõ áª÷ç¥¨©

 ¢â®¬ â M , ïª¨© ¤®¯ãáª õ ¬®¢ã L[G].

�®¢¥¤¥ï. �¥å © G = ⟨V, T, P, S⟩ { à¥£ã«ïà  £à ¬ â¨ª , â®¡â® ¬®-
¦¨  P ¬÷áâ¨âì ¯à®¤ãªæ÷ù ¢¨£«ï¤ã A → a, A → aB, A → e, ¤¥ A,B ∈ V ,
a ∈ T . �ãª ¨© áª÷ç¥¨©  ¢â®¬ â M = ⟨Q, T,∆, I, F ⟩ ¢¨§ ç¨¬® â -
ª¨¬ ç¨®¬:

1) ¬®¦¨  áâ ÷¢ Q = V ∪{qf}, ¤¥ qf { ¤®¢÷«ì¨© ä÷ªá®¢ ¨© á¨¬¢®«,
é® ¥  «¥¦¨âì ¬®¦¨÷ V ;

2) ¬®¦¨  ∆ ¬÷áâ¨âì ¯¥à¥å®¤¨ (A, a,B) (A,B ∈ V , a ∈ T ), â ª÷,
é® (A → aB) ∈ P , â  ¯¥à¥å®¤¨ (A, a, qf ) (A ∈ V , a ∈ T ), â ª÷, é®
(A → a) ∈ P ;

3) ¬®¦¨  I = {S}, â®¡â®  ¢â®¬ â M ¬ õ ®¤¨ ¯®ç âª®¢¨© áâ  {
¤¦¥à¥«® S;

4) ¬®¦¨  F ¬÷áâ¨âì áâ  qf â  ¢á÷ â ª÷ áâ ¨ A ∈ V , ¤«ï ïª¨å
(A → e) ∈ P .

�ç¥¢¨¤®, é® ¯®¡ã¤®¢ ¨©  ¢â®¬ â M ¤®¯ãáª õ á«®¢® w ∈ T ∗ â®¤÷ ©
â÷«ìª¨ â®¤÷, ª®«¨ S

∗⇒
G

w, â®¡â® L[M ] = L[G]. �¥®à¥¬ã ¤®¢¥¤¥®.

�à¨ª« ¤ 3.12. �®§£«ï¥¬® à¥£ã«ïàã £à ¬ â¨ªã G = ⟨V, T, P, S⟩,
¤¥ T = {a, b}, V = {S,A}, P = {S → aA|e, A → bS|a}. � áâ®áã-
¢ ¢è¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.2, ¯®¡ã¤ãõ¬® áª÷ç¥¨©  ¢â®¬ â
M = ⟨Q, T,∆, I, F ⟩, â ª¨©, é® L[G] = L[M ]:

1) Q = {S,A, qf};
2) ∆ = {(S, a, A), (A, b, S), (A, a, qf )};
3) I = {S};
4) F = {qf , S}.
�à ä ¯®¡ã¤®¢ ®£® áª÷ç¥®£®  ¢â®¬ â 

§®¡à ¦¥®   à¨á. 3.12. �¥£ª® ¯¥à¥¢÷à¨â¨, é®
L[M ] = L[G] = {(ab)n, a(ba)na : n > 0}.

A

qf

S

a

b a

�¨á. 3.12

�à¨ª« ¤ 3.13. � áâ®áãõ¬® ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.2 ¤® à¥-
£ã«ïà®ù £à ¬ â¨ª¨ G = ⟨V, T, P, S⟩, ¤¥ T = {a, b}, V = {S,A},
P = {S → aA|e, A → bS}.
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3.3. � à ªâ¥à¨§ æ÷ï ª« áã à¥£ã«ïà¨å ¬®¢ ç¥à¥§ áª÷ç¥÷  ¢â®¬ â¨

�¤à §ã § § ç¨¬®, é® ¬®¦¨  P ¥ ¬÷áâ¨âì ¦®¤®ù ¯à®¤ãªæ÷ù ¢¨£«ï-
¤ã X → x (X ∈ V , x ∈ T ), â®¡â® ¬®¦¨  ¯¥à¥å®¤÷¢ èãª ®£®  ¢â®¬ â 
¥ ¬÷áâ¨âì ¦®¤®£® ¯¥à¥å®¤ã ¢¨£«ï¤ã (X, x, qf ) (X ∈ V , x ∈ T ), ÷ áâ  qf
õ ¥¤®áï¦¨¬ § ¯®ç âª®¢®£® áâ ã S. �¨¤ «¨¢è¨ ¥¯®âà÷¡¨© áâ  qf ,
®âà¨¬ãõ¬® â ª¨©  ¢â®¬ â ⟨Q, T,∆, I, F ⟩:

1) Q = {S,A};
2) ∆ = {(S, a, A), (A, b, S)};
3) I = {S};
4) F = {S}.
�à ä ¯®¡ã¤®¢ ®£® áª÷ç¥®£®  ¢â®¬ â 

§®¡à ¦¥®   à¨á. 3.13. �¥£ª® ¯¥à¥¢÷à¨â¨, é®
L[M ] = L[G] = {(ab)n : n > 0}.

AS

a

b

�¨á. 3.13

�¯à ¢  3.6. �®¡ã¤ã¢ â¨ áª÷ç¥¨©  ¢â®¬ âM , ïª¨© ¤®¯ãáª õ ¬®¢ã
L[G] ¤«ï £à ¬ â¨ª¨ G ÷§ ¯à¨ª« ¤ã 1.17, § áâ®áã¢ ¢è¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï
â¥®à¥¬¨ 3.2.

�¥®à¥¬  3.3. �¥å © M { áª÷ç¥¨©  ¢â®¬ â. �®¤÷ ÷áãõ à¥£ã«ïà 
£à ¬ â¨ª  G, ïª  ¯®à®¤¦ãõ ¬®¢ã L[M ].

�®¢¥¤¥ï. �¥å © áª÷ç¥¨©  ¢â®¬ âM = ⟨Q, T,∆, I, F ⟩ ¬÷áâ¨âì «¨-
è¥ ®¤¨ ¯®ç âª®¢¨© áâ : I = {q0} (¢ ÷è¨å ¢¨¯ ¤ª å §  â¥®à¥¬®î 3.1
¢¢®¤¨¬® ¤® à®§£«ï¤ã ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â M0, â ª¨©, é®
L[M ] = L[M0]). �¨§ ç¨¬® èãª ã à¥£ã«ïàã £à ¬ â¨ªãG = ⟨V, T, P, S⟩:

1) V = Q;
2) P = {A → aB : A∈Q,B∈Q, a∈T, (A, a,B) ∈ ∆} ∪ {A → e : A∈F};
3) S = q0.
ö§ ¯®¡ã¤®¢¨ £à ¬ â¨ª¨ G ¢¨¯«¨¢ õ, é® ¢¨å÷¤¨©  ¢â®¬ â M ¤®¯ãáª õ

á«®¢® w ∈ T ∗ â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ S
∗⇒
G

w, â®¡â® L[G] = L[M ].

�¥®à¥¬ã ¤®¢¥¤¥®.

�à¨ª« ¤ 3.14. �«ï áª÷ç¥®£®  ¢â®¬ â  M = ⟨Q, T,∆, I, F ⟩, ¯®-
¡ã¤®¢ ®£® ã ¯à¨ª« ¤÷ 3.12 (¢÷¤¯®¢÷¤¨© £à ä §®¡à ¦¥®   à¨á. 3.12),
§ ©¤¥¬® à¥£ã«ïàã £à ¬ â¨ªã G = ⟨V, T, P, S⟩, â ªã, é® L[G] = L[M ].
�¢â®¬ â ¬ õ «¨è¥ ®¤¨ ¯®ç âª®¢¨© áâ ,   ®â¦¥ ¬®¦¥¬® ®¤à §ã § áâ®-
áã¢ â¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.3:

1) V = {S,A, qf};
2) P = {S → aA,A → bS,A → aqf , S → e, qf → e}.
�¥£ª® ¯¥à¥¢÷à¨â¨, é® L[G] = L[M ] = {(ab)n, a(ba)na : n > 0}.
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�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

�¯à ¢  3.7. �®¡ã¤ã¢ â¨ à¥£ã«ïàã £à ¬ â¨ªã G, é® ¯®à®¤¦ãõ ¬®¢ã
L[M ] ¤«ï áª÷ç¥®£®  ¢â®¬ â  M , £à ä ïª®£® §®¡à ¦¥®   à¨á. 3.6,
§ áâ®áã¢ ¢è¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.3.

�ª §÷¢ª . �¨ª®à¨áâ â¨ à¥§ã«ìâ â ¢¯à ¢¨ 3.5.

3.4. �ª÷ç¥÷  ¢â®¬ â¨ § e-¯¥à¥å®¤ ¬¨

�¢â®¬ â § e-¯¥à¥å®¤ ¬¨ õ ¯à¨à®¤¨¬ ã§ £ «ì¥ï¬ áª÷ç¥®£®  ¢-
â®¬ â , ¢¨§ ç¥®£® ¢ ®§ ç¥÷ 3.1.

�§ ç¥ï 3.6. �ª÷ç¥¨¬  ¢â®¬ â®¬ § e-¯¥à¥å®¤ ¬¨  §¨¢ îâì
¢¯®àï¤ª®¢ ¨©  ¡÷à ⟨Q, T,∆, I, F ⟩, ¤¥ Q â  T { áª÷ç¥÷ ¥¯®à®¦÷
¬®¦¨¨, ∆ ⊂ (Q × (T ∪ {e}) × Q), I ⊂ Q, F ⊂ Q. �®¦¨ã Q  §¨-
¢ îâì ¬®¦¨®î áâ ÷¢, T {  «ä ¢÷â®¬, ∆ { ¢÷¤®è¥ï¬ (¬®¦¨®î)
¯¥à¥å®¤÷¢, I { ¬®¦¨®î ¯®ç âª®¢¨å áâ ÷¢, F { ¬®¦¨®î ¤®¯ãáª îç¨å
áâ ÷¢. �¥à¥å÷¤ ¢¨£«ï¤ã (q1, e, q2) (q1, q2 ∈ Q)  §¨¢ îâì e-¯¥à¥å®¤®¬.

�ª÷ç¥¨©  ¢â®¬ â, ¢¨§ ç¥¨© ¢ ®§ ç¥÷ 3.1, õ ç áâª®¢¨¬ ¢¨¯ ¤-
ª®¬ áª÷ç¥®£®  ¢â®¬ â  § e-¯¥à¥å®¤ ¬¨.

�®ä÷£ãà æ÷õî áª÷ç¥®£®  ¢â®¬ â  ⟨Q, T,∆, I, F ⟩ § e-¯¥à¥å®¤ ¬¨  -
§¨¢ îâì (  «®£÷ç® ®§ ç¥î 3.3) ¤®¢÷«ì¨©  ¡÷à (q, w) ∈ (Q × T ∗).
�  ¬®¦¨÷ ¢á÷å ª®ä÷£ãà æ÷© áª÷ç¥®£®  ¢â®¬ â  M = ⟨Q, T,∆, I, F ⟩
§ e-¯¥à¥å®¤ ¬¨ ¢¨§ ç¨¬® ¡÷ à¥ ¢÷¤®è¥ï ýM⊢ þ, ïª¥  §¢¥¬® â ªâ®¬
à®¡®â¨  ¢â®¬ â  § e-¯¥à¥å®¤ ¬¨:

((q1, w) M⊢ (q2, u)) ⇔

{
w = xu, x ∈ (T ∪ {e});
(q1, x, q2) ∈ ∆,

¤¥ q1, q2 ∈ Q, w ∈ T ∗, u ∈ T ∗. ö ªè¥ ª ¦ãç¨, ¢÷¤®è¥ï ýM⊢ þ ¬÷á-
â¨âì ¯ à¨ ª®ä÷£ãà æ÷© ¢¨£«ï¤ã ((q1, au), (q2, u)), ïªé® (q1, a, q2) ∈ ∆, â 
((q1, u), (q2, u)), ïªé® (q1, e, q2) ∈ ∆.

�÷¤®è¥ï ý *
M⊢ þ { âà §¨â¨¢®-à¥ä«¥ªá¨¢¥ § ¬¨ª ï ¢÷¤®è¥ï

ýM⊢ þ, { áª« ¤ õâìáï, §£÷¤® § ®§ ç¥ï¬ 1.4, ÷§ â ª¨å ¯ à ª®ä÷£ãà æ÷©
(c0, cn), é®

c0 M⊢ c1 M⊢ c2 · · · M⊢ cn

¤«ï ¤¥ïª®ù ¯®á«÷¤®¢®áâ÷ ª®ä÷£ãà æ÷© c1, c2, . . . , cn−1 (n > 0). ö¤ãªæ÷õî
§  ¤®¢¦¨®î á«®¢  w ∈ T ∗ «¥£ª® ¢¨¢¥áâ¨ ¥ª¢÷¢ «¥â÷áâì

((q1, w) *
M⊢ (q2, e)) ⇔

(
∀u ∈ T ∗ : (q1, wu) *

M⊢ (q2, u)
)
.

50



3.4. �ª÷ç¥÷  ¢â®¬ â¨ § e-¯¥à¥å®¤ ¬¨

� ¤ «÷, ïªé® ÷§ ª®â¥ªáâã §à®§ã¬÷«®, é® ©¤¥âìáï á ¬¥ ¯à® áª÷ç¥¨©
 ¢â®¬ â § e-¯¥à¥å®¤ ¬¨ M , § ¬÷áâì ýM⊢ þ â  ý *

M⊢ þ ¯¨á â¨¬¥¬® ¢÷¤¯®¢÷¤®
ý⊢þ â  ý *⊢þ.

�§ ç¥ï 3.7. �¥å © M = ⟨Q, T,∆, I, F ⟩ { áª÷ç¥¨©  ¢â®¬ â §
e-¯¥à¥å®¤ ¬¨. � ¦ãâì, é®  ¢â®¬ âM ¤®¯ãáª õ (á¯à¨©¬ õ) á«®¢® w ∈ T ∗,
ïªé® (q0, w) *

M⊢ (q, e) ¤«ï ¤¥ïª¨å q0 ∈ I â  q ∈ F . �®¦¨ã á«÷¢ L[M ], ïª÷
¤®¯ãáª õ áª÷ç¥¨©  ¢â®¬ â § e-¯¥à¥å®¤ ¬¨ M ,  §¨¢ îâì ä®à¬ «ì®î
¬®¢®î, ïªã ¤®¯ãáª õ (á¯à¨©¬ õ) áª÷ç¥¨©  ¢â®¬ â § e-¯¥à¥å®¤ ¬¨ M .
�ª÷ç¥÷  ¢â®¬ â¨ § e-¯¥à¥å®¤ ¬¨M1 â M2  §¨¢ îâì ¥ª¢÷¢ «¥â¨¬¨,
ïªé® M1 â  M2 § ¤ ÷  ¤ á¯÷«ì¨¬  «ä ¢÷â®¬ â  ¤®¯ãáª îâì âã á ¬ã
¬®¢ã: (M1 ∼ M2) ⇔ (L[M1] = L[M2]).

�  áª÷ç¥÷  ¢â®¬ â¨ § e-¯¥à¥å®¤ ¬¨ ¯®è¨àîîâì â¥å÷ªã § ¤ ï
§  ¤®¯®¬®£®î £à ä÷¢, ®¯¨á ã ¢ ¯÷¤à®§¤. 3.1.3: ¤«ï ª®¦®£® e-¯¥à¥å®¤ã
(q1, e, q2) ¤® ¢÷¤¯®¢÷¤®£® £à ä  ¢ª«îç îâì à¥¡à® § ¬÷âª®î e, é® ¢¥¤¥ ¢÷¤
¢¥àè¨¨ § ¬÷âª®î q1 ¤® ¢¥àè¨¨ § ¬÷âª®î q2.

�à¨ª« ¤ 3.15. �  à¨á. 3.14 §®¡à ¦¥® £à ä áª÷ç¥®£®  ¢â®¬ â  §
e-¯¥à¥å®¤ ¬¨, é® ¤®¯ãáª õ ä®à¬ «ìã ¬®¢ã {anbmck : n> 0,m> 0, k > 0}.

� ¢¥¤¥¨© £à ä ¢÷¤¯®¢÷¤ õ áª÷ç¥®¬ã
 ¢â®¬ âã  ¤  «ä ¢÷â®¬ T = {a, b, c} ÷§ ¬®-
¦¨®î áâ ÷¢ Q = {q0, q1, q2}, ¬®¦¨ ¬¨ ¯®-
ç âª®¢¨å â  ¤®¯ãáª îç¨å áâ ÷¢ I = {q0} â 
F = {q2} ¢÷¤¯®¢÷¤®, ÷ ¬®¦¨®î ¯¥à¥å®¤÷¢ ∆,
é® ¬÷áâ¨âì âà¨ ýª« á¨ç÷þ ¯¥à¥å®¤¨ (q0, a, q0),

q1 q2
q0

a b

ε ε

c

�¨á. 3.14

(q1, b, q1) ÷ (q2, c, q2), â  ¤¢  e-¯¥à¥å®¤¨ (q0, e, q1) ÷ (q1, e, q2). �¥£ª® ¯¥à¥¢÷-
à¨â¨, é® æ¥©  ¢â®¬ â á¯à ¢¤÷ ¤®¯ãáª õ â÷ © â÷«ìª¨ â÷ á«®¢  § {a, b, c}∗, ïª÷
¬ îâì ¢¨£«ï¤ anbmck, ¤¥ n,m, k { æ÷«÷ ¥¢÷¤'õ¬÷ ç¨á« . � ª, ¤«ï ¢å÷¤®£®
á«®¢  ac2 = a1b0c2 ¬®¦«¨¢  ¯®á«÷¤®¢÷áâì ª®ä÷£ãà æ÷©

(q0, ac
2) ⊢ (q0, c

2) ⊢ (q1, c
2) ⊢ (q2, c

2) ⊢ (q2, c) ⊢ (q2, e),

¤¥ ¤àã£¨© â  âà¥â÷© â ªâ¨ ¢÷¤¯®¢÷¤ îâì e-¯¥à¥å®¤ ¬ (q0, e, q1) â  (q1, e, q2).
�à¨ª« ¤ 3.16. �  à¨á. 3.15 §®¡à ¦¥® £à ä áª÷ç¥®£®  ¢â®¬ â 

 ¤  «ä ¢÷â®¬ T = {0, 1,+,−}, é® ¤®¯ãáª õ ä®à¬ «ìã ¬®¢ã L, ïª 
áª« ¤ õâìáï ÷§ ¤¢÷©ª®¢¨å § ¯¨á÷¢ æ÷«¨å ç¨á¥« (¬®¦«¨¢®, § ¯à®¢÷¤¨¬¨
ã«ï¬¨):

L = {sw : w ∈ {0, 1}+, s ∈ {+,−, e}} = {+,−, e}{0, 1}+.
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�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

� ¢¥¤¥¨© £à ä ¢÷¤¯®¢÷¤ õ áª÷ç¥®¬ã  ¢â®¬ âã ÷§ ¬®¦¨®î áâ ÷¢
Q = {q0, q1, q2}, ¬®¦¨ ¬¨ ¯®ç âª®¢¨å â 
¤®¯ãáª îç¨å áâ ÷¢ I = {q0} â  F = {q2}
¢÷¤¯®¢÷¤®, ÷ ¬®¦¨®î ¯¥à¥å®¤÷¢ ∆, ïª 
¬÷áâ¨âì á÷¬ ¯¥à¥å®¤÷¢, á¥à¥¤ ïª¨å ®¤¨
e-¯¥à¥å÷¤ (q0, e, q1).

q1 q2
q0

ε

0
+ 0

- 1

1

�¨á. 3.15

�¥®à¥¬  3.4. �®¢÷«ì¨© áª÷ç¥¨©  ¢â®¬ â M § e-¯¥à¥å®¤ ¬¨
¥ª¢÷¢ «¥â¨© ¤¥ïª®¬ã áª÷ç¥®¬ã  ¢â®¬ âã M ′ ¡¥§ e-¯¥à¥å®¤÷¢.

�®¢¥¤¥ï. �®¦¨ã áâ ÷¢ â  ¬®¦¨ã ¯®ç âª®¢¨å áâ ÷¢ èãª ®-
£®  ¢â®¬ â  M ′ = ⟨Q′, T,∆′, I ′, F ′⟩ § «¨è¨¬® â ª¨¬¨ ¦, ïª ã § ¤ ®¬ã
 ¢â®¬ â÷ M = ⟨Q, T,∆, I, F ⟩, â®¡â® ¯®ª« ¤¥¬® Q′ = Q, I ′ = I. � «÷ § 
¤®¯®¬®£®î à¥ªãàá÷ù ¢¨§ ç¨¬® ¯®á«÷¤®¢÷áâì ¬®¦¨ Fi (i > 0):

1) F0 = F ;
2) Fi+1 = Fi ∪ {q ∈ Q : ∃ p ∈ Fi : (q, e, p) ∈ ∆}.
�¥£ª® §à®§ã¬÷â¨, é® ¢¨å÷¤¨©  ¢â®¬ â M ¥ª¢÷¢ «¥â¨© ª®¦®¬ã §

 ¢â®¬ â÷¢ ⟨Q′, T,∆, I ′, Fi⟩ (i > 0), ®áª÷«ìª¨, ïªé® (q, e, q1) ∈ ∆, q0 ∈ I ′ ÷
(q0, w) *

M⊢ (q, e), â® (q0, w) *
M⊢ (q1, e). �áª÷«ìª¨ Fi ⊂ Fi+1 ⊂ Q,   ¬®¦¨ 

Q áª÷ç¥ , ¬ õ ÷áã¢ â¨ m > 0, â ª¥, é® Fm+1 = Fm; ®ç¥¢¨¤®, é®
Fm+k = Fm ¤«ï ª®¦®£® k > 0. �®¦¨ã ¤®¯ãáª îç¨å áâ ÷¢ èãª ®£®
 ¢â®¬ â  ¢¨§ ç¨¬® ïª ý ©è¨àèãþ ÷§ ¬®¦¨ Fi (i > 0), â®¡â® F ′ = Fm,
¤¥ m = min{i > 0: Fi = Fi+1}.

� «÷ à¥ªãàá¨¢® ¢¨§ ç¨¬® ¯®á«÷¤®¢÷áâì ¬®¦¨ ∆k (k > 0):
1) ∆0 = ∆;

2)∆k+1 = ∆k∪

{
(q1, a, q2) ∈ (Q× T ×Q) : ∃ q ∈ Q :

{
(q1, e, q) ∈ ∆k,

(q, a, q2) ∈ ∆k

}
.

� § ç¨¬®, é® ¥ª¢÷¢ «¥â÷áâì  ¢â®¬ â  M â  ª®¦®£® §  ¢â®¬ â÷¢
⟨Q′, T,∆k, I

′, F ′⟩ (k > 0) «¥£ª® ¤®¢¥áâ¨ ÷¤ãªæ÷õî §  ®¬¥à®¬ k > 0.
�áª÷«ìª¨ ∆k ⊂ ∆k+1 ⊂ (Q × T × Q) (k > 0),   ¬®¦¨  Q × T × Q

áª÷ç¥ , ¬ õ ÷áã¢ â¨ n > 0, â ª¥, é® ∆n+1 = ∆n. �®¦¨ã ¯¥à¥å®¤÷¢
èãª ®£®  ¢â®¬ â  ®âà¨¬ãõ¬®, ¢¨¤ «¨¢è¨ e-¯¥à¥å®¤¨ ÷§ ¬®¦¨¨ ∆n:

∆′ = ∆n \ {(p, e, q) : p, q ∈ Q}.

�¥£ª® §à®§ã¬÷â¨, é® ¢¨¤ «¥ï e-¯¥à¥å®¤÷¢ ÷§ ¬®¦¨¨ ∆n ¥ §¢ã¦ãõ
¬®¦¨ã á«÷¢, ïª÷ ¤®¯ãáª õ  ¢â®¬ â ⟨Q′, T,∆n, I

′, F ′⟩.
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3.4. �ª÷ç¥÷  ¢â®¬ â¨ § e-¯¥à¥å®¤ ¬¨

�à¨ª« ¤ 3.17. �®§¡ã¤¥¬®áï e-¯¥à¥å®¤÷¢ ¢  ¢â®¬ â÷ § ¯à¨ª« ¤ã 3.15
(à¨á. 3.14), § áâ®á®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.4. �¯®ç âªã § -
§ ç¨¬®, é® ¬®¦¨  ¢á÷å áâ ÷¢ ÷ ¬®¦¨  ¯®ç âª®¢¨å áâ ÷¢ ¥ §¬÷-
îîâìáï: Q′ = Q = {q0, q1, q2}, I ′ = I = {q0}. �®¦¨ã ¤®¯ãáª îç¨å
áâ ÷¢ áä®à¬ãõ¬® à¥ªãàá¨¢®, ¤®¤ îç¨ ¤® ¬®¦¨¨ F = {q2} ®¢÷ áâ ¨
(§£÷¤® §  ï¢¨¬¨ e-¯¥à¥å®¤ ¬¨):

1) F0 = F = {q2};
2) F1 = F0 ∪ {q ∈ Q : ∃ p ∈ F0 : (q, e, p) ∈ ∆} = {q2, q1}, ®áª÷«ìª¨

(q1, e, q2) ∈ ∆ â  q2 ∈ F0;

3) F2 = F1 ∪ {q ∈ Q : ∃ p ∈ F1 : (q, e, p) ∈ ∆} = {q2, q1, q0}, ®áª÷«ìª¨
(q0, e, q1) ∈ ∆ â  q1 ∈ F1;

4) F3 = F2 ∪ {q ∈ Q : ∃ p ∈ F2 : (q, e, p) ∈ ∆} = F2.

�â¦¥, F ′ = F2.

�ä®à¬ãõ¬® ¯®á«÷¤®¢÷áâì ¬®¦¨ ∆k (k > 0), ¤®¤ îç¨ ¤® ¢¨å÷¤®ù
¬®¦¨¨ ¯¥à¥å®¤÷¢ ∆ ®¢÷ ¯¥à¥å®¤¨:

1) ∆0 = ∆;

2) ∆1 = ∆0 ∪ {(q0, b, q1), (q1, c, q2)}; ¤®¤ ® ¯¥à¥å÷¤ (q0, b, q1), ®áª÷«ì-
ª¨ (q0, e, q1) ∈ ∆0, (q1, b, q1) ∈ ∆0; ¤®¤ ® ¯¥à¥å÷¤ (q1, c, q2), ®áª÷«ìª¨
(q1, e, q2) ∈ ∆0, (q2, c, q2) ∈ ∆0;

3) ∆2 = ∆1 ∪ {(q0, c, q2)}, ®áª÷«ìª¨ (q0, e, q1) ∈ ∆1, (q1, c, q2) ∈ ∆1;

4) ∆3 = ∆2.

�â¦¥, ∆k = ∆2 ¤«ï ¢á÷å k > 2.
� à¥èâ÷, ¢¨¤ «¨¢è¨ §∆2 ®¡¨¤¢  e-¯¥à¥å®¤¨,

®âà¨¬ãõ¬® ¬®¦¨ã ¯¥à¥å®¤÷¢ ∆′ èãª ®£®  ¢-
â®¬ â  ¡¥§ e-¯¥à¥å®¤÷¢. �®¡ã¤®¢ ¨©  ¢â®¬ â
(¤¨¢. à¨á. 3.16) ¥ª¢÷¢ «¥â¨© ¢¨å÷¤®¬ã, â®¡â®

q1 q2
q0

a b

b с

c

c

�¨á. 3.16

®¡¨¤¢  ¤®¯ãáª îâì âã ¦ á ¬ã ¬®¢ã {anbmck : n > 0,m > 0, k > 0}.
�à¨ª« ¤ 3.18. �®§¡ã¤¥¬®áï e-¯¥à¥å®¤÷¢ ¢  ¢â®¬ â÷ ÷§ ¯à¨ª« ¤ã 3.16

(à¨á. 3.15), § áâ®á®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.4. �¨¤ «¥î
õ¤¨®£® e-¯¥à¥å®¤ã (q0, e, q1) ¯¥à¥¤ãõ ¤®¤ ¢ ï ¯¥à¥å®¤÷¢ (q0, 0, q2) â 
(q0, 1, q2); ¬®¦¨  ¤®¯ãáª îç¨å áâ ÷¢ ¥ §¬÷îõâìáï, ®áª÷«ìª¨ q1 /∈ F .
�âà¨¬ ¨© áª÷ç¥¨©  ¢â®¬ â (¤¨¢. à¨á. 3.17) ¥ª¢÷¢ «¥â¨© ¢¨å÷¤®-
¬ã, â®¡â® ¤®¯ãáª õ âã ¦ á ¬ã ä®à¬ «ìã ¬®¢ã

{sw : w ∈ {0, 1}+, s ∈ {+,−, e}}.
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� ã¢ ¦¥ï 3.7. �«ï ¢¨¤ «¥ï e-¯¥à¥å®¤÷¢ ¬®¦  § áâ®áã¢ â¨ ¬¥-
â®¤, ã ¯¥¢®¬ã á¥á÷ á¨¬¥âà¨ç¨© ¤® ®¯¨á -
®£® ã ¤®¢¥¤¥÷ â¥®à¥¬¨ 3.4. �«ï § ¤ ®£®
áª÷ç¥®£®  ¢â®¬ â  M = ⟨Q, T,∆, I, F ⟩ §
e-¯¥à¥å®¤ ¬¨ ¯®ª« ¤¥¬® Q′ = Q, F ′ = F . � 
¤®¯®¬®£®î à¥ªãàá÷ù ¢¨§ ç¨¬® ¯®á«÷¤®¢÷áâì
¬®¦¨ Ii (i > 0):

q1 q2
q0

0
+ 0

- 1

1

0

1

�¨á. 3.171) I0 = I;

2) Ii+1 = Ii ∪ {p ∈ Q : ∃ q ∈ Ii : (q, e, p) ∈ ∆},
â  ¯®ª« ¤¥¬® I ′ = Im, ¤¥ m = min{i > 0 : Ii = Ii+1}. � «÷ à¥ªãàá¨¢®
¢¨§ ç¨¬® ¯®á«÷¤®¢÷áâì ¬®¦¨ ∆k (k > 0):

1) ∆0 = ∆;

2)∆k+1 = ∆k∪

{
(q1, a, q2) ∈ (Q× T ×Q) : ∃ q ∈ Q :

{
(q1, a, q) ∈ ∆k,

(q, e, q2) ∈ ∆k

}
.

�®ª« ¤¥¬® ∆′ = ∆n \ {(p, e, q) : p, q ∈ Q}, ¤¥ n = min{k > 0 : ∆k=∆k+1}.
�âà¨¬ ¨© áª÷ç¥¨©  ¢â®¬ â M ′ = ⟨Q′, T,∆′, I ′, F ′⟩ ¥ª¢÷¢ «¥â¨© § -
¤ ®¬ã  ¢â®¬ âã M â  ¥ ¬÷áâ¨âì e-¯¥à¥å®¤÷¢,

�à¨ª« ¤ 3.19. �®§¡ã¤¥¬®áï e-¯¥à¥å®¤÷¢ ¢  ¢â®¬ â÷ § ¯à¨ª« ¤ã 3.16
(à¨á. 3.15), § áâ®á®¢ãîç¨ ¬¥â®¤, § ¯à®¯®®¢ ¨© ã § ã¢ ¦¥÷ 3.7. �¨¤ -
«¥î õ¤¨®£® e-¯¥à¥å®¤ã (q0, e, q1) ¯¥à¥¤ãõ «¨è¥ ¤®¤ ¢ ï ¯®ç âª®¢®£®

q1 q2
q0

0
+ 0

- 1

1

�¨á. 3.18

áâ ã q1, ®áª÷«ìª¨ q0 ∈ I â  (q0, e, q1) ∈ ∆,
÷ ¬®¦¨  ¯¥à¥å®¤÷¢ ∆ ¥ ¬÷áâ¨âì ¦®¤-
®£® ¯¥à¥å®¤ã ¢¨£«ï¤ã (p, a, q0) (p ∈ Q,
a ∈ T ). �âà¨¬ ¨© áª÷ç¥¨©  ¢â®¬ â
(à¨á. 3.18) ¥ª¢÷¢ «¥â¨© ¢¨å÷¤®¬ã  ¢â®¬ -
âã, â®¡â® ¤®¯ãáª õ âã ¦ á ¬ã ä®à¬ «ìã
¬®¢ã {sw : w ∈ {0, 1}+, s ∈ {+,−, e}}.

�¯à ¢  3.8. �®§¡ãâ¨áï e-¯¥à¥å®¤÷¢ ¢  ¢â®¬ â÷ § ¯à¨ª« ¤ã 3.15, § -
áâ®á®¢ãîç¨ ¬¥â®¤, § ¯à®¯®®¢ ¨© ã § ã¢ ¦¥÷ 3.7.

�¯à ¢  3.9. �®§¡ãâ¨áï e-¯¥à¥å®¤÷¢ ¢
 ¢â®¬ â÷, §®¡à ¦¥®¬ã   à¨á. 3.19, § -
áâ®á®¢ãîç¨ ïª ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥-
¬¨ 3.4, â ª ÷ ¬¥â®¤, § ¯à®¯®®¢ ¨© ã § -
ã¢ ¦¥÷ 3.7. �®à÷¢ïâ¨ à¥§ã«ìâ â¨.

q1 q2

q0

a

q3

b

q4

ε

εε

�¨á. 3.19
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3.5. �÷÷¬÷§ æ÷ï ¤¥â¥à¬÷®¢ ¨å áª÷ç¥¨å

 ¢â®¬ â÷¢: â¥®à¥¬  � ©å÷«« {�¥à®¤ 

� æì®¬ã ¯÷¤à®§¤÷«÷ à®§£«ï¥¬® ¯à®¡«¥¬ã ÷áã¢ ï ¬÷÷¬ «ì®£® § 
ª÷«ìª÷áâî áâ ÷¢ ¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â , ïª¨© ¤®¯ãáª õ
§ ¤ ã ä®à¬ «ìã ¬®¢ã.

3.5.1. �ª¢÷¢ «¥â÷áâì á«÷¢ ¢÷¤®á® ¬®¢¨

�¥å © L { ä®à¬ «ì  ¬®¢   ¤  «ä ¢÷â®¬ T . �«®¢® a ∈ T ∗  §¨¢ -
îâì ¯à ¢¨¬ ª®â¥ªáâ®¬ á«®¢  w ∈ T ∗ ¢÷¤®á® ¬®¢¨ L, ïªé® wa ∈ L.
�®¦¨ã ¢á÷å ¯à ¢¨å ª®â¥ªáâ÷¢ á«®¢  w ∈ T ∗ ¢÷¤®á® L ¯®§ ç îâì
ç¥à¥§ C

(r)
L (w).

�à¨ª« ¤ 3.20. �¥å © T = {a, b}, L = {anbm : n,m > 0}. �®¤÷ ¬ õ¬®
â ª÷ ¬®¦¨¨ ¯à ¢¨å ª®â¥ªáâ÷¢:

1) C
(r)
L (an) = {aibj : i > 0, j > 0} = L ¤«ï ¢á÷å n > 0;

2) C
(r)
L (anbm) = {bj : j > 0} ¤«ï ¢á÷å n > 0, m > 1;

3) C
(r)
L (w) = ∅, ïªé® w ¬÷áâ¨âì ¯÷¤á«®¢® ba.

�à¨ª« ¤ 3.21. �¥å © T = {a, b}, L = {anbm : n > 1, m > 0}. �®¤÷
¬ õ¬® â ª÷ ¬®¦¨¨ ¯à ¢¨å ª®â¥ªáâ÷¢:

1) C
(r)
L (e) = L;

2) C
(r)
L (an) = {aibj : i > 0, j > 0} ¤«ï ¢á÷å n > 1;

3) C
(r)
L (anbm) = {bj : j > 0} ¤«ï ¢á÷å n > 1, m > 1;

4) C
(r)
L (bm) = ∅ ¤«ï ¢á÷å m > 1;

5) C
(r)
L (w) = ∅, ïªé® w ¬÷áâ¨âì ¯÷¤á«®¢® ba.

�à¨ª« ¤ 3.22. �¥å © T = {a, b, c}, L = {ancbm : n,m > 0}. �®¤÷
¬ õ¬® â ª÷ ¬®¦¨¨ ¯à ¢¨å ª®â¥ªáâ÷¢:

1) C
(r)
L (an) = L ¤«ï ¢á÷å n > 0;

2) C
(r)
L (ancbm) = {bj : j > 0} ¤«ï ¢á÷å n > 0, m > 0;

3) C
(r)
L (w) = ∅, ïªé® w /∈ {ai, aicbj : i, j > 0}.

�à¨ª« ¤ 3.23. �¥å © T = {a, b}, L = {anbn : n > 0}. �®¤÷ ¬ õ¬® â ª÷
¬®¦¨¨ ¯à ¢¨å ª®â¥ªáâ÷¢:
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1) C
(r)
L (e) = L;

2) C
(r)
L (an) = {aibi+n : i > 0} ¤«ï ¢á÷å n > 1;

3) C
(r)
L (anbm) = {bn−m} ¤«ï ¢á÷å n > m > 1;

4) C
(r)
L (anbm) = ∅ ¤«ï ¢á÷å m > n;

5) C
(r)
L (w) = ∅, ïªé® w ¬÷áâ¨âì ¯÷¤á«®¢® ba.

� § ç¨¬®, é® ¢ æì®¬ã ¢¨¯ ¤ªã ¬ õ¬® ¥áª÷ç¥ã áãªã¯÷áâì à÷§¨å
¬®¦¨ ¯à ¢¨å ª®â¥ªáâ÷¢ (  ¢÷¤¬÷ã ¢÷¤ ¯à¨ª« ¤÷¢ 3.20{3.22).

�«®¢  w1, w2 ∈ T ∗  §¨¢ îâì ¥ª¢÷¢ «¥â¨¬¨ ¢÷¤®á® ä®à¬ «ì®ù
¬®¢¨ L, ïªé® ¢®¨ ¬ îâì ®¤ ª®¢÷ ¬®¦¨¨ ¯à ¢¨å ª®â¥ªáâ÷¢:

(w1 ∼L w2) ⇔ (C
(r)
L (w1) = C

(r)
L (w2)).

ö ªè¥ ª ¦ãç¨, á«®¢  w1, w2 ∈ T ∗ õ ¥ª¢÷¢ «¥â¨¬¨ ¢÷¤®á® ä®à-
¬ «ì®ù ¬®¢¨ L, ïªé® ¤«ï ¡ã¤ì-ïª®£® a ∈ T ∗ ®¡¨¤¢  á«®¢  w1a â  w2a
®¤®ç á®  «¥¦ âì L  ¡® ®¡¨¤¢  ®¤®ç á® ¥  «¥¦ âì L:

(w1 ∼L w2) ⇔ (∀ a ∈ T ∗ : (w1a ∈ L) ↔ (w2a ∈ L)).

�ç¥¢¨¤®, é® ý ∼
L
þ õ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷   ¬®¦¨÷ T ∗,

÷ ¬®¦�̈¨ á«÷¢ § ®¤ ª®¢¨¬¨ ¯à ¢¨¬¨ ª®â¥ªáâ ¬¨ õ ¢÷¤¯®¢÷¤¨¬¨ ª« -
á ¬¨ ¥ª¢÷¢ «¥â®áâ÷, â®¡â® ãâ¢®àîîâì ä ªâ®à-¬®¦¨ã:

T ∗/
∼
L

= {[w]L : w ∈ T ∗}, ¤¥ [w]L = {u ∈ T ∗ : u ∼
L
w}.

�à¨ª« ¤ 3.24. �¥å © T = {a, b}, L = {anbm : n > 0, m > 0}. �®¤÷
§£÷¤® § à¥§ã«ìâ â®¬ ¯à¨ª« ¤ã 3.20 ®âà¨¬ãõ¬®:

{a, b}∗
/
∼
L

= {{u ∈ {a, b}∗ : C(r)
L (u) = L},

{u ∈ {a, b}∗ : C(r)
L (u) = {bj : j > 0}}, {u ∈ {a, b}∗ : C(r)

L (u) = ∅}} =

= {{an : n > 0}, {anbm : n > 0,m > 1}, {u ∈ {a, b}∗ : |u|ba > 1}} =

= {[e]L, [b]L, [ba]L}.

�¯à ¢  3.10. �®¢¥áâ¨  á«÷¤®ª: ïªé® w1 ∼L w2 â  u ∈ T ∗, â®

w1u ∼
L
w2u. �¨ á¯à ¢¤¦ãõâìáï §¢®à®â¨©  á«÷¤®ª?

�¯à ¢  3.11. �®¢¥áâ¨  á«÷¤®ª: ïªé® w1 ∼L w2 ÷ w1 ∈ L, â® w2 ∈ L.
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� ã¢ ¦¥ï 3.8. � § ç¨¬®, é® ¬÷¦ áãªã¯÷áâî ¬®¦«¨¢¨å ¬®¦¨
¯à ¢¨å ª®â¥ªáâ÷¢ {C(r)

L (u) : u ∈ T ∗} ÷ ä ªâ®à-¬®¦¨®î T ∗/
∼
L

(¬®¦¨-

®î ª« á÷¢ ¥ª¢÷¢ «¥â®áâ÷ ¢÷¤®á® ¬®¢¨ L) ÷áãõ ¢§ õ¬® ®¤®§ ç 
¢÷¤¯®¢÷¤÷áâì:

C
(r)
L (u) ! [u]L = {w ∈ T ∗ : w ∼

L
u} = {w ∈ T ∗ : C

(r)
L (w) = C

(r)
L (u)},

¤¥ u ∈ T ∗. � ª, ¤«ï ä®à¬ «ì®ù ¬®¢¨ L = {anbm : n > 0, m > 0} (¤¨¢.
¯à¨ª« ¤¨ 3.20, 3.24) ®âà¨¬ãõ¬® ¢÷¤¯®¢÷¤÷áâì

C
(r)
L (e) = L ! [e]L = {an : n > 0};

C
(r)
L (b) = {bj : j > 0} ! [b]L = {anbm : n > 0,m > 1};
C

(r)
L (ba) = ∅! [ba]L = {u ∈ {a, b}∗ : |u|ba > 1}.

�¯à ¢  3.12. �¨¯¨á â¨ ä ªâ®à-¬®¦¨ã T ∗/
∼
L

â  ¢ª § ã ¢÷¤¯®¢÷¤-

÷áâì ¤«ï ¯à¨ª« ¤÷¢ 3.21{3.23.

3.5.2. �ª¢÷¢ «¥â÷áâì á«÷¢ ¢÷¤®á®  ¢â®¬ â 

�¥å © M = ⟨Q, T,∆, {q0}, F ⟩ { ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â,
ïª¨© ¤®¯ãáª õ à¥£ã«ïàã ¬®¢ã L. �«®¢  w1, w2 ∈ T ∗  §¨¢ îâì ¥ª¢÷-
¢ «¥â¨¬¨ ¢÷¤®á®  ¢â®¬ â  M , ïªé® d∗(q0, w1) = d∗(q0, w2), ¤¥
d∗ : (Q × T ∗) → Q { à®§è¨à¥  äãªæ÷ï ¯¥à¥å®¤÷¢  ¢â®¬ â  M (¤¨¢.
¯÷¤à®§¤. 3.2.1). �ª¢÷¢ «¥â÷áâì á«÷¢ w1, w2 ∈ T ∗ ¢÷¤®á® áª÷ç¥®£®
 ¢â®¬ â  M ¯®§ ç â¨¬¥¬® ïª w1 ∼M w2:

(w1 ∼M w2) ⇔ (d∗(q0, w1) = d∗(q0, w2)).

�¥£ª® ¯¥à¥¢÷à¨â¨, é® ý ∼
M
þ õ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷   T ∗.

�à¨ª« ¤ 3.25. �¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â M , §®¡à ¦¥-
¨©   à¨á. 3.20, ¤®¯ãáª õ ¬®¢ã L = {anbm : n > 0, m > 0}  ¤
 «ä ¢÷â®¬ T = {a, b}. �«ï à®§è¨à¥®ù äãªæ÷ù ¯¥à¥å®¤÷¢ ®âà¨¬ãõ¬®:
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d∗(q0, w) =


q0, ïªé® w = e,

q1, ïªé® w = an, n > 1,

q2, ïªé® |w|ba = 0, |w|b > 1,

q3, ïªé® |w|ba > 1.

�â¦¥, ¬ õ¬® â ª÷ ª« á¨ ¥ª¢÷¢ «¥â®áâ÷ § 
¢÷¤®è¥ï¬ ý ∼

M
þ:

[e]M = {e},
[a]M = {an : n > 1},

[b]M = {anbm : n > 0,m > 1},
[ba]M = {u ∈ T ∗ : |u|ba > 1}.

q1 q2
q0

a

a b

b

b

q3

a b

a

�¨á. 3.20

�¯à ¢  3.13. �®¢¥áâ¨  á«÷¤®ª: ïªé® w1 ∼M w2 â  u ∈ T ∗, â®
w1u ∼

M
w2u.

� ã¢ ¦¥ï 3.9. � § ç¨¬®, é® ¬÷¦ ¬®¦¨®î áâ ÷¢, ¤®áï¦¨å § q0,
÷ ä ªâ®à-¬®¦¨®î T ∗/

∼
M

(¬®¦¨®î ª« á÷¢ ¥ª¢÷¢ «¥â®áâ÷ ¢÷¤®á®

 ¢â®¬ â  M) ÷áãõ ¢§ õ¬® ®¤®§ ç  ¢÷¤¯®¢÷¤÷áâì:

q = d∗(q0, w) ! [w]M ,

¤¥ w ∈ T ∗. � ª, ¤«ï ä®à¬ «ì®ù ¬®¢¨ L = {anbm : n > 0, m > 0}, ïªã
¤®¯ãáª õ  ¢â®¬ â M , §®¡à ¦¥¨©   à¨á. 3.20 (¤¨¢. ¯à¨ª« ¤¨ 3.20, 3.25),
®âà¨¬ãõ¬® ¢÷¤¯®¢÷¤÷áâì

q0 = d∗(q0, e) ! [e]M = {e};
q1 = d∗(q0, a) ! [a]M = {an : n > 1};

q2 = d∗(q0, b) ! [b]M = {anbm : n > 0,m > 1};
q3 = d∗(q0, ba) ! [ba]M = {u ∈ T ∗ : |u|ba > 1}.

3.5.3. �¢'ï§®ª ¬÷¦ ¢÷¤®è¥ï¬¨ ¥ª¢÷¢ «¥â®áâ÷

  T ∗ §  ¬®¢®î ÷ §  áª÷ç¥¨¬  ¢â®¬ â®¬

�¥å © L { à¥£ã«ïà  ¬®¢   ¤  «ä ¢÷â®¬ T , é® ¤®¯ãáª õâìáï ¤¥â¥à-
¬÷®¢ ¨¬ áª÷ç¥¨¬  ¢â®¬ â®¬ M = ⟨Q, T,∆, {q0}, F ⟩. �ä®à¬ã«îõ¬®

58
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ã ¢¨£«ï¤÷ «¥¬¨ ¯à®áâ¨© §¢'ï§®ª ¬÷¦ ¢÷¤®è¥ï¬¨ ¥ª¢÷¢ «¥â®áâ÷ § 
ä®à¬ «ì®î ¬®¢®î L ÷ §   ¢â®¬ â®¬ M .

�¥¬  3.1. �¥å © w1, w2 ∈ T ∗. �®¤÷ á¯à ¢¤¦ãõâìáï «®£÷ç¨©  á«÷¤®ª

(w1 ∼M w2) ⇒ (w1 ∼L w2).

�®¢¥¤¥ï. �¥å © w1 ∼M w2, â®¡â® d∗(q0, w1) = d∗(q0, w2). �®¤÷ ¤«ï ¤®-

¢÷«ì®£® ä÷ªá®¢ ®£® a ∈ T ∗, ¢¨ª®à¨áâ®¢ãîç¨ ¢« áâ¨¢÷áâì äãªæ÷ù d∗ ÷§
¢¯à ¢¨ 3.1 (¯. 3), ®âà¨¬ãõ¬®:

d∗(q0, w1a) = d∗(d∗(q0, w1), a) = d∗(d∗(q0, w2), a) = d∗(q0, w2a).

�â¦¥, ®¡¨¤¢  á«®¢  w1a â  w2a  ¡® ®¤®ç á®  «¥¦ âì L,  ¡® ®¡¨-
¤¢  ®¤®ç á® ¥  «¥¦ âì L. �à å®¢ãîç¨ ¤®¢÷«ì÷áâì ¢¨¡®àã a ∈ T ∗,
®âà¨¬ãõ¬® ¥ª¢÷¢ «¥â÷áâì w1 ∼L w2, é® © âà¥¡  ¡ã«® ¤®¢¥áâ¨.

�¥å © ý∼þ { ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷   ¬®¦¨÷ X. ö¤¥ªá®¬ i∼
¢÷¤®è¥ï ý∼þ  §¨¢ îâì ª÷«ìª÷áâì ª« á÷¢ ¥ª¢÷¢ «¥â®áâ÷ §  ¢÷¤®è¥-
ï¬ ý∼þ:

i∼ =
∣∣X/

∼

∣∣ .
�ªé® X ¥áª÷ç¥ , ÷¤¥ªá i∼ ¬®¦¥ ¡ãâ¨ ïª áª÷ç¥¨¬ (i∼ < ∞),
â ª ÷ ¥áª÷ç¥¨¬ (i∼ = ∞). �ªé® ¬®¦¨  X áª÷ç¥ , ÷¤¥ªá i∼ õ
áª÷ç¥¨¬.

ö¤¥ªá¨ ¢÷¤®è¥ì ý ∼
L
þ â  ý ∼

M
þ ¯®§ ç â¨¬¥¬® ïª iL â  iM ¢÷¤¯®¢÷¤-

®. �÷ áª÷ç¥®áâ÷ ¬®¦¨¨ áâ ÷¢ Q ¢¨¯«¨¢ õ, é® iM < ∞.
�¥¬  3.2. �¥å © L { à¥£ã«ïà  ¬®¢   ¤  «ä ¢÷â®¬ T , é® ¤®¯ãáª -

õâìáï ¤¥â¥à¬÷®¢ ¨¬ áª÷ç¥¨¬  ¢â®¬ â®¬ M . �®¤÷ iL 6 iM .

�®¢¥¤¥ï. �¥å © w ∈ T ∗. �ªé® u ∼
L
w, â® [u]M ⊂ [u]L = [w]L § 

«¥¬®î 3.1, §¢÷¤ª¨ ¬ õ¬® ¢ª« ¤¥ï
∪

u ∼
L

w

[u]M ⊂ [w]L. �÷¦ â¨¬, ïª-

é® u ∈ [w]L (u ∼
L
w), â®, ®áª÷«ìª¨ u ∈ [u]M (¤«ï ¡ã¤ì-ïª®£® u ∈ T ∗),

®âà¨¬ãõ¬®  «¥¦÷áâì u ∈
∪

v ∼
L

w

[v]M , â®¡â® ¬ õ¬® §¢®à®â¥ ¢ª« ¤¥-

ï [w]L ⊂
∪

u ∼
L

w

[u]M . �â¦¥, ®âà¨¬ ® à÷¢÷áâì [w]L =
∪

u ∼
L

w

[u]M , ¤¥

®¡'õ¤ ï áª÷ç¥¥, ®áª÷«ìª¨ iM < ∞,   [v1]L ∩ [v2]L = ∅ §  v1 ̸ ∼
L
v2

( £ ¤ õ¬®, é® à÷§÷ ª« á¨ §  ä÷ªá®¢ ¨¬ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷

59



�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

¯®¯ à® ¥ ¯¥à¥â¨ îâìáï). � ª¨¬ ç¨®¬, ª®¦¨© ª« á ¥ª¢÷¢ «¥â®á-
â÷ §  ¢÷¤®è¥ï¬ ý ∼

L
þ ¬÷áâ¨âì (ïª ¯÷¤¬®¦¨ã) ¯à¨ ©¬÷ ®¤¨ ª« á

¥ª¢÷¢ «¥â®áâ÷ §  ¢÷¤®è¥ï¬ ý ∼
M
þ. �®¬ã ª« á÷¢ ¥ª¢÷¢ «¥â®áâ÷ § 

¢÷¤®è¥ï¬ ý ∼
M
þ ¥ ¬¥è¥ ÷¦ ª« á÷¢ ¥ª¢÷¢ «¥â®áâ÷ §  ¢÷¤®è¥ï¬

ý ∼
L
þ, â®¡â® iL 6 iM .

� á«÷¤®ª. �¥å © L { à¥£ã«ïà  ¬®¢   ¤  «ä ¢÷â®¬ T . �®¤÷ iL < ∞.
�à¨ª« ¤ 3.26. �«ï ä®à¬ «ì®ù ¬®¢¨ L = {anbm : n > 0, m > 0}  ¤

 «ä ¢÷â®¬ T = {a, b}, ïªã ¤®¯ãáª õ ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â,
§®¡à ¦¥¨©   à¨á. 3.20 (¯à¨ª« ¤¨ 3.24 â  3.25), ®âà¨¬ãõ¬® â ª¨© §¢'ï§®ª
¬÷¦ ª« á ¬¨ ¥ª¢÷¢ «¥â®áâ÷ §  ¢÷¤®è¥ï¬¨ ý ∼

L
þ â  ý ∼

M
þ:

[e]L = {an : n > 0} = [e]M ∪ [a]M = {e} ∪ {an : n > 1};
[b]L = {anbm : n > 0,m > 1} = [b]M ;

[ba]L = {u ∈ {a, b}∗ : |u|ba > 1} = [ba]M .

� ç¨¬®, é® iL = 3 < iM = 4, é® ¢÷¤¯®¢÷¤ õ â¢¥à¤¦¥î «¥¬¨ 3.2.
�à¨ª« ¤ 3.27. �¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ âM , §®¡à ¦¥¨©

  à¨á. 3.21, ïª ÷  ¢â®¬ â   à¨á. 3.20, â ª®¦ ¤®¯ãáª õ ä®à¬ «ìã ¬®¢ã
L = {anbm : n > 0, m > 0}  ¤  «ä ¢÷â®¬ T = {a, b}. �¥£ª® ¯¥à¥¢÷à¨â¨,

q1

q2

q0

a b

b

a b

a

�¨á. 3.21

é® ª« á¨ ¥ª¢÷¢ «¥â®áâ÷ §  ¢÷¤®è¥ï¬¨
ý ∼

L
þ â  ý ∼

M
þ §¡÷£ îâìáï:

[e]L = [e]M = {an : n > 0};
[b]L = [b]M = {anbm : n > 0,m > 1};
[ba]L = [ba]M = {u ∈ T ∗ : |u|ba > 1}.

� ç¨¬®, é® iL = iM = 3, é® ¢÷¤¯®¢÷¤ õ â¢¥à-
¤¦¥î «¥¬¨ 3.2.

�à¨ª« ¤ 3.28. �«ï ä®à¬ «ì®ù ¬®¢¨ L = {anbn : n > 0}  ¤  «ä -
¢÷â®¬ T = {a, b} ¢÷¤®è¥ï ý ∼

L
þ ¤®¯ãáª õ ¥áª÷ç¥ã ª÷«ìª÷áâì ª« á÷¢

¥ª¢÷¢ «¥â®áâ÷ (¤¨¢. ¯à¨ª« ¤ 3.23), â®¡â® iL = ∞. �â¦¥, §   á«÷¤ª®¬
÷§ «¥¬¨ 3.2, ¬®¢  L ¥à¥£ã«ïà .

�ªé® ä®à¬ «ìã ¬®¢ã L ¤®¯ãáª õ ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®-
¬ â M = ⟨Q, T,∆, {q0}, F ⟩, â® ª÷«ìª÷áâì áâ ÷¢ |Q| ¥ ¬¥è  §  ª÷«ì-
ª÷áâì ª« á÷¢ ¥ª¢÷¢ «¥â®áâ÷ iM =

∣∣T ∗/
∼
M

∣∣ (¤¨¢. § ã¢ ¦¥ï 3.9), â®¡â®
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3.5. �÷÷¬÷§ æ÷ï áª÷ç¥¨å  ¢â®¬ â÷¢: â¥®à¥¬  � ©å÷«« {�¥à®¤ 

|Q| > iM . �à å®¢ãîç¨ à¥§ã«ìâ â «¥¬¨ 3.2, ®âà¨¬ãõ¬® « æî¦®ª ¥à÷¢-
®áâ¥©

|Q| > iM > iL. (3.5)

� § ç¨¬®, é® ã ¢¨¯ ¤ªã, ª®«¨ ¢á÷ áâ ¨  ¢â®¬ â  M ¤®áï¦÷ § q0,
á¯÷¢¢÷¤®è¥ï (3.5)  ¡ã¢ îâì ¢¨£«ï¤ã |Q| = iM > iL.

�¥à÷¢®áâ÷ (3.5) ¯®ª §ãîâì, é® ¡ã¤ì-ïª¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â,
ïª¨© ¤®¯ãáª õ ¬®¢ã L, ¬ õ ¥ ¬¥è ÷¦ iL áâ ÷¢. �à¨ª« ¤¨ 3.26 â  3.27
¤¥¬®áâàãîâì, é® à÷¢÷áâì |Q| = iL ¬®¦¥,  «¥ ¥ §®¡®¢'ï§   ¤®áï£ â¨áì.

3.5.4. �¥®à¥¬  � ©å÷«« {�¥à®¤ 

�¥®à¥¬  3.5 (� ©å÷««1, �¥à®¤2, 1958 à.). �«ï ¡ã¤ì-ïª®ù à¥£ã«ïà®ù
¬®¢¨ L  ¤  «ä ¢÷â®¬ T ÷áãõ áª÷ç¥¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â
ML = ⟨QL, T,∆L, {q0,L}, FL⟩ § iL áâ  ¬¨, ïª¨© ¤®¯ãáª õ ¬®¢ã L.

�®¢¥¤¥ï. �®¡ã¤ãõ¬®  ¢â®¬ â ML ¡¥§¯®á¥à¥¤ì®. �®ª« ¤¥¬®

QL = T ∗/
∼
L

;

∆L = {([w]L, a, [wa]L) : w ∈ T ∗, a ∈ T};
q0,L = [e]L;

FL = {[w]L : w ∈ L}.

(3.6)

�®à¥ªâ÷áâì ¢¨§ ç¥ï ¬®¦¨¨ FL ¢¨¯«¨¢ õ § à¥§ã«ìâ âã ¢¯à -
¢¨ 3.11: ïªé® [w1]L = [w2]L (â®¡â® w1 ∼L w2) ÷ w1 ∈ L, â® w2 ∈ L; â ª¨¬

ç¨®¬,  «¥¦÷áâì ç¨ ¥ «¥¦÷áâì áâ ã [w]L ¤® FL ¥ § «¥¦¨âì ¢÷¤
¢¨¡®àã ¯à¥¤áâ ¢¨ª  u ∈ [w]L ([u]L = [w]L).

�®¢¥¤¥¬®, é® ¯®¡ã¤®¢ ¨©  ¢â®¬ â ¤¥â¥à¬÷®¢ ¨©. �¥å © w ∈ T ∗,
a ∈ T . �®¤÷ ÷áãõ ¯à¨ ©¬÷ ®¤¨ áâ  [u]L (u ∈ T ∗), â ª¨©, é®
([w]L, a, [u]L) ∈ ∆L: ¤®áâ âì® ¢§ïâ¨ [u]L = [wa]L. �à¨¯ãáâ¨¢è¨, é® ÷á-
ãõ é¥ ®¤¨ áâ  [v]L (v ∈ T ∗), â ª¨©, é® ([w]L, a, [v]L) ∈ ∆L, §  ¢¨§ -
ç¥ï¬ ¢÷¤®è¥ï ∆L ®âà¨¬ãõ¬®: ∃w1 ∈ [w]L : v = w1a. �áª÷«ìª¨

1� ©å÷«« �¦® (1923-1987) {  ¬¥à¨ª áìª¨© ¢ç¥¨©; ®âà¨¬ ¢ ¢ ¦«¨¢÷ à¥§ã«ìâ â¨
¢ à÷§¨å à®§¤÷« å ¬ â¥¬ â¨ª¨, §®ªà¥¬  ¢ â¥®à÷ù ä®à¬ «ì¨å ¬®¢, â¥®à÷ù ®¡ç¨á«¥ì â 
¬ â¥¬ â¨ç÷© «®£÷æ÷.

2�¥à®¤ (�¥à®ã¤) �÷« ( à®¤. ã 1932 à.) {  ¬¥à¨ª áìª¨© ¢ç¥¨©;  ¢â®à ç¨á«¥¨å
à®¡÷â § ¬ â¥¬ â¨ç®ù «®£÷ª¨, â¥®à÷ù  ¢â®¬ â÷¢ â®é®.
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w1 ∼L w, §  à¥§ã«ìâ â®¬ ¢¯à ¢¨ 3.10 ®âà¨¬ãõ¬®: v = w1a ∼
L
wa, â®¡â®

[v]L = [wa]L. � ª¨¬ ç¨®¬, ÷áãõ «¨è¥ ®¤¨ áâ  [u]L = [wa]L, â ª¨©,
é® ([w]L, a, [u]L) ∈ ∆L, â®¡â®  ¢â®¬ â ML ¤¥â¥à¬÷®¢ ¨©.

�÷¤®è¥ï ∆L ¢¨§ ç õ äãªæ÷î ¯¥à¥å®¤÷¢ dL : (QL×T ) → QL (¤¨¢.
¥ª¢÷¢ «¥â÷áâì (3.2)), ïª  ¤«ï ¯®¡ã¤®¢ ®£® ¤¥â¥à¬÷®¢ ®£®  ¢â®¬ â 
¬ õ ¢¨£«ï¤ dL([w]L, a) = [wa]L, ¤¥ w ∈ T ∗, a ∈ T .

�®§è¨à¥  äãªæ÷ï ¯¥à¥å®¤÷¢ d∗L : (QL × T ∗) → QL ¤«ï ¯®¡ã¤®¢ ®£®
 ¢â®¬ â  ¬ õ ¢¨£«ï¤ d∗L([w]L, u) = [wu]L, ¤¥ w ∈ T ∗, u ∈ T ∗. �¯à ¢¤÷,
à¥ªãà¥â÷ á¯÷¢¢÷¤®è¥ï (3.3) ¤«ï äãªæ÷ù d∗L ¯¥à¥¢÷àïîâìáï ¡¥§¯®á¥-
à¥¤ì®:

d∗L([u]L, e) = [ue]L = [u]L, d∗L([u]L, wa) = [uwa]L = dL(d
∗
L([u]L, w), a).

�®¢¥¤¥¬®, é® ¯®¡ã¤®¢ ¨©  ¢â®¬ â ML á¯à ¢¤÷ ¤®¯ãáª õ ¬®¢ã L. � 
¥ª¢÷¢ «¥â÷áâî (3.4),  ¢â®¬ â ML ¤®¯ãáª õ á«®¢® u ∈ T ∗ â®¤÷ © â÷«ìª¨
â®¤÷, ª®«¨

d∗L([e]L, u) = [u]L ∈ FL = {[w]L : w ∈ L},

â®¡â®, ¢à å®¢ãîç¨ à¥§ã«ìâ â ¢¯à ¢¨ 3.11,  ¢â®¬ â ML ¤®¯ãáª õ u â®¤÷ ©
â÷«ìª¨ â®¤÷, ª®«¨ u ∈ L.

� ª¨¬ ç¨®¬, ¯®¡ã¤®¢ ¨©  ¢â®¬ â ML õ ¤¥â¥à¬÷®¢ ¨¬, ¬÷áâ¨âì
iL =

∣∣T ∗/
∼
L

∣∣ áâ ÷¢ ÷ ¤®¯ãáª õ § ¤ ã ¬®¢ã L. �¥®à¥¬ã ¤®¢¥¤¥®.

�ª÷ç¥¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â, é® ¤®¯ãáª õ à¥£ã«ïàã ¬®¢ã L ÷
¬÷áâ¨âì iL (¬÷÷¬ «ì® ¬®¦«¨¢ã ª÷«ìª÷áâì) áâ ÷¢,  §¨¢ îâì ¬÷÷¬ «ì-
¨¬ áª÷ç¥¨¬ ¤¥â¥à¬÷®¢ ¨¬  ¢â®¬ â®¬, é® ¤®¯ãáª õ L.

�¥®à¥¬  3.5 ¥ â÷«ìª¨ áâ¢¥à¤¦ãõ, é® ¡ã¤ì-ïªã à¥£ã«ïàã ¬®¢ã L ¤®-
¯ãáª õ ¤¥ïª¨© ¬÷÷¬ «ì¨© ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â M ,  «¥
©  ¤ õ ª®ªà¥â¨© á¯®á÷¡ ¯®¡ã¤®¢¨  ¢â®¬ â  M (ïªé® ¢÷¤®¬÷ ¢á÷ ª« á¨
¥ª¢÷¢ «¥â®áâ÷ §  ¢÷¤®è¥ï¬ ý ∼

L
þ).

�à¨ª« ¤ 3.29. �«ï ä®à¬ «ì®ù ¬®¢¨ L = {anbm : n > 0, m > 0}  ¤
 «ä ¢÷â®¬ T = {a, b}, ¢¨ª®à¨áâ®¢ãîç¨ ¯®¡ã¤®¢ ÷ ª« á¨ ¥ª¢÷¢ «¥â®áâ÷
§  ¢÷¤®è¥ï¬ ý ∼

L
þ (¤¨¢. ¯à¨ª« ¤ 3.24), ®âà¨¬ãõ¬® â ª¨© ¤¥â¥à¬÷®-

¢ ¨©  ¢â®¬ â, ¬÷÷¬ «ì¨© §  ª÷«ìª÷áâî áâ ÷¢ (¤¨¢. à¨á. 3.22):
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QL = {a, b}∗
/
∼
L

= {[e]L, [b]L, [ba]L};

∆L = {([w]L, a, [wa]L) : w ∈ T ∗, a ∈ T} =

= {([e]L, a, [a]L), ([e]L, b, [b]L), ([b]L, a, [ba]L),
([b]L, b, [b

2]L), ([ba]L, a, [ba
2]L), ([ba]L, b, [bab]L)} =

= {([e]L, a, [e]L), ([e]L, b, [b]L), ([b]L, a, [ba]L),
([b]L, b, [b]L), ([ba]L, a, [ba]L), ([ba]L, b, [ba]L)};

q0,L = [e]L;

FL = {[w]L : w ∈ L} = {[e]L, [b]L}.

[ ]b L

[ ]ba L

[ ]ε L

a b

b

a b

a

�¨á. 3.22

� § ç¨¬®, é® ®âà¨¬ ¨©  ¢â®¬ â § â®ç÷áâî ¤® ¯¥à¥©¬¥ã¢ ï áâ -
÷¢ §¡÷£ õâìáï §  ¢â®¬ â®¬, §®¡à ¦¥¨¬   à¨á. 3.21.

�÷¤ ç á ¤®¢¥¤¥ï â¥®à¥¬¨ 3.5 ¢¨ª®à¨áâ®¢ã¢ « áï áª÷ç¥÷áâì iL, ®¤-
 ª ¯à¨¯ãé¥ï é®¤® à¥£ã«ïà®áâ÷ ¬®¢¨ L ¥ ¢¨ª®à¨áâ®¢ã¢ «®áï; ¤«ï
¯®¡ã¤®¢¨ ¬÷÷¬ «ì®£®  ¢â®¬ â  (3.6) (¬÷÷¬ «ì®£® ¤¥â¥à¬÷®¢ ®£®  ¢-
â®¬ â , é® ¤®¯ãáª õ L) ¥®¡å÷¤®î õ «¨è¥ ã¬®¢  iL < ∞.

� ª¨¬ ç¨®¬, ¡ã¤ì-ïªã ä®à¬ «ìã ¬®¢ã L §÷ áª÷ç¥¨¬ ÷¤¥ªá®¬ iL
¤®¯ãáª õ áª÷ç¥¨© ( ¢÷âì ¬÷÷¬ «ì¨©) ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â,   ®â-
¦¥ ¬®¢  L §÷ áª÷ç¥¨¬ ÷¤¥ªá®¬ iL õ à¥£ã«ïà®î. �à å®¢ãîç¨  á«÷¤®ª
÷§ «¥¬¨ 3.2, ®âà¨¬ãõ¬® â¢¥à¤¦¥ï, ïª¥ õ ªà¨â¥à÷õ¬ à¥£ã«ïà®áâ÷ ä®à-
¬ «ì®ù ¬®¢¨.

�¥®à¥¬  3.6 ( á«÷¤®ª ÷§ â¥®à¥¬¨ � ©å÷«« {�¥à®¤ ). �®à¬ «ì 
¬®¢  L õ à¥£ã«ïà®î â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ iL < ∞.

� ã¢ ¦¥ï 3.10. � «÷â¥à âãà÷ á ¬¥ â¥®à¥¬ã 3.6 ÷®¤÷  §¨¢ îâì â¥®-
à¥¬®î � ©å÷«« {�¥à®¤  (¤¨¢.,  ¯à¨ª« ¤, [11]).

�¯à ¢  3.14. �«ï ä®à¬ «ì¨å ¬®¢ ÷§ ¯à¨ª« ¤÷¢ 3.21{3.22 ¯®¡ã¤ã¢ -
â¨ ¬÷÷¬ «ì¨©  ¢â®¬ â, § áâ®á®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.5.
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3.6. �÷÷¬÷§ æ÷ï ¤¥â¥à¬÷®¢ ¨å áª÷ç¥¨å

 ¢â®¬ â÷¢: õ¤¨÷áâì ¬÷÷¬ «ì®£®

¤¥â¥à¬÷®¢ ®£®  ¢â®¬ â 

� æì®¬ã ¯÷¤à®§¤÷«÷ ¤®¢¥¤¥¬® õ¤¨÷áâì (§ â®ç÷áâî ¤® ÷§®¬®àä÷§¬ã) ¬÷-
÷¬ «ì®£® ¤¥â¥à¬÷®¢ ®£®  ¢â®¬ â , ÷áã¢ ï ïª®£® ¯®áâã«îõ â¥®à¥¬ 
� ©å÷«« {�¥à®¤ .

3.6.1. �ª¢÷¢ «¥â÷áâì áâ ÷¢ ¤¥â¥à¬÷®¢ ®£®

 ¢â®¬ â 

�¥å © M = ⟨Q, T,∆, {q0}, F ⟩ { ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â,
d∗ : (Q × T ∗) → Q { à®§è¨à¥  äãªæ÷ï ¯¥à¥å®¤÷¢  ¢â®¬ â  M (¤¨¢.
¯÷¤à®§¤. 3.2.1).

� ¦ãâì, é® áâ ¨ q1, q2 ∈ Q à®§à÷§ïîâìáï á«®¢®¬ w ∈ T ∗, ïªé®
á¯à ¢¤¦ãõâìáï ¢¨á«®¢«¥ï

(d∗(q1, w) ∈ F )⊕ (d∗(q2, w) ∈ F ),

â®¡â® ÷§ ¤¢®å áâ ÷¢ d∗(q1, w) â  d∗(q2, w) â®ç® ®¤¨ õ ¤®¯ãáª îç¨¬. �â -
¨ q1, q2 ∈ Q  §¨¢ îâì ¥ª¢÷¢ «¥â¨¬¨, ïªé® æ÷ áâ ¨ ¥ à®§à÷§ïõ
¦®¤¥ á«®¢® w ∈ T ∗:

(q1 ∼ q2) ⇔ (∀w ∈ T ∗ : ((d∗(q1, w) ∈ F ) ↔ (d∗(q2, w) ∈ F ))) . (3.7)

�®ªà¥¬ , ïªé® q1 ∈ F , q2 /∈ F , â® áâ ¨ q1 ÷ q2 à®§à÷§ïõ e.
�¥£ª® ¯¥à¥¢÷à¨â¨, é® ¢¨§ ç¥¥ á¯÷¢¢÷¤®è¥ï¬ (3.7) ¡÷ à¥ ¢÷¤®-

è¥ï ý∼þ õ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷   Q.
�à¨ª« ¤ 3.30. �®§£«ï¥¬®  ¢â®¬ â M = ⟨Q, {a, b},∆, {q0}, F ⟩ ÷§

¯à¨ª« ¤ã 3.25, §®¡à ¦¥¨©   à¨á. 3.20. �â ¨ q0 ÷ q2 à®§à÷§ïõ,  ¯à¨ª-
« ¤, á«®¢® a, ®áª÷«ìª¨ d∗(q0, a) = q1 ∈ F , d∗(q2, a) = q3 /∈ F . � «®£÷ç®,
á«®¢® a à®§à÷§ïõ áâ ¨ q1 â  q2. �â ¨ q0 â  q1 ¥ à®§à÷§ïõ ¦®¤¥ á«®¢®:

d∗(q0, e) = q0 ∈ F, d∗(q1, e) = q1 ∈ F,

d∗(q0, a
n) = d∗(q1, a

n) = q1 ∈ F, n > 1,

d∗(q0, a
nbm) = d∗(q1, a

nbm) = q2 ∈ F, n > 0, m > 1,

d∗(q0, w) = d∗(q1, w) = q3 /∈ F, |w|ba > 1.
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� à¥èâ÷, ¯®à®¦õ á«®¢® à®§à÷§ïõ áâ  q3 ¢÷¤ áâ ÷¢ q0, q1, q2, ®áª÷«ìª¨
q3 /∈ F , q0, q1, q2 ∈ F . �â¦¥, ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷ áâ ÷¢ ý∼þ à®§-
¡¨¢ õ ¬®¦¨ã Q = {q0, q1, q2, q3}   â ª÷ ª« á¨ ¥ª¢÷¢ «¥â®áâ÷:

Q
/
∼ = {{q0, q1}, {q2}, {q3}}.

�à¨ª« ¤ 3.31. �÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷ áâ ÷¢ ¤«ï áª÷ç¥®£®
¤¥â¥à¬÷®¢ ®£®  ¢â®¬ â  M = ⟨Q, {a, b, c},∆, {q0}, F ⟩, §®¡à ¦¥®£®  

q1
q0

a

c

a

b

q2

a b

c

b

c

�¨á. 3.23

à¨á. 3.23, à®§¡¨¢ õ Q = {q0, q1, q2}
  ¤¢  ª« á¨:

{q0, q1, q2}
/
∼ = {{q0, q2}, {q1}}.

� § ç¨¬®, é® áâ  q2 ¥¤®áï¦¨©
§ ¯®ç âª®¢®£® áâ ã q0, ®¤ ª æ¥ ¥
¢¯«¨¢ õ   ª®à¥ªâ÷áâì ¢¨§ ç¥ï
¢÷¤®è¥ï ý∼þ.

�¥¬  3.3. �¥å © q1 ∼ q2 ÷ u ∈ T ∗. �®¤÷ d∗(q1, u) ∼ d∗(q2, u).

�¯à ¢  3.15. �®¢¥áâ¨ «¥¬ã 3.3 á ¬®áâ÷©®.

�¥¬  3.4. �¥å © q1 = d∗(q0, w1), q2 = d∗(q0, w2) (w1, w2 ∈ T ∗),
L = L[M ]. �®¤÷ á¯à ¢¤¦ãõâìáï ¥ª¢÷¢ «¥â÷áâì

(q1 ∼ q2) ⇔ (w1 ∼L w2).

�®¢¥¤¥ï. �ª¢÷¢ «¥â÷áâì á«÷¢ w1, w2 ∈ T ∗ ¢÷¤®á® ¬®¢¨ L ®§ ç õ
¯à ¢¤¨¢÷áâì ¥ª¢÷¢ «¥æ÷ù

∀u ∈ T ∗ : (w1u ∈ L) ↔ (w2u ∈ L).

� «¥¦÷áâì wiu ∈ L (i = 1, 2) § ¯¨è¥¬® ç¥à¥§ à®§è¨à¥ã äãªæ÷î ¯¥à¥-
å®¤÷¢ d∗ § ãà åã¢ ï¬ ä®à¬ã«¨ (3.4) â  à¥§ã«ìâ âã ¢¯à ¢¨ 3.1 (¯. 3):

(wiu ∈ L) ⇔ (d∗(q0, wiu) ∈ F ) ⇔ (d∗(d∗(q0, wi), u) ∈ F ) ⇔ (d∗(qi, u) ∈ F ),

¤¥ i = 1, 2. �¢÷¤á¨ ¢¨¯«¨¢ õ á¯÷¢¢÷¤®è¥ï (3.7), â®¡â® q1 ∼ q2.
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� ã¢ ¦¥ï 3.11. �ªé® ¢á÷ áâ ¨ áª÷ç¥®£® ¤¥â¥à¬÷®¢ ®£®  ¢â®-
¬ â  M = ⟨Q, T,∆, {q0}, F ⟩ ¤®áï¦÷ § q0, â® ¬÷¦ ä ªâ®à-¬®¦¨®î Q

/
∼

÷ ä ªâ®à-¬®¦¨®î T ∗/
∼
L

÷áãõ ¢§ õ¬® ®¤®§ ç  ¢÷¤¯®¢÷¤÷áâì:

[q] = [d∗(q0, w)] ! [w]L, (3.8)

¤¥ w ∈ T ∗, â ª¥, é® q = d∗(q0, w). �ªé® q1 = d∗(q0, w1), q2 = d∗(q0, w2), â®
§£÷¤® § «¥¬®î 3.4 q1 ∼ q2 ([q1] = [q2]) â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ w1 ∼L w2

([w1]L = [w2]L), â®¡â® ¢÷¤¯®¢÷¤÷áâì (3.8) ¢¨§ ç¥  ª®à¥ªâ®.
� ª, ¤«ï ä®à¬ «ì®ù ¬®¢¨ L = {anbm : n > 0, m > 0}, ïªã ¤®¯ãá-

ª õ  ¢â®¬ â, §®¡à ¦¥¨©   à¨á. 3.20 (¤¨¢. ¯à¨ª« ¤ 3.25), ®âà¨¬ãõ¬®
¢÷¤¯®¢÷¤÷áâì

[q0] = [q1] = {q0, q1} = [d∗(q0, e)] ! [e]L = {an : n > 0};
[q2] = {q2} = [d∗(q0, b)] ! [b]L = {anbm : n > 0,m > 1};
[q3] = {q3} = [d∗(q0, ba)] ! [ba]L = {u ∈ T ∗ : |u|ba > 1}.

3.6.2. �¨¤ «¥ï áâ ÷¢, ¥¤®áï¦¨å § ¯®ç âª®¢®£®

�¥å © M = ⟨Q, T,∆, {q0}, F ⟩ { ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â §
äãªæ÷õî ¯¥à¥å®¤÷¢ d : (Q × T ) → Q. �¥ªãàá÷õî §  ÷¤¥ªá®¬ k ¢¢¥¤¥¬®
¬®¦¨¨ Xk (k > 0):

X0 = {q0};
Xk+1 = {d(q, a) : q ∈ Xk, a ∈ T}, k > 0.

�  ¯®¡ã¤®¢®î ª®¦  Xk (k > 0) õ ¬®¦¨®î áâ ÷¢, ¤®áï¦¨å § q0 ¤¥-

ïª¨¬ á«®¢®¬ ¤®¢¦¨®î k. �¢÷¤á¨ Q̃ =
∞∪
k=0

Xk ¬÷áâ¨âì ¢á÷ áâ ¨, ¤®áï¦÷

§ q0. �ä®à¬ã«îõ¬® ¤¢÷ ¯à®áâ÷ ¢« áâ¨¢®áâ÷ ¯®á«÷¤®¢®áâ÷ Xk (k > 0).

�¥¬  3.5. 1. �ªé® Xk+1 ⊂
k∪

j=0

Xj, â® Xm ⊂
k∪

j=0

Xj ¤«ï ¢á÷å m > k.

2. �®¦¨© áâ , ¤®áï¦¨© § q0, ¤®áï£ õâìáï § q0 ¤¥ïª¨¬ á«®¢®¬

¤®¢¦¨®î ¥ ¡÷«ìè ÷¦ |Q| − 1, â®¡â® Q̃ =
|Q|−1∪
k=0

Xk.

�¯à ¢  3.16. �®¢¥áâ¨ «¥¬ã 3.5 á ¬®áâ÷©®.
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�â¦¥, ¤«ï ¯®¡ã¤®¢¨ ¬®¦¨¨ Q̃ ¬®¦  ¯®á«÷¤®¢® ¡ã¤ã¢ â¨ ¬®¦¨¨

Q̃k =
k∪

j=0

Xj (k > 0), § ª÷çãîç¨ ¯à®æ¥á   ªà®æ÷ k = |Q|−1  ¡® §  ã¬®¢¨

Q̃k = Q̃k−1 (  ªà®æ÷ k > 1). �áâ ï ¯®¡ã¤®¢   ¬®¦¨  Q̃k, ®ç¥¢¨¤®,

§¡÷£ õâìáï § Q̃. � § ç¨¬®, é® ¬®¦¨¨ Q̃k (k > 0) ¤®æ÷«ì® ¡ã¤ã¢ â¨ § 
à¥ªãàá÷õî

Q̃0 = X0;

Q̃k+1 = Q̃k ∪Xk+1, k > 0.

�¨¤ «ïîç¨ áâ ¨, ¥¤®áï¦÷ § ¯®ç âª®¢®£®, á«÷¤ â ª®¦ ¢¨¤ «¨â¨ ¢á÷
â ª÷ ¯¥à¥å®¤¨ (q1, a, q2) ∈ ∆, ¤¥ ¯à¨ ©¬÷ ®¤¨ §÷ áâ ÷¢ q1  ¡® q2 ¥¤®-
áï¦¨© § q0, â®¡â® ¯¥à¥©â¨ ¤® ¬®¦¨¨ ¯¥à¥å®¤÷¢

∆̃ = {(q1, a, q2) : a ∈ T, q1 ∈ Q̃, q2 ∈ Q̃, (q1, a, q2) ∈ ∆}.

� «÷, ®áª÷«ìª¨ ¡ã¤ì-ïª¨© áâ  ¤®áï¦¨© ÷§ á ¬®£® á¥¡¥ ¯®à®¦÷¬ á«®-
¢®¬, ®âà¨¬ãõ¬®, é® q0 ∈ Q̃.

� à¥èâ÷, ¤¥ïª÷ §÷ áâ ÷¢ q ∈ Q \ Q̃ ¬®¦ãâì ¡ãâ¨ ¢  ¢â®¬ â÷ M ¤®¯ãá-
ª îç¨¬¨, â®¬ã, ¢¨¤ «ïîç¨ â ª÷ áâ ¨, á«÷¤ ¯¥à¥©â¨ ¤® ¬®¦¨¨ ¤®¯ãá-
ª îç¨å áâ ÷¢ F̃ = F ∩ Q̃.

�â¦¥, ®âà¨¬ ® áª÷ç¥¨©  ¢â®¬ â M̃ = ⟨Q̃, T, ∆̃, {q0}, F̃ ⟩, ïª¨© § 
¯®¡ã¤®¢®î ¥ª¢÷¢ «¥â¨© ¢¨å÷¤®¬ã  ¢â®¬ âã M â  ¬÷áâ¨âì «¨è¥ áâ ¨,
¤®áï¦÷ § ¯®ç âª®¢®£® áâ ã q0.

�¥®à¥¬  3.7. �ª÷ç¥¨©  ¢â®¬ â M̃ = ⟨Q̃, T, ∆̃, {q0}, F̃ ⟩ õ ¤¥â¥à-
¬÷®¢ ¨¬.

�®¢¥¤¥ï. �¥å © q1 ∈ Q̃, a ∈ T . �®¤÷, ®áª÷«ìª¨ ¢¨å÷¤¨©  ¢â®¬ â M
¤¥â¥à¬÷®¢ ¨©, ÷áãõ õ¤¨¨© áâ  q2 ∈ Q, â ª¨©, é® (q1, a, q2) ∈ ∆. �«¥,
®áª÷«ìª¨ q2 = d(q1, a) ÷ q1 ¤®áï¦¨© § q0, áâ  q2 â ª®¦ ¤®áï¦¨© § q0,

â®¡â® q2 ∈ Q̃ â  (q1, a, q2) ∈ ∆̃. �áª÷«ìª¨ áª÷ç¥¨©  ¢â®¬ â M̃ ¬ õ «¨è¥

®¤¨ ¯®ç âª®¢¨© áâ  q0 ∈ Q̃, ¤¥â¥à¬÷®¢ ÷áâì  ¢â®¬ â  M̃ ¯®¢÷áâî
¤®¢¥¤¥®.

�à¨ª« ¤ 3.32. �®§£«ï¥¬®  ¢â®¬ â M = ⟨Q, {a, b, c},∆, {q0}, F ⟩ ÷§
¯à¨ª« ¤ã 3.31, §®¡à ¦¥¨©   à¨á. 3.23. �®¡ ¢¨§ ç¨â¨, ïª÷ áâ ¨ ¤®-
áï¦÷ § ¯®ç âª®¢®£® áâ ã q0, à¥ªãàá÷õî §  0 6 k 6 |Q|−1 = 2 ¯®¡ã¤ãõ¬®

¬®¦¨¨ Xk â  Q̃k:
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X0 = {q0}, Q̃0 = X0 = {q0};
X1 = {q0, q1}, Q̃1 = Q̃0 ∪X1 = {q0, q1};
X2 = {q0, q1}, Q̃2 = Q̃1 ∪X2 = {q0, q1}.

� § ç¨¬®, é® ã¬®¢  Q̃k = Q̃k−1 ¡ã«  ¢¨ª®   «¨è¥   ®áâ ì®¬ã ªà®æ÷
§  k = |Q| − 1 = 2.

�â¦¥, Q̃ = Q̃2 = {q0, q1}, â®¡â® ¥¤®áï¦¨¬ § q0 õ «¨è¥ áâ  q2.
�¨¤ «ïîç¨ § ∆ ¯¥à¥å®¤¨, é® ¬÷áâïâì q2, ®âà¨¬ãõ¬® ¬®¦¨ã ¯¥à¥å®¤÷¢

∆̃ = {(q0, a, q0), (q0, b, q0), (q0, c, q1), (q1, a, q1), (q1, b, q1), (q1, c, q1)}.

� à¥èâ÷, áâ  q2 ¢  ¢â®¬ â÷ M ¥ õ ¤®¯ãáª -
îç¨¬, â®¡â® F̃ = F . �â¦¥, ®âà¨¬ ® áª÷-
ç¥¨©  ¢â®¬ â M̃ = ⟨Q̃, {a, b, c}, ∆̃, {q0}, F̃ ⟩
(à¨á. 3.24), ïª¨© §  ¯®¡ã¤®¢®î ¥ª¢÷¢ «¥â¨©
¢¨å÷¤®¬ã  ¢â®¬ âãM â  ¬÷áâ¨âì «¨è¥ áâ ¨,
¤®áï¦÷ § ¯®ç âª®¢®£® áâ ã q0.

q1
q0

a

c

a

b

b

c

�¨á. 3.24

�à¨ª« ¤ 3.33. �®§£«ï¥¬®  ¢â®¬ â M = ⟨Q, {a, b},∆, {q0}, F ⟩, §®¡-
à ¦¥¨©   à¨á. 3.25. �®¡ ¢¨§ ç¨â¨, ïª÷ áâ ¨ ¤®áï¦÷ § q0, ¯®¡ã¤ãõ¬®
¬®¦¨¨ Xk â  Q̃k, 0 6 k 6 |Q| − 1 = 6:

X0 = {q0}, Q̃0 = X0 = {q0};
X1 = {q1, q2}, Q̃1 = Q̃0 ∪X1 = {q0, q1, q2};

X2 = {q0, q3, q4}, Q̃2 = Q̃1 ∪X2 = {q0, q1, q2, q3, q4};
X3 = {q1, q2}, Q̃3 = Q̃1 ∪X3 = {q0, q1, q2, q3, q4}.

�â¦¥, ã¬®¢  Q̃k = Q̃k−1 ¢¨ª®ãõâìáï   ªà®æ÷ k = 3, â®¡â® ¥¬ õ ¯®âà¥¡¨

¡ã¤ã¢ â¨Xk â  Q̃k ¤«ï k > 4. � ª¨¬ ç¨®¬, Q̃ = Q̃3, â®¡â® ¥¤®áï¦¨¬¨ §
q0 õ áâ ¨ q5 â  q6. �®¦¨ã ¯¥à¥å®¤÷¢ ∆̃ ®âà¨¬ãõ¬® ÷§ ¬®¦¨¨ ¯¥à¥å®¤÷¢
¢¨å÷¤®£®  ¢â®¬ â  M , ¢¨¤ «ïîç¨ ç®â¨à¨ ¯¥à¥å®¤¨, é® ¬÷áâïâì áâ ¨ q5
â  q6:

∆̃ = ∆ \ {(q5, a, q4), (q5, b, q3), (q6, a, q3), (q6, b, q4)}.
� à¥èâ÷, ¬®¦¨ã ¤®¯ãáª îç¨å áâ ÷¢ F̃ ®âà¨¬ãõ¬® ÷§ ¬®¦¨¨ F ,

¢¨¤ «ïîç¨ áâ ¨ q5 â  q6, ïª÷ õ ¤®¯ãáª îç¨¬¨ ã ¢¨å÷¤®¬ã  ¢â®¬ â÷:

F̃ = F \ {q5, q6} = {q3, q4}.
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� ª¨¬ ç¨®¬, ®âà¨¬ ® áª÷ç¥¨©  ¢â®¬ â M̃ = ⟨Q̃,{a, b}, ∆̃,{q0}, F̃ ⟩
(à¨á. 3.26), ïª¨© §  ¯®¡ã¤®¢®î ¥ª¢÷¢ «¥â¨© ¢¨å÷¤®¬ã  ¢â®¬ âã M â 
¬÷áâ¨âì «¨è¥ áâ ¨, ¤®áï¦÷ § ¯®ç âª®¢®£® áâ ã q0.

q4

q0

a

a

a

b

b
q1

q2

q3

b

a

a

b

b

q6

a

a

q5

b

b

�¨á. 3.25

q4

q0

a

a

a

b

b
q1

q2

q3

b

a

a

b

b

�¨á. 3.26

� ã¢ ¦¨¬®, é® ¯à®æ¥¤ãàã ¢¨¤ «¥ï áâ ÷¢, ¥¤®áï¦¨å § ¦®¤®£®
¯®ç âª®¢®£®, «¥£ª® ã§ £ «ì¨â¨   ¤®¢÷«ì÷ áª÷ç¥÷  ¢â®¬ â¨ (¤¨¢.,
 ¯à¨ª« ¤, [4]).

3.6.3. �÷÷¬ «ì¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â,

®âà¨¬ ¨© §«¨ââï¬ ¥ª¢÷¢ «¥â¨å áâ ÷¢

�¥å © M = ⟨Q, T,∆, {q0}, F ⟩ { ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â,
¢á÷ áâ ¨ ïª®£® ¤®áï¦÷ § q0; L = L[M ] { ¬®¢ , ïªã ¤®¯ãáª õ  ¢â®¬ â
M ; d : (Q× T ) → Q { äãªæ÷ï ¯¥à¥å®¤÷¢  ¢â®¬ â  M ; ý∼þ { ¢÷¤®è¥ï
¥ª¢÷¢ «¥â®áâ÷   Q (¤¨¢. ¯÷¤à®§¤. 3.6.1). �¢¥¤¥¬® ¤® à®§£«ï¤ã  ¢â®¬ â
Mmerge = ⟨Qmerge, T,∆merge, Imerge, Fmerge⟩, ¤¥

Qmerge = Q
/
∼;

∆merge = {([q1], a, [q2]) : (q1, a, q2) ∈ ∆};
Imerge = {[q0]};
Fmerge = {[q] : q ∈ F}.

(3.9)

�¥®à¥¬  3.8. �¢â®¬ â Mmerge { ¬÷÷¬ «ì¨© ¤¥â¥à¬÷®¢ ¨©  ¢-
â®¬ â, é® ¤®¯ãáª õ ¬®¢ã L.

�®¢¥¤¥ï. �¥â¥à¬÷®¢ ÷áâì. �¢â®¬ â Mmerge ¬ õ ®¤¨ ¯®ç âª®-
¢¨© áâ  [q0]. �â¦¥, ¤«ï ¤®¢¥¤¥ï ¤¥â¥à¬÷®¢ ®áâ÷  ¢â®¬ â  Mmerge
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¥®¡å÷¤® ¯®ª § â¨, é® ¤«ï ¡ã¤ì-ïª®£® áâ ã [q1] ∈ Qmerge (q1 ∈ Q) ÷ á¨¬-
¢®«  a ∈ T ÷áãõ õ¤¨¨© áâ  a ∈ Qmerge, â ª¨©, é® ([q1], a, a) ∈ ∆merge.
�à å®¢ãîç¨ ¤¥â¥à¬÷®¢ ÷áâì  ¢â®¬ â  M , ¤«ï ä÷ªá®¢ ®ù ¯ à¨ q1 ∈ Q,
a ∈ T ÷áãõ õ¤¨¨© áâ  q2 ∈ Q, â ª¨©, é® (q1, a, q2) ∈ ∆, â®¡â®
([q1], a, [q2]) ∈ ∆merge, ÷ ¬®¦¥¬® ¯®ª« áâ¨ a = [q2]. �à¨¯ãáâ¨¬®, é® ÷áãõ
÷è¨© áâ  b ∈ Qmerge, â ª¨©, é® ([q1], a, b) ∈ ∆merge. �®¤÷, §  ¢¨§ ç¥ï¬
¢÷¤®è¥ï ∆merge, ÷áãîâì p1, p2 ∈ Q, â ª÷, é®

[p1] = [q1], [p2] = b, (p1, a, p2) ∈ ∆,

â®¡â® p1 ∼ q1, p2 = d(p1, a). �à å®¢ãîç¨, é® q2 = d(q1, a), §  «¥¬®î 3.3 ®â-
à¨¬ãõ¬® ¥ª¢÷¢ «¥â÷áâì p2 ∼ q2, â®¡â® b = [p2] = [q2] = a. �â¦¥,  ¢â®¬ â
Mmerge ¤¥â¥à¬÷®¢ ¨© § äãªæ÷õî ¯¥à¥å®¤÷¢ dmerge : (Qmerge×T ) → Qmerge,
ïª  ¢¨§ ç õâìáï à÷¢÷áâî

dmerge([q1], a) = [q2] = [d(q1, a)].

�÷¤ªà¥á«¨¬®, é® § ç¥ï ¢¨à §ã dmerge([q1], a) ¥ § «¥¦¨âì ¢÷¤ ¢¨¡®àã
¯à¥¤áâ ¢¨ª  p1 ∈ [q1] (p1 ∼ q1), ®áª÷«ìª¨ §  «¥¬®î 3.3 ¬ õ¬® ¥ª¢÷¢ -
«¥â÷áâì d(q1, a) ∼ d(p1, a), â®¡â® [d(q1, a)] = [d(p1, a)]. ö§ à¥ªãà¥â¨å
á¯÷¢¢÷¤®è¥ì (3.3) ÷¤ãªæ÷õî §  ¤®¢¦¨®î á«®¢  w ∈ T ∗ «¥£ª® ¢áâ ®-
¢¨â¨ ¢¨£«ï¤ à®§è¨à¥®ù äãªæ÷ù ¯¥à¥å®¤÷¢ d∗merge : (Qmerge×T ∗) → Qmerge:

d∗merge([q1], w) = [q2] = [d∗(q1, w)], q2 = d∗(q1, w),

¤¥ d∗ : (Q× T ∗) → Q { à®§è¨à¥  äãªæ÷ï ¯¥à¥å®¤÷¢  ¢â®¬ â  M .
�ª¢÷¢ «¥â÷áâì ¢¨å÷¤®¬ã  ¢â®¬ âã. �¯®ç âªã § § ç¨¬®, é®

 «¥¦÷áâì a = [q] ¤® Fmerge ¥ § «¥¦¨âì ¢÷¤ ¢¨¡®àã ¯à¥¤áâ ¢¨ª  q ∈ a,
â®¡â®, ïªé® q1 ∼ q2 (q1, q2 ∈ Q), â® (¤¨¢. ä®à¬ã«ã (3.7))

([q1] ∈ Fmerge) ⇔ ([q2] ∈ Fmerge).

� ª¨¬ ç¨®¬, § ãà åã¢ ï¬ ¢¨§ ç¥ï ¬®¦¨¨ Fmerge ®âà¨¬ãõ¬®:

([q] ∈ Fmerge) ⇔ (q ∈ F ).

�¥¯¥à ¤®¢¥¤¥¬®, é® á«®¢® w ∈ T ∗ ¤®¯ãáª õâìáï  ¢â®¬ â®¬Mmerge â®¤÷
© â÷«ìª¨ â®¤÷, ª®«¨ ¢®® ¤®¯ãáª õâìáï  ¢â®¬ â®¬ M (¤¨¢. (3.4)):

(w ∈ L[Mmerge]) ⇔ (d∗merge([q0], w) ∈ Fmerge) ⇔ ([d∗(q0, w)] ∈ Fmerge) ⇔
⇔ (d∗(q0, w) ∈ F ) ⇔ (w ∈ L[M ]).
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�÷÷¬ «ì÷áâì. �áª÷«ìª¨ ¬÷¦ ¬®¦¨ ¬¨ Qmerge = Q∗/
∼ â  T ∗/

∼
L

÷áãõ ¢§ õ¬® ®¤®§ ç  ¢÷¤¯®¢÷¤÷áâì (¤¨¢. § ã¢ ¦¥ï 3.11), ®âà¨¬ã-
õ¬® à÷¢÷áâì |Qmerge| =

∣∣T ∗/
∼
L

∣∣ = iL. � ª¨¬ ç¨®¬,  ¢â®¬ â Mmerge ¬ õ

¬÷÷¬ «ì® ¬®¦«¨¢ã ª÷«ìª÷áâì áâ ÷¢ á¥à¥¤ ¤¥â¥à¬÷®¢ ¨å  ¢â®¬ â÷¢,
ïª÷ ¤®¯ãáª îâì ¬®¢ã L.

�ã¤¥¬® ª § â¨, é®  ¢â®¬ â Mmerge ®âà¨¬ ® §  ¢â®¬ â  M ®¡'õ¤ -
ï¬ ¥ª¢÷¢ «¥â¨å áâ ÷¢.

�à¨ª« ¤ 3.34. �¡'õ¤ãîç¨ ¥ª¢÷¢ «¥â÷ áâ ¨ áª÷ç¥®£®  ¢â®-

a b

b

a b

a

[ ]q0 [ ]q2

[ ]q3

�¨á. 3.27

¬ â  M = ⟨Q, {a, b},∆, {q0}, F ⟩ ÷§ ¯à¨ª« ¤÷¢ 3.25, 3.30
(¤¨¢. à¨á. 3.20), ®âà¨¬ãõ¬®  ¢â®¬ â, §®¡à ¦¥¨©  
à¨á. 3.27. �« á¨ ¥ª¢÷¢ «¥â®áâ÷ §  ¢÷¤®è¥ï¬ ý∼þ,
ïª ¡ã«® ¯®ª § ® ã ¯à¨ª« ¤÷ 3.30, ¬ îâì ¢¨£«ï¤

[q0] = [q1] = {q0, q1}, [q2] = {q2}, [q3] = {q3}.

�âà¨¬ ¨©  ¢â®¬ â á¯à ¢¤÷ ¥ª¢÷¢ «¥â¨© ¢¨å÷¤®-
¬ã  ¢â®¬ âã M , ®áª÷«ìª¨ ¤®¯ãáª õ âã á ¬ã ¬®¢ã
{anbm : n > 0, m > 0}.

�®¢¥¤¥¬®, é®  ¢â®¬ â Mmerge §¡÷£ õâìáï §  ¢â®¬ â®¬ ML (¤¨¢. ¯à®-
æ¥¤ãàã (3.6)) § â®ç÷áâî ¤® ¯¥à¥©¬¥ã¢ ï áâ ÷¢. �«ï æì®£® ¢¢¥¤¥¬®
¯®ïââï ÷§®¬®àä¨å  ¢â®¬ â÷¢.

�§ ç¥ï 3.8. �ª÷ç¥÷  ¢â®¬ â¨ M1 = ⟨Q1, T,∆1, I1, F1⟩ â 
M2 = ⟨Q2, T,∆2, I2, F2⟩  §¨¢ îâì ÷§®¬®àä¨¬¨, ïªé® ÷áãõ ¡÷õªâ¨¢¥
¢÷¤®¡à ¦¥ï (÷§®¬®àä÷§¬) f : Q1 → Q2, â ª¥, é® ¤«ï ¡ã¤ì-ïª¨å q ∈ Q1,
p ∈ Q1, a ∈ T

((q, a, p) ∈ ∆1) ⇔ ((f(q), a, f(p)) ∈ ∆2); (3.10)

(q ∈ I1) ⇔ (f(q) ∈ I2);

(q ∈ F1) ⇔ (f(q) ∈ F2).

ö§®¬®àä÷áâì áª÷ç¥¨å  ¢â®¬ â÷¢ ä ªâ¨ç® ®§ ç õ, é® æ÷  ¢â®¬ â¨
§¡÷£ îâìáï § â®ç÷áâî ¤® ¯¥à¥©¬¥ã¢ ï áâ ÷¢.

� ¢¥¤¥¬® ¤¥ª÷«ìª  ¢« áâ¨¢®áâ¥© ÷§®¬®àä®áâ÷ áª÷ç¥¨å  ¢â®¬ â÷¢,
ïª÷ õ ®ç¥¢¨¤¨¬¨  ¡® «¥£ª® ¯¥à¥¢÷àïîâìáï.

1. �ã¤ì-ïª¨©  ¢â®¬ â ÷§®¬®àä¨© á ¬®¬ã á®¡÷.
2. �ªé®  ¢â®¬ â M1 ÷§®¬®àä¨©  ¢â®¬ âã M2, â®  ¢â®¬ â M2 ÷§®-

¬®àä¨©  ¢â®¬ âã M1.
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3. �ªé®  ¢â®¬ â M1 ÷§®¬®àä¨©  ¢â®¬ âã M2 â   ¢â®¬ â M2 ÷§®-
¬®àä¨©  ¢â®¬ âã M3, â®  ¢â®¬ â M1 ÷§®¬®àä¨©  ¢â®¬ âã M3.

4. ö§®¬®àä÷  ¢â®¬ â¨ ¥ª¢÷¢ «¥â÷.
5. �ªé®  ¢â®¬ â M1 ÷§®¬®àä¨©  ¢â®¬ âã M2 ÷  ¢â®¬ â M1 ¤¥â¥à¬÷-

®¢ ¨©, â®  ¢â®¬ â M2 â ª®¦ ¤¥â¥à¬÷®¢ ¨©.
� ã¢ ¦¥ï 3.12. �«ï ¤¥â¥à¬÷®¢ ¨å  ¢â®¬ â÷¢ ⟨Q1, T,∆1, I1, F1⟩ â 

⟨Q2, T,∆2, I2, F2⟩ ¥ª¢÷¢ «¥â÷áâì (3.10) ã ¢¨§ ç¥÷ ÷§®¬®àä÷§¬ã ¬®¦ 
§ ¬÷¨â¨ á¯÷¢¢÷¤®è¥ï¬ ¤«ï äãªæ÷© ¯¥à¥å®¤÷¢ d1 : (Q1 × T ) → Q1 â 
d2 : (Q2 × T ) → Q2:

d2(f(q), a) = f(d1(q, a)), q ∈ Q1, a ∈ T. (3.11)

�à¨ª« ¤ 3.35. �ª÷ç¥¨©  ¢â®¬ â, §®¡à ¦¥¨©   à¨á. 3.22, ÷§®-
¬®àä¨©  ¢â®¬ â ¬, §®¡à ¦¥¨¬   à¨á. 3.21 â  3.27, ®¤ ª ¦®¤¥ ÷§
æ¨å  ¢â®¬ â÷¢ ¥ ÷§®¬®àä¨©  ¢â®¬ âã   à¨á. 3.20. � § ç¨¬®, é® ¢á÷
ç®â¨à¨  ¢â®¬ â¨ ¥ª¢÷¢ «¥â÷, ®áª÷«ìª¨ ¤®¯ãáª îâì âã á ¬ã ä®à¬ «ìã
¬®¢ã {anbm : n > 0, m > 0}.

�¥å © ML = ⟨QL, T,∆L, {q0,L}, FL⟩, ¬÷÷¬ «ì¨© ¤¥â¥à¬÷®¢ ¨©  ¢-
â®¬ â, ïª¨© ¤®¯ãáª õ ¬®¢ã L = L[M ], ®âà¨¬ ¨© §  ¯à®æ¥¤ãà®î (3.6):

QL = T ∗/
∼
L

;

dL([w]L, a) = [wa]L, w ∈ T ∗, a ∈ T ;

q0,L = [e]L;

FL = {[w]L : w ∈ L}.

�áª÷«ìª¨ ¢á÷ áâ ¨ ¢¨å÷¤®£®  ¢â®¬ â  M ¤®áï¦÷ § ¯®ç âª®¢®£®
áâ ã q0, ÷áãõ ¡÷õªæ÷ï f : Q

/
∼ → T ∗/

∼
L

, ïª  ¢¨§ ç õâìáï à÷¢÷-

áâî f([q]) = [w]L (¤¨¢. § ã¢ ¦¥ï 3.11), ¤¥ w ∈ T ∗, q = d∗(q0, w),
d∗ : (Q× T ∗) → Q { à®§è¨à¥  äãªæ÷ï ¯¥à¥å®¤÷¢  ¢â®¬ â  M .

�¥¬  3.6. �÷¤®¡à ¦¥ï f õ ÷§®¬®àä÷§¬®¬  ¢â®¬ â  Mmerge ¢  ¢-
â®¬ â ML.

�®¢¥¤¥ï. �¥à¥¢÷à¨¬® ã¬®¢ã (3.11). � ä÷ªáãõ¬® q ∈ Q, w ∈ T ∗,
q = d∗(q0, w), a ∈ T . �®¤÷ d∗(q0, wa) = d(d∗(q0, w), a) = d(q, a), ÷ á¯÷¢-
¢÷¤®è¥ï (3.11) á¯à ¢¤¦ãõâìáï:

dL(f([q]), a) = dL([w]L, a) = [wa]L = f([d(q, a)]) = f(dmerge([q], a)).
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� «÷ ¤«ï ¯®ç âª®¢¨å áâ ÷¢ [q0] = [d∗(q0, e)] ∈ Qmerge â  [e]L ∈ QL

®âà¨¬ãõ¬®:

f([q0]) = [e]L = q0,L.

� à¥èâ÷, ¬®¦¨¨ ¤®¯ãáª îç¨å áâ ÷¢ Fmerge â  FL â ª®¦ ¯®¢'ï§ ÷
¢÷¤®¡à ¦¥ï¬ f (¤¨¢. ä®à¬ã«ã (3.4)):

([q] ∈ Fmerge) ⇔ (q ∈ F ) ⇔ (w ∈ L) ⇔ ([w]L ∈ FL)

¤«ï ¤®¢÷«ì®£® q ∈ Q ÷§ ä÷ªá®¢ ¨¬ w ∈ T ∗, â ª¨¬, é® q = d∗(q0, w).
�â¦¥, ¢¨§ ç¥  ¡÷õªæ÷ï f : Q

/
∼ → T ∗/

∼
L

á¯à ¢¤÷ õ ÷§®¬®àä÷§¬®¬

Mmerge ¢  ¢â®¬ â ML.

�à¨ª« ¤ 3.36. �¢â®¬ â Mmerge, §®¡à ¦¥¨©   à¨á. 3.27, ®âà¨¬ -
® ®¡'õ¤ ï¬ ¥ª¢÷¢ «¥â¨å áâ ÷¢ §  ¢â®¬ â  M , §®¡à ¦¥®£®  
à¨á. 3.20 (¤¨¢. ¯à¨ª« ¤ 3.34). �¢â®¬ â ML, §®¡à ¦¥¨©   à¨á. 3.22
(¤¨¢. ¯à¨ª« ¤ 3.29) { ¬÷÷¬ «ì¨©  ¢â®¬ â, ïª¨© ¤®¯ãáª õ ä®à¬ «ìã
¬®¢ã L = L[M ] = {anbm : n > 0, m > 0}. �£÷¤® § «¥¬®î 3.6  ¢â®¬ â¨
Mmerge â  ML ÷§®¬®àä÷, ÷ §  ÷§®¬®àä÷§¬ Mmerge ¢ ML ¬®¦  ¢¨¡à â¨
¡÷õªæ÷î f : Q

/
∼ → T ∗/

∼
L

, ïª  ¢¨§ ç õâìáï à÷¢÷áâî f([q]) = [w]L, ¤¥

q = d∗(q0, w). �¡ç¨á«¨¬® § ç¥ï f(a) ¤«ï ª®¦®£® ª« áã ¥ª¢÷¢ «¥â-
®áâ÷ a ∈ Q

/
∼:

f([q0]) = f([q1]) = [e]L, ®áª÷«ìª¨ d∗(q0, e) = q0;

f([q2]) = [b]L, ®áª÷«ìª¨ d∗(q0, b) = q2;

f([q3]) = [ba]L, ®áª÷«ìª¨ d∗(q0, ba) = q3.

�÷¤ªà¥á«¨¬®, é® § ç¥ï f(a) ¥ § «¥¦¨âì  ÷ ¢÷¤ ¢¨¡®àã ¯à¥¤áâ ¢-
¨ª  q ∈ a,  ÷ ¢÷¤ ¢¨¡®àã w ∈ T ∗, â ª®£®, é® q = d∗(q0, w). � ª, [q0] = [q1],
áâ  q0 ¤®áï£ õâìáï § q0 «¨è¥ á«®¢®¬ e, áâ  q1 ¤®áï£ õâìáï § q0 ¡ã¤ì-ïª¨¬
á«®¢®¬ an+1 (n > 0),  «¥ ¢á÷ æ÷ á«®¢  (â®¡â® á«®¢  an, n > 0) ¯®à®¤¦ãîâì
â®© á ¬¨© ª« á ¥ª¢÷¢ «¥â®áâ÷, ïª¨© §¡÷£ õâìáï § ª« á®¬ [e]L.

�¥®à¥¬  3.9. �¥å © M = ⟨Q, T,∆, {q0}, F ⟩ { ¤¥â¥à¬÷®¢ ¨© áª÷-
ç¥¨©  ¢â®¬ â, ïª¨© ¤®¯ãáª õ ¬®¢ã L = L[M ] ÷ ¬÷áâ¨âì iL áâ ÷¢.
�®¤÷  ¢â®¬ â M ÷§®¬®àä¨©  ¢â®¬ âã ML, ®âà¨¬ ®¬ã ÷§ ¬®¢¨ L § 
¯à®æ¥¤ãà®î (3.6).
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�®¢¥¤¥ï. � § ç¨¬®, é® ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â M ¬ õ  ©¬¥-
èã (  á ¬¥ iL) ª÷«ìª÷áâì áâ ÷¢ á¥à¥¤ ãá÷å ¤¥â¥à¬÷®¢ ¨å  ¢â®¬ â÷¢, ïª÷
¤®¯ãáª îâì ¬®¢ã L. ö§ ¬÷÷¬ «ì®áâ÷  ¢â®¬ â  M ¢¨¯«¨¢ õ:

1) ª®¦¨© áâ  q ∈ Q  ¢â®¬ â  M ¤®áï¦¨© ÷§ ¯®ç âª®¢®£® áâ ã q0
(áâ , ïª¨© ¥¤®áï¦¨© § q0, ¬®¦  ¢¨¤ «¨â¨, ®âà¨¬ ¢è¨ ¥ª¢÷¢ «¥â¨©
 ¢â®¬ â § ¬¥è®î ª÷«ìª÷áâî áâ ÷¢);

2) ª®¦¨© áâ  q ∈ Q  ¢â®¬ â  M ¥ª¢÷¢ «¥â¨© «¨è¥ á®¡÷, â®¡â®
[q] = {q}, ÷ Q

/
∼ = {{q} : q ∈ Q} (à÷§÷ ¥ª¢÷¢ «¥â÷ áâ ¨ ¬®¦  ®¡'õ¤ -

â¨, ®âà¨¬ ¢è¨ ¥ª¢÷¢ «¥â¨©  ¢â®¬ â § ¬¥è®î ª÷«ìª÷áâî áâ ÷¢).
� ª¨¬ ç¨®¬, ¬®¦  ¢áâ ®¢¨â¨ ®ç¥¢¨¤ã ¡÷õªæ÷î r : Q → Q

/
∼,

r(q) = {q} ¤«ï ª®¦®£® q ∈ Q. �¥£ª® ¯¥à¥¢÷à¨â¨, é® r õ ÷§®¬®àä÷§-
¬®¬ M ¢  ¢â®¬ â Mmerge, ®âà¨¬ ¨© § M §«¨ââï¬ ¥ª¢÷¢ «¥â¨å áâ ÷¢
(¤¨¢. (3.9)). � «÷, ®áª÷«ìª¨ ª®¦¨© áâ  q ∈ Q ¤®áï¦¨© § q0, §  «¥-
¬®î 3.6 ®âà¨¬ãõ¬®, é®  ¢â®¬ â¨ Mmerge â  ML ÷§®¬®àä÷. �â¦¥, M ÷§®-
¬®àä¨© Mmerge, Mmerge ÷§®¬®àä¨© ML, §¢÷¤ª¨ ¢¨¯«¨¢ õ ÷§®¬®àä÷áâì
 ¢â®¬ â÷¢ M â  ML.

� ã¢ ¦¥ï 3.13. �¥®à¥¬  3.9 ä ªâ¨ç® ¢áâ ®¢«îõ õ¤¨÷áâì (§ â®ç-
÷áâî ¤® ÷§®¬®àä÷§¬ã) ¬÷÷¬ «ì®£® ¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®-
¬ â , ïª¨© ¤®¯ãáª õ ä®à¬ «ìã ¬®¢ã L.

�à¨ª« ¤ 3.37. �  à¨á. 3.21, 3.22 â  3.27 §®¡à ¦¥®  ¢â®¬ â¨, ïª÷
¤®¯ãáª îâì ¬®¢ã L = {anbm : n > 0, m > 0} â  ¬ îâì iL = 3 áâ ¨ (¤¨¢.,
§®ªà¥¬ , ¯à¨ª« ¤ 3.27), â®¡â® õ ¬÷÷¬ «ì¨¬¨ ¤¥â¥à¬÷®¢ ¨¬¨  ¢â®¬ -
â ¬¨, ïª÷ ¤®¯ãáª îâì ¬®¢ã L. �ç¥¢¨¤®, é® ¢á÷ âà¨  ¢â®¬ â¨ á¯à ¢¤÷
¬÷¦ á®¡®î ÷§®¬®àä÷.

3.7. �«£®à¨â¬¨ ¬÷÷¬÷§ æ÷ù ¤¥â¥à¬÷®¢ ¨å

áª÷ç¥¨å  ¢â®¬ â÷¢

� æì®¬ã ¯÷¤à®§¤÷«÷ à®§£«ï¥¬® ª®ªà¥â÷  «£®à¨â¬¨ ¯®¡ã¤®¢¨ ¬÷-
÷¬ «ì®£® §  ª÷«ìª÷áâî áâ ÷¢ ¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â ,
ïª¨© ¥ª¢÷¢ «¥â¨© § ¤ ®¬ã áª÷ç¥®¬ã  ¢â®¬ âã.

3.7.1. �÷¤®è¥ï k-¥ª¢÷¢ «¥â®áâ÷ áâ ÷¢

�¢¥¤¥¬® ¤® à®§£«ï¤ã ã§ £ «ì¥ï ¥ª¢÷¢ «¥â®áâ÷ ý∼þ (¤¨¢. ¯÷¤-
à®§¤. 3.6.1) ¤«ï áâ ÷¢ ¤¥â¥à¬÷®¢ ®£®  ¢â®¬ â  M = ⟨Q, T,∆, {q0}, F ⟩.
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�â ¨ q1, q2 ∈ Q  §¨¢ îâì k-¥ª¢÷¢ «¥â¨¬¨ (k > 0), ïªé® q1 ÷ q2 ¥
à®§à÷§ïõ ¦®¤¥ á«®¢® w ∈ T ∗ ¤®¢¦¨®î |w| 6 k:

(q1
k∼ q2) ⇔ (∀w ∈ T ∗ (|w| 6 k) : ((d∗(q1, w) ∈ F ) ↔ (d∗(q2, w) ∈ F ))) .

�®ªà¥¬ , ¤«ï k = 0 ®âà¨¬ãõ¬® ¥ ¡÷«ìè¥ ¤¢®å ª« á÷¢:

Q
/

0∼ = {F,Q \ F}, ïªé® F ̸= ∅ â  F ̸= Q;

ã âà¨¢÷ «ì¨å ¢¨¯ ¤ª å F = ∅ â  F = Q ®âà¨¬ãõ¬® ®¤¨ ª« á ¥ª¢÷¢ -
«¥â®áâ÷ (Q \ F  ¡® F ¢÷¤¯®¢÷¤®).

ö§ ¢¨§ ç¥ï ¢÷¤®è¥ì ý k∼þ (k > 0) ¥£ ©® ®âà¨¬ãõ¬® « æî¦®ª
¢ª« ¤¥ì

ý 0∼þ ⊃ ý 1∼þ ⊃ · · · ⊃ ý k∼þ ⊃ · · · ⊃ ý∼þ. (3.12)

�¥¬  3.7. öáãõ â ª¥ n > 0, é® ý n∼þ = ý∼þ.

�®¢¥¤¥ï. �®§ ç¨¬® ç¥à¥§X ¬®¦¨ã ¯ à ¥¥ª¢÷¢ «¥â¨å áâ ÷¢:

X = {(p, q) ∈ Q×Q : p ̸∼ q}.

�«ï ª®¦®ù ¯ à¨ (p, q) ∈ X § ä÷ªáãõ¬® á«®¢® wp,q, ïª¥ à®§à÷§ïõ áâ ¨ p
â  q. �¥¯¥à ¬®¦¥¬® ¢¨¡à â¨ èãª ¥ ç¨á«® n:

n = max{|wp,q| : (p, q) ∈ X}.

� ª¨¬ ç¨®¬, « æî¦®ª ¢ª« ¤¥ì (3.12)  á¯à ¢¤÷ õ áª÷ç¥¨¬:

ý 0∼þ ⊃ ý 1∼þ ⊃ · · · ⊃ ý n∼þ = ý∼þ (3.13)

¤«ï ¤¥ïª®£® n > 0.
� ª, ¤«ï ä®à¬ «ì®ù ¬®¢¨ L = {anbm : n > 0, m > 0}, ïªã ¤®¯ãáª õ

 ¢â®¬ â, §®¡à ¦¥¨©   à¨á. 3.20 (¤¨¢. ¯à¨ª« ¤¨ 3.25 â  3.30), ®âà¨¬ãõ¬®
« æî¦®ª ý 0∼þ ! ý 1∼þ = ý∼þ, ¤¥

Q
/

0∼ = {F,Q\F} = {{q0, q1, q2}, {q3}}, Q
/

1∼ = Q
/
∼ = {{q0, q1}, {q2}, {q3}}.

�¥¬  3.8. �¥å © q1
k+1∼ q2 ¤«ï ¤¥ïª®£® k > 0, a ∈ T , p1 = d(q1, a),

p2 = d(q2, a). �®¤÷ p1
k∼p2.
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�®¢¥¤¥ï. �¥å © k > 0 â  q1
k+1∼ q2. �à¨¯ãáâ¨¬®, é® áâ ¨ p1 ÷ p2 à®§-

à÷§ïõ á«®¢® w ∈ T ∗, |w| 6 k, â®¡â® ÷§ ¤¢®å áâ ÷¢ d∗(p1, w) ÷ d
∗(p2, w) ¢

â®ç®áâ÷ ®¤¨ ¤®¯ãáª îç¨©. �®¤÷ áâ ¨ q1 ÷ q2 à®§à÷§ïõ á«®¢® u = aw,
®áª÷«ìª¨ (¤¨¢. ¯. 3 ¢¯à ¢¨ 3.1)

d∗(q1, u) = d∗(q1, aw) = d∗(d(q1, a), w) = d∗(p1, w),

d∗(q2, u) = d∗(q2, aw) = d∗(d(q2, a), w) = d∗(p2, w),

÷ § ¤¢®å áâ ÷¢ d∗(q1, u) = d∗(p1, w) â  d∗(q2, u) = d∗(p2, w) ¢ â®ç®áâ÷ ®¤¨

¤®¯ãáª îç¨©. �«¥ |u| = |aw| 6 1 + k, â®¡â® q1
k+1≁ q2, é® áã¯¥à¥ç¨âì ã¬®¢÷

«¥¬¨. � ª¨¬ ç¨®¬, ¦®¤¥ á«®¢® w ∈ T ∗ ¤®¢¦¨®î |w| 6 k ¥ à®§à÷§ïõ
áâ ¨ p1 ÷ p2, â®¡â® p1

k∼p2.

� ã¢ ¦¥ï 3.14. �¥¬  3.3 õ  á«÷¤ª®¬ é®©® ¤®¢¥¤¥®ù «¥¬¨.
�¥¬  3.9. �¥å © ý k∼þ=ý

k+1∼ þ ¤«ï ¤¥ïª®£® k > 0. �®¤÷ ý
k+1∼ þ=ý

k+2∼ þ.

�®¢¥¤¥ï. �¥å © k > 0 â  ý k∼þ = ý
k+1∼ þ. �¥®¡å÷¤® ¤®¢¥áâ¨ à÷¢÷áâì

ý
k+1∼ þ = ý

k+2∼ þ,   § ãà åã¢ ï¬ « æî¦ª  (3.13) { «¨è¥ ¢ª« ¤¥ï

ý
k+1∼ þ ⊂ ý

k+2∼ þ. �à¨¯ãáâ¨¬®, é® ÷áãîâì â ª÷ áâ ¨ q1 ÷ q2, é® q1
k+1∼ q2,  «¥

q1
k+2≁ q2. �®¤÷ áâ ¨ q1 ÷ q2 ¬ õ à®§à÷§ïâ¨ ¤¥ïª¥ á«®¢® w ∈ T ∗, |w| 6 k + 2

(®áª÷«ìª¨ q1
k+2≁ q2); ¬÷¦ â¨¬ |w| > k+ 1 (®áª÷«ìª¨ q1

k+1∼ q2). � ª¨¬ ç¨®¬,
áâ ¨ q1 ÷ q2 ¬ õ à®§à÷§ïâ¨ á«®¢® w ∈ T ∗ ¤®¢¦¨®î |w| = k + 2.

�áª÷«ìª¨ á«®¢® w ∈ T ∗ à®§à÷§ïõ áâ ¨ q1 ÷ q2, ÷§ ¤¢®å áâ ÷¢ d∗(q1, w)
÷ d∗(q2, w) ¢ â®ç®áâ÷ ®¤¨ õ ¤®¯ãáª îç¨¬.

�®¡à §¨¬® á«®¢® w ã ¢¨£«ï¤÷ w = au, a ∈ T , u ∈ T ∗, |u| = k + 1
÷ à®§£«ï¥¬® áâ ¨ p1 = d(q1, a), p2 = d(q2, a). � § ç¨¬®, é® á«®¢® u
à®§à÷§ïõ áâ ¨ p1 ÷ p2:

d∗(p1, u) = d∗(d(q1, a), u) = d∗(q1, au) = d∗(q1, w),

d∗(p2, u) = d∗(d(q2, a), u) = d∗(q2, au) = d∗(q2, w),

â®¡â® § ¤¢®å áâ ÷¢ d∗(p1, u) = d∗(q1, w) â  d∗(p2, u) = d∗(q2, w) ¢ â®ç-

®áâ÷ ®¤¨ õ ¤®¯ãáª îç¨¬. � ª¨¬ ç¨®¬, p1
k+1≁ p2. �à å®¢ãîç¨ à÷¢÷áâì

ý k∼þ = ý
k+1∼ þ, ®âà¨¬ãõ¬®, é® p1

k≁ p2. �«¥, §  ¯à¨¯ãé¥ï¬, q1
k+1∼ q2,

§¢÷¤ª¨, §  «¥¬®î 3.8, p1
k∼p2. �âà¨¬   áã¯¥à¥ç÷áâì ¤®¢®¤¨âì «¥¬ã.

� ãà åã¢ ï¬ é®©® ¤®¢¥¤¥®ù «¥¬¨ ¢á÷ ¢ª« ¤¥ï ¢ « æî¦-
ªã (3.13)  á¯à ¢¤÷ áâà®£÷:

ý 0∼þ ! ý 1∼þ ! · · · ! ý n∼þ = ý∼þ (3.14)

¤«ï ¤¥ïª®£® n > 0.
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3.7. �«£®à¨â¬¨ ¬÷÷¬÷§ æ÷ù ¤¥â¥à¬÷®¢ ¨å áª÷ç¥¨å  ¢â®¬ â÷¢

�¥å © ik (k > 0) { ÷¤¥ªá ¢÷¤®è¥ï ý k∼þ, iQ { ÷¤¥ªá ¢÷¤®è¥ï
¥ª¢÷¢ «¥â®áâ÷ áâ ÷¢ ý∼þ, â®¡â® ik =

∣∣Q/
k∼

∣∣, iQ =
∣∣Q/

∼

∣∣.
�¯à ¢  3.17. �®¢¥áâ¨, é® ik 6 ik+1 ¤«ï ¡ã¤ì-ïª®£® k > 0. �ªé®

ý k∼þ ! ý
k+1∼ þ, â® ik < ik+1.

�ª §÷¢ª . �ª®à¨áâ â¨áï ¢ª« ¤¥ï¬ ý k∼þ ⊃ ý
k+1∼ þ â  â¥å÷ª®î ¤®¢¥-

¤¥ï «¥¬¨ 3.2.

�â¦¥, § ãà åã¢ ï¬ (3.14) ®âà¨¬ãõ¬® « æî¦®ª ¥à÷¢®áâ¥© ¤«ï
÷¤¥ªá÷¢ ik (k > 0):

i0 < i1 < · · · < · · · < in = iQ (3.15)

¤«ï ¤¥ïª®£® n > 0.

�à¨ª« ¤ 3.38. �®§£«ï¥¬® áª÷ç¥¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â
M = ⟨Q, {a, b},∆, {q0}, F ⟩, §®¡à ¦¥¨©   à¨á. 3.28. �â ¨ q0 â  q1, â ª
á ¬®, ïª ÷ q0 â  q2, à®§à÷§ïõ á«®¢® b (¤®¢¦¨®î 1); ¬®¦  ¤®¢¥áâ¨, é®
áâ ¨ q1 â  q2, â ª á ¬®, ïª ÷ áâ ¨ q3 â  q4, ¥ à®§à÷§ïõ ¦®¤¥ á«®¢®.
�â¦¥, « æî¦®ª ¢ª« ¤¥ì (3.14)  ¡ã¢ õ ¢¨-
£«ï¤ã ý 0∼þ ! ý 1∼þ = ý∼þ, ¤¥

Q
/

0∼ = {{q0, q1, q2}, {q3, q4}},
Q
/

1∼ = Q
/
∼ = {{q0}, {q1, q2}, {q3, q4}}.

� æî¦®ª ¥à÷¢®áâ¥© (3.15), ®ç¥¢¨¤®, ¬ õ
¢¨£«ï¤

i0 = 2 < i1 = iQ = 3.

q4

q0

a

a

a

a

a

q1

q2

q3

b

b

b

bb

�¨á. 3.28

�¯à ¢  3.18. �¥à¥¢÷à¨â¨, é® áâ ¨ q1 â  q2 á¯à ¢¤÷ ¥ à®§à÷§ïõ
¦®¤¥ á«®¢®; é® áâ ¨ q3 â  q4 á¯à ¢¤÷ ¥ à®§à÷§ïõ ¦®¤¥ á«®¢®.

�à¨ª« ¤ 3.39. �®§£«ï¥¬® áª÷ç¥¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â
M = ⟨Q, {a},∆, {q0}, {q0}⟩, ¤¥

Q = {q0, q1, . . . , qm−1},
∆ = {(qk, a, qk+1) : 0 6 k 6 m− 2} ∪ {(qm−1, a, q0)}.

� ¯¨è¥¬® à®§è¨à¥ã äãªæ÷î ¯¥à¥å®¤÷¢ æì®£®  ¢â®¬ â :

d∗(qk, a
j) = q(k+j) mod m 0 6 k 6 m− 1, j > 0.
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�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

�ç¥¢¨¤®, é® áâ  q0 ÷ ¡ã¤ì-ïª¨© áâ  qk (1 6 k 6 m − 1) à®§à÷§ïõ
á«®¢® e (  â ª®¦ ¡ã¤ì-ïª¥ á«®¢® amj, j > 0). � «÷,  ©ª®à®âè¨¬ á«®¢®¬,
ïª¥ à®§à÷§ïõ áâ  qm−1 ÷ ¡ã¤ì-ïª¨© áâ  qk (0 6 k 6 m − 2), õ á«®¢® a.
�§ £ «÷,  ©ª®à®âè¨¬ á«®¢®¬, ïª¥ à®§à÷§ïõ áâ  qm−j (1 6 j 6 m− 1) ÷
¡ã¤ì-ïª¨© áâ  qk (0 6 k 6 m− j − 1), õ á«®¢® aj. �â¦¥, ®âà¨¬ãõ¬® â ªã
¯®á«÷¤®¢÷áâì ¢÷¤®è¥ì ý k∼þ (k > 0):

ý 0∼þ = {{q0}, {q1, q2, . . . , qm−1}},
ý 1∼þ = {{q0}, {qm−1}, {q1, q2, . . . , qm−2}},

...

ý
m−2∼ þ = {{q0}, {qm−1}, {qm−2}, . . . , {q1}}.

�â¦¥, « æî¦®ª (3.15)  ¡ã¢ õ ¢¨£«ï¤ã

i0 = 2 < i1 = 3 < i2 = 4 < · · · < im−3 = m− 1 < im−2 = iQ = m.

�¥¬  3.10. �«ï ¤¥â¥à¬÷®¢ ®£®  ¢â®¬ â  M = ⟨Q, T,∆, {q0}, F ⟩,
ïª¨© ¬÷áâ¨âì ¯à¨ ©¬÷ ¤¢  áâ ¨, ÷áãõ ¥ ¡÷«ìè¥ ÷¦ |Q|−1 à÷§¨å
¢÷¤®è¥ì ý k∼þ (k > 0).

�®¢¥¤¥ï. �¥¬  áâ¢¥à¤¦ãõ, é® ¤®¢¦¨  « æî¦ª÷¢ (3.15) â  (3.14)
(ª÷«ìª÷áâì à÷§¨å ¢÷¤®è¥ì ý k∼þ, k > 0) ¥ ¯¥à¥¢¨éãõ |Q| − 1. �¤à §ã
§ § ç¨¬®, é® iQ =

∣∣Q/
∼

∣∣ 6 |Q|; ¤® â®£® ¦, i0 > 2 ã ¥âà¨¢÷ «ì¨å
¢¨¯ ¤ª å (∅  F  Q) â  i0 = 1 ã âà¨¢÷ «ì¨å ¢¨¯ ¤ª å (ïªé® F = ∅
 ¡® F = Q). �®§£«ï¥¬® âà¨¢÷ «ì÷ (F = ∅  ¡® F = Q) â  ¥âà¨¢÷ «ì÷
(F ̸= ∅ â  F ̸= Q) ¢¨¯ ¤ª¨ ®ªà¥¬®.

�¥å © ∅  F  Q. �®¤÷ § ãà åã¢ ï¬ (3.15) ¬ õ¬® « æî¦®ª ¥à÷¢-
®áâ¥©

2 6 i0 < i1 < i2 < · · · < in = iQ 6 |Q|,

¤¥ n { ¤¥ïª¥ æ÷«¥ ¥¢÷¤'õ¬¥ ç¨á«®. �áª÷«ìª¨   ¢÷¤à÷§ªã [2; |Q|] ¬÷á-
â¨âìáï «¨è¥ |Q| − 1 æ÷«¥ ç¨á«®, â¢¥à¤¦¥ï «¥¬¨ ã æì®¬ã ¢¨¯ ¤ªã
á¯à ¢¤¦ãõâìáï.

�¥å © F = ∅. �®¤÷  ¢â®¬ â ¥ ¤®¯ãáª õ ¦®¤®£® á«®¢ , ¢á÷ áâ ¨ õ
¯®¯ à® ¥ª¢÷¢ «¥â¨¬¨, ÷ « æî¦®ª ¥à÷¢®áâ¥© (3.15)  ¡ã¢ õ âà¨¢÷-
 «ì®£® ¢¨£«ï¤ã

1 = i0 = iQ,
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3.7. �«£®à¨â¬¨ ¬÷÷¬÷§ æ÷ù ¤¥â¥à¬÷®¢ ¨å áª÷ç¥¨å  ¢â®¬ â÷¢

â®¡â® « æî¦®ª ¢ª« ¤¥ì (3.14) ¬÷áâ¨âì «¨è¥ ®¤¥ ¢÷¤®è¥ï ý 0∼þ.
�áª÷«ìª¨, §  ã¬®¢®î, |Q| > 2, â¢¥à¤¦¥ï «¥¬¨ á¯à ¢¤¦ãõâìáï.

�¥å © F = Q. �®¤÷  ¢â®¬ â ¤®¯ãáª õ ¢á÷ á«®¢ , ¢á÷ áâ ¨ õ ¯®¯ à®
¥ª¢÷¢ «¥â¨¬¨, ÷,   «®£÷ç® ¢¨¯ ¤ªã F = ∅, « æî¦®ª ¢ª« ¤¥ì (3.14)
¬÷áâ¨âì «¨è¥ ®¤¥ ¢÷¤®è¥ï ý 0∼þ. �áª÷«ìª¨, §  ã¬®¢®î, |Q| > 2, â¢¥à-
¤¦¥ï «¥¬¨ á¯à ¢¤¦ãõâìáï.

� á«÷¤®ª. �¥å © M = ⟨Q, T,∆, {q0}, F ⟩ { áª÷ç¥¨© ¤¥â¥à¬÷®¢ -
¨©  ¢â®¬ â, q1, q2 ∈ Q ÷ q1 ̸∼ q2. �®¤÷ q1 ÷ q2 à®§à÷§ïîâìáï ¤¥ïª¨¬
á«®¢®¬ ¤®¢¦¨®î ¥ ¡÷«ìè¥ |Q| − 2.

�®¢¥¤¥ï. �¥å © q1 ÷ q2 à®§à÷§ïîâìáï ¤¥ïª¨¬ á«®¢®¬ ¤®¢¦¨®î
m > |Q| − 1,  «¥ ¥ à®§à÷§ïîâìáï ¦®¤¨¬ á«®¢®¬ ¤®¢¦¨®î ¥ ¡÷«ì-

è¥ |Q| − 2. �®¤÷ q1
|Q|−2∼ q2,  «¥ q1

m≁ q2. �¥ ®§ ç õ, é® ý
|Q|−2∼ þ ! ý m∼þ ¤«ï

¤¥ïª®£® m > |Q| − 1 ÷, §  «¥¬®î 3.9, ¢÷¤®è¥ï ý k∼þ (0 6 k 6 |Q| − 1)
õ ¯®¯ à® à÷§¨¬¨. � ª¨¬ ç¨®¬, « æî¦®ª (3.14) ¬÷áâ¨âì ¥ ¬¥è ÷¦
|Q| à÷§¨å ¢÷¤®è¥ì, é® áã¯¥à¥ç¨âì â¢¥à¤¦¥î «¥¬¨ 3.10.

�à¨ª« ¤ 3.40. �®§£«ï¥¬® ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â
M = ⟨Q, {a, b},∆, {q0}, F ⟩, §®¡à ¦¥¨©   à¨á. 3.29.

q0

a

a q1
q3

bb

a

a a

b

b

b

q4 q6

a

q2

a

b q5

b

�¨á. 3.29

�¥¢ ¦ª® §à®§ã¬÷â¨, é® « æî¦®ª ¢ª« ¤¥ì (3.14)  ¡ã¢ õ ¢¨£«ï¤ã
ý 0∼þ ! ý 1∼þ ! ý 2∼þ = ý∼þ, ¤¥

Q
/

0∼ = {{q0, q1, q2, q4, q5}, {q3, q6}},
Q
/

1∼ = {{q0, q1, q4}, {q2}, {q5}, {q3, q6}},
Q
/

2∼ = Q
/
∼ = {{q0}, {q1}, {q4}, {q2}, {q5}, {q3, q6}}.

� æî¦®ª ¥à÷¢®áâ¥© (3.15), ®ç¥¢¨¤®, ¬ õ ¢¨£«ï¤

i0 = 2 < i1 = 4 < i2 = iQ = 6,
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�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

â®¡â® ¬÷áâ¨âì ¥ ¡÷«ìè¥ (   á¯à ¢¤÷ ¬¥è¥) ÷¦ |Q| − 1 = 7− 1 = 6 ¢÷¤-
®è¥ì, é® ã§£®¤¦ãõâìáï § â¢¥à¤¦¥ï¬ «¥¬¨ 3.10. �£÷¤® §  á«÷¤ª®¬
÷§ «¥¬¨ 3.10 ¡ã¤ì-ïªã ¯ àã ¥¥ª¢÷¢ «¥â¨å áâ ÷¢ æì®£®  ¢â®¬ â  ¬®¦ 
à®§à÷§¨â¨ ¤¥ïª¨¬ á«®¢®¬ ¤®¢¦¨®î ¥ ¡÷«ìè ÷¦ |Q| − 2 = 7 − 2 = 5.
� á¯à ¢¤÷ ã æì®¬ã ¢¨¯ ¤ªã ¤«ï ¡ã¤ì-ïª®ù ¯ à¨ ¥¥ª¢÷¢ «¥â¨å áâ ÷¢
¬®¦  ¢¨¡à â¨ á«®¢® ¤®¢¦¨®î 2  ¡® ¬¥è¥ (â ª, q1 ÷ q4 à®§à÷§ïõ á«®¢®
aa), ®áª÷«ìª¨ « æî¦®ª (3.14) ¬÷áâ¨âì «¨è¥ 3 à÷§¨å ¢÷¤®è¥ï.

�à¨ª« ¤ 3.41. �«ï  ¢â®¬ â  M = ⟨Q, {a},∆, {q0}, {q0}⟩ ÷§ ¯à¨ª« -
¤ã 3.39 « æî¦®ª (3.14) ¬÷áâ¨âì ¢ â®ç®áâ÷ |Q| − 1 = m− 1 ¢÷¤®è¥ï,
¢á÷ áâ ¨ ¯®¯ à® ¥¥ª¢÷¢ «¥â÷, ÷ ª®¦  ¯ à  áâ ÷¢ à®§à÷§ïõâìáï ¤¥-
ïª¨¬ á«®¢®¬ ¤®¢¦¨®î ¥ ¡÷«ìè ÷¦ |Q| − 2 = m − 2. � § ç¨¬®, é®
 ©ª®à®âè¨¬ á«®¢®¬, ïª¥ à®§à÷§ïõ áâ ¨ q1 ÷ q2, õ á«®¢® a

m−2 ¤®¢¦¨®î
¢ â®ç®áâ÷ |Q| − 2 = m− 2.

� ¢¥¤¥¨© ¯à¨ª« ¤ ¯®ª §ãõ, é® ®æ÷ªã «¥¬¨ 3.10   ª÷«ìª÷áâì ¢÷¤®-
è¥ì ¢ « æî¦ªã (3.14) ¢ § £ «ì®¬ã ¢¨¯ ¤ªã ¯®ªà é¨â¨ ¥ ¬®¦ .

3.7.2. �«£®à¨â¬¨ ¬÷÷¬÷§ æ÷ù

�¥å © M = ⟨Q, T,∆, {q0}, F ⟩ { ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â ÷§
äãªæ÷õî ¯¥à¥å®¤÷¢ d : (Q×T ) → Q. �®§£«ï¥¬® ¤¢   «£®à¨â¬¨ ¯®¡ã¤®¢¨
¬÷÷¬ «ì®£® §  ª÷«ìª÷áâî áâ ÷¢ ¤¥â¥à¬÷®¢ ®£®  ¢â®¬ â , ¥ª¢÷¢ «¥â-
®£®  ¢â®¬ âã M .

�®á«÷¤®¢  ¯®¡ã¤®¢  ¢÷¤®è¥ì k-¥ª¢÷¢ «¥â®áâ÷. �«£®à¨â¬
óàãâãõâìáï   ¯à®áâ®¬ã ä ªâ÷, ïª¨© áä®à¬ã«îõ¬® ã ¢¨£«ï¤÷ «¥¬¨.

�¥¬  3.11. �¥å © q1, q2 ∈ Q, k > 0. �®¤÷ á¯à ¢¤¦ãõâìáï ¥ª¢÷¢ -
«¥â÷áâì

(q1
k+1∼ q2) ⇔

{
q1

0∼ q2,

∀ a ∈ T : d(q1, a)
k∼ d(q2, a).

� á«÷¤®ª. �¥å © q1, q2 ∈ Q, k > 0. �®¤÷ á¯à ¢¤¦ãõâìáï ¥ª¢÷¢ «¥â-
÷áâì

(q1
k+1∼ q2) ⇔

{
q1

k∼ q2,

∀ a ∈ T : d(q1, a)
k∼ d(q2, a).

(3.16)

�¯à ¢  3.19. � ¬®áâ÷©® ¤®¢¥áâ¨ «¥¬ã 3.11 §  á«÷¤ª®¬.

�  ®á®¢÷ ¥ª¢÷¢ «¥â®áâ÷ (3.16) § ¯¨è¥¬® à¥ªãàá¨¢¨©  «£®à¨â¬ ¯®-
¡ã¤®¢¨ ¢÷¤®è¥ì ý k∼þ (k > 0). �¥å © Q = {q0, . . . , qn−1} ÷ |Q| > 2 (ïªé®
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3.7. �«£®à¨â¬¨ ¬÷÷¬÷§ æ÷ù ¤¥â¥à¬÷®¢ ¨å áª÷ç¥¨å  ¢â®¬ â÷¢

 ¢â®¬ â ¬÷áâ¨âì «¨è¥ ®¤¨ áâ , ¬÷÷¬÷§ æ÷ï, ®ç¥¢¨¤®, ¥¬®¦«¨¢ ). � -
ª®¦ ¢¢ ¦ â¨¬¥¬®, é® ¢á÷ áâ ¨  ¢â®¬ â  M ¤®áï¦÷ § ¯®ç âª®¢®£® {
÷ ªè¥ § áâ®á®¢ãõ¬® ®¯¨á ã ã ¯÷¤à®§¤. 3.6.2 ¯à®æ¥¤ãàã ¢¨¤ «¥ï áâ -
÷¢, ïª÷ ¥¤®áï¦÷ § ¯®ç âª®¢®£®, ®âà¨¬ãîç¨ ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©
 ¢â®¬ â, ¥ª¢÷¢ «¥â¨© § ¤ ®¬ã.

1. �«ï ª®¦®ù ¯ à¨ áâ ÷¢ p, q ∈ Q ¯®ª« áâ¨

(p 0∼ q) ⇔ ((p ∈ F ) ↔ (q ∈ F )).

2. �®ª« áâ¨ k = 0.

3. �ªé® k = |Q| − 2, § ª÷ç¨â¨ à®¡®âã.

4. �«ï ª®¦®ù ¯ à¨ áâ ÷¢ qi, qj ∈ Q (i < j) ¯®ª« áâ¨

(qi
k+1∼ qj) ⇔

{
qi

k∼ qj,

∀ a ∈ T : d(qi, a)
k∼ d(qj, a).

(3.17)

5. �ªé® ý
k+1∼ þ = ý k∼þ, § ª÷ç¨â¨ à®¡®âã.

6. �¡÷«ìè¨â¨ k   1 ÷ ¯¥à¥©â¨ ¤® ¯. 3.

� ã¢ ¦¥ï 3.15. � § ç¨¬®, é®  «£®à¨â¬ ¢¨§ ç õ ä ªâ qi
k∼ qj ç¨

qi
k≁ qj (k > 0) «¨è¥ ¤«ï â ª¨å ¯ à áâ ÷¢ qi, qj ∈ Q, ª®«¨ i < j. � ãà åã-

¢ ï¬ á¨¬¥âà¨ç®áâ÷ ¢÷¤®è¥ì ¥ª¢÷¢ «¥â®áâ÷ æ¥ ¢¨§ ç õ qj
k∼ qi ç¨

qj
k≁ qi (k > 0, i < j). � à¥èâ÷, §  à¥ä«¥ªá¨¢÷áâî ¢÷¤®è¥ì ¥ª¢÷¢ «¥â-

®áâ÷, q k∼ q ¤«ï ¢á÷å q ∈ Q, k > 0.

� ã¢ ¦¥ï 3.16. �£÷¤® § «¥¬ ¬¨ 3.9 â  3.10 ®áâ õ ®¡ç¨á«¥¥  -
¢¥¤¥¨¬  «£®à¨â¬®¬ ¢÷¤®è¥ï ý

k+1∼ þ §¡÷£ õâìáï § ¢÷¤®è¥ï¬ ¥ª¢÷-
¢ «¥â®áâ÷ áâ ÷¢ ý∼þ  ¢â®¬ â  M . �÷¤®è¥ï ý∼þ ¢¨§ ç õ §  á¯÷¢-
¢÷¤®è¥ï¬¨ (3.9)  ¢â®¬ â Mmerge ÷§ ¬®¦¨®î áâ ÷¢ Q

/
∼, ïª¨©, § 

â¥®à¥¬®î 3.8, õ ¬÷÷¬ «ì¨¬ §  ª÷«ìª÷áâî áâ ÷¢ ¤¥â¥à¬÷®¢ ¨¬  ¢â®-
¬ â®¬, ¥ª¢÷¢ «¥â¨¬ ¢¨å÷¤®¬ã  ¢â®¬ âã M .

� ã¢ ¦¥ï 3.17. �¥å © ã ¯. 4 áâ ¨ qi â  qj  «¥¦ âì ®¤®¬ã ª« áã

¥ª¢÷¢ «¥â®áâ÷ A §  ¢÷¤®è¥ï¬ ý k∼þ. �ªé® ÷áãõ a ∈ T , â ª¨©, é®
d(qi, a)

k+1≁ d(qj, a), ª« á ¥ª¢÷¢ «¥â®áâ÷ A à®§¤÷«ïõâìáï §  á¨¬¢®«®¬ a.

�ªé® d(qi, a)
k+1∼ d(qj, a) ¤«ï ¢á÷å a ∈ T , ª« á ¥ª¢÷¢ «¥â®áâ÷ A ¥ à®§¤÷-

«ïõâìáï §  á¨¬¢®«®¬ a.
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�à¨ª« ¤ 3.42. �®§£«ï¥¬® ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â
M = ⟨Q, {a, b},∆, {q0}, F ⟩, §®¡à ¦¥¨©
  à¨á. 3.30. �«ï ¬÷÷¬÷§ æ÷ù  ¢â®¬ â  M
 á ¬¯¥à¥¤ ¢¨§ ç¨¬®, ïª÷ §÷ áâ ÷¢  ¢-
â®¬ â  ¤®áï¦÷ § ¯®ç âª®¢®£® (¤¨¢. ¯÷¤-
à®§¤. 3.6.2):

Q̃0 = {q0};
Q̃1 = {q0, q2, q3};

Q̃2 = {q0, q1, q2, q3, q4};
Q̃3 = {q0, q1, q2, q3, q4, q5}.

�â¦¥, Q̃3 = Q, â®¡â® ¢á÷ áâ ¨  ¢â®¬ â  ¤®áï¦÷ § ¯®ç âª®¢®£® áâ -
ã q0, ÷ ¬®¦¥¬® § áâ®áã¢ â¨ ®¯¨á ã ¢ æì®¬ã ¯÷¤à®§¤÷«÷ ¯à®æ¥¤ãàã ¯®¡ã-
¤®¢¨ ¢÷¤®è¥ì ý k∼þ (k > 0). �÷¤®è¥ï ý 0∼þ ¬÷áâ¨âì ¤¢  ¢÷¤®è¥ï
¥ª¢÷¢ «¥â®áâ÷:

Q
/

0∼ = {{q0, q3}, {q1, q2, q4, q5}}.

�®ª« ¢è¨ k = 0, ®¡ç¨á«¨¬® ¢÷¤®è¥ï ý 1∼þ §  à¥ªãà¥â¨¬ á¯÷¢-
¢÷¤®è¥ï¬ (3.17). �«ï §àãç®áâ÷
§¢¥¤¥¬® § ç¥ï äãªæ÷ù ¯¥à¥å®-
¤÷¢ d ¢ ®ªà¥¬÷ â ¡«¨æ÷ ¤«ï ª®¦®-
£® ª« áã ¥ª¢÷¢ «¥â®áâ÷ §  ¢÷¤®-
è¥ï¬ ý 0∼þ (¤¨¢. â ¡«. 3.4 ÷ 3.5).

� ¡«¨æï 3.4

q0 q3
a q3 q3
b q2 q4

� ¡«¨æï 3.5

q1 q2 q4 q5
a q1 q4 q2 q5
b q0 q1 q5 q3

ö§ â ¡«. 3.4 ®âà¨¬ãõ¬®, é® q0
1∼ q3, ®áª÷«ìª¨

d(q0, a) = q3
0∼ d(q3, a) = q3; d(q0, b) = q2

0∼ d(q3, b) = q4.

� â ¡«. 3.5   «®£÷ç® ®âà¨¬ãõ¬®, é® q1
1∼ q5, q2

1∼ q4, ®¤ ª q1
1≁ q2,

®áª÷«ìª¨ d(q1, b) = q0
0≁ d(q2, b) = q1. �â¦¥, ¢÷¤®è¥ï ý

1∼þ ¬÷áâ¨âì âà¨
ª« á¨ ¥ª¢÷¢ «¥â®áâ÷:

Q
/

1∼ = {{q0, q3}, {q1, q5}, {q2, q4}}.

�®ª« ¢è¨ k = 1, ®¡ç¨á«¨¬® ¢÷¤®è¥ï ý 2∼þ §  à¥ªãà¥â¨¬ á¯÷¢-
¢÷¤®è¥ï¬ (3.17). �«ï §àãç®áâ÷ §¢¥¤¥¬® § ç¥ï äãªæ÷ù ¯¥à¥å®¤÷¢ d
¢ ®ªà¥¬÷ â ¡«¨æ÷ ¤«ï ª®¦®£® ª« áã ¥ª¢÷¢ «¥â®áâ÷ §  ¢÷¤®è¥ï¬ ý 1∼þ
(â ¡«. 3.6, 3.7 ÷ 3.8).

� ¡«¨æï 3.6

q0 q3
a q3 q3
b q2 q4

� ¡«¨æï 3.7

q1 q5
a q1 q5
b q0 q3

� ¡«¨æï 3.8

q2 q4
a q4 q2
b q1 q5
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� ç¨¬®, é® q0
2∼ q3, q1

2∼ q5, q2
2∼ q4, â®¡â® ¢÷¤®è¥ï ý

1∼þ â  ý 2∼þ §¡÷-
£ îâìáï,   ®â¦¥ §  «¥¬®î 3.9 §¡÷£ îâìáï § ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷
áâ ÷¢ ý∼þ:

Q
/
∼ = Q

/
2∼ = {{q0, q3}, {q1, q5}, {q2, q4}}.

�¡'õ¤ãîç¨ ¥ª¢÷¢ «¥â÷ áâ ¨  ¢â®¬ â  M §  ¯à®æ¥¤ãà®î (3.9), ®â-
à¨¬ãõ¬® §®¡à ¦¥¨©   à¨á. 3.31 ¬÷÷¬ «ì¨© ¤¥â¥à¬÷®¢ ¨© áª÷ç¥-
¨©  ¢â®¬ â Mmerge, ¥ª¢÷¢ «¥â¨©  ¢â®¬ âã M .

q4

q1

b
aq2

q3

b

a

a

b

a a

b

b

q0

b

a

q5

�¨á. 3.30

[ ]q1

b
[ ]q2

b

b
a

[ ]q0

a

a

�¨á. 3.31

�ç¥¢¨¤®, é® ®âà¨¬ ¨© ¬÷÷¬ «ì¨©  ¢â®¬ â (  ®â¦¥, © ¥ª¢÷¢ «¥â-
¨© ©®¬ã ¢¨å÷¤¨©  ¢â®¬ â M) ¤®¯ãáª õ ¬®¢ã {w ∈ {a, b}∗ : |w|b ···3}, é®
¥«¥£ª® ¯®¡ ç¨â¨ ¡¥§¯®á¥à¥¤ì® §  ¢â®¬ â  M .

�¥â «ì÷è¥ ¯à®  «£®à¨â¬ ¯®¡ã¤®¢¨ ¢÷¤®è¥ì k-¥ª¢÷¢ «¥â®áâ÷,
  â ª®¦ ¯à® ©®£® ¬®¤¨ä÷ª æ÷ù, ¤¨¢.,  ¯à¨ª« ¤, [4].

�®á«÷¤®¢¥ § ¯®¢¥ï â ¡«¨æ÷ ¥¥ª¢÷¢ «¥â¨å áâ ÷¢. �«-
£®à¨â¬ óàãâãõâìáï   âà¨¢÷ «ì®¬ã ä ªâ÷, ïª¨© ¥£ ©® ¢¨¯«¨¢ õ ÷§
¢¨§ ç¥ï ¢÷¤®è¥ï k-¥ª¢÷¢ «¥â®áâ÷ (¤¨¢. â ª®¦ «¥¬ã 3.8): ïªé®
q1, q2 ∈ Q, a ∈ T , ÷ áâ ¨ p1 = d(q1, a) â  p2 = d(q2, a) à®§à÷§ïîâìáï ¤¥-
ïª¨¬ á«®¢®¬ w ∈ T ∗ ¤®¢¦¨®î k, â® áâ ¨ q1 ÷ q2 à®§à÷§ïîâìáï á«®¢®¬
aw ¤®¢¦¨®î k + 1.

�¢ ¦ â¨¬¥¬®, é® |Q| > 2 (ïªé®  ¢â®¬ â ¬÷áâ¨âì «¨è¥ ®¤¨ áâ ,
¬÷÷¬÷§ æ÷ï, ®ç¥¢¨¤®, ¥¬®¦«¨¢ ). � ª®¦ ¢¢ ¦ â¨¬¥¬®, é® ¢á÷ áâ ¨
 ¢â®¬ â  M ¤®áï¦÷ § ¯®ç âª®¢®£® { ÷ ªè¥ § áâ®á®¢ãõ¬® ®¯¨á ã ã ¯÷¤-
à®§¤. 3.6.2 ¯à®æ¥¤ãàã ¢¨¤ «¥ï áâ ÷¢, ïª÷ ¥¤®áï¦÷ § ¯®ç âª®¢®£®, ®â-
à¨¬ãîç¨ ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â, ¥ª¢÷¢ «¥â¨© § ¤ ®¬ã.

� ¯¨è¥¬® à¥ªãàá¨¢¨©  «£®à¨â¬, ïª¨© ¯®á«÷¤®¢® ¤«ï k > 0 ¢¨§ -
ç õ ¯ à¨ áâ ÷¢, ïª÷ à®§à÷§ïîâìáï ¤¥ïª¨¬ á«®¢®¬ ¤®¢¦¨®î ¥ ¡÷«ìè¥
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÷¦ k (¥ õ k-¥ª¢÷¢ «¥â¨¬¨):

1. �®ª« áâ¨ A0 = {{q1, q2} : q1 ∈ F, q2 ∈ Q \ F}.
2. �®ª« áâ¨ k = 0.

3. �ªé® k = |Q| − 2, § ª÷ç¨â¨ à®¡®âã.

4. �®ª« áâ¨

Ak+1 = Ak ∪ {{q1, q2} : ∃ q1 ∈ Q, q2 ∈ Q, a ∈ T : {d(q1, a), d(q2, a)} ∈ Ak}.

5. �ªé® Ak+1 = Ak, § ª÷ç¨â¨ à®¡®âã.

6. �¡÷«ìè¨â¨ k   1 ÷ ¯¥à¥©â¨ ¤® ¯. 3.

�¯à ¢  3.20. �®¢¥áâ¨, é® ª®¦  ¬®¦¨  Ak (k > 0) ¬÷áâ¨âì â -
ª÷ © â÷«ìª¨ â ª÷ ¯ à¨ áâ ÷¢ {q1, q2}, ïª÷ à®§à÷§ïîâìáï ¤¥ïª¨¬ á«®¢®¬
¤®¢¦¨®î ¥ ¡÷«ìè ÷¦ k.

�ª §÷¢ª . �ª®à¨áâ â¨áï ÷¤ãªæ÷õî §  ®¬¥à®¬ k > 0, ªà®ª ÷¤ãªæ÷ù
®¡óàãâã¢ â¨ §  ¤®¯®¬®£®î «¥¬¨ 3.8.

�â¦¥, ª®¦  ¬®¦¨  Ak (k > 0) ä ªâ¨ç® ¢¨§ ç õ ¢÷¤®è¥ï
ý k≁þ. � ª¨¬ ç¨®¬, §£÷¤® § «¥¬®î 3.9 â   á«÷¤ª®¬ § «¥¬¨ 3.10 ®áâ ï
®¡ç¨á«¥   ¢¥¤¥¨¬  «£®à¨â¬®¬ ¬®¦¨  Ak §¡÷£ õâìáï § ¬®¦¨®î
¢á÷å ¯ à ¥¥ª¢÷¢ «¥â¨å áâ ÷¢, â®¡â® ¢¨§ ç õ ¢÷¤®è¥ï ¥¥ª¢÷¢ -
«¥â®áâ÷ áâ ÷¢ ý̸∼þ,   ®â¦¥ © ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷ áâ ÷¢ ý∼þ.
� à¥èâ÷, ®âà¨¬ ¢è¨ ä ªâ®à-¬®¦¨ã Q

/
∼, ¢¨§ ç õ¬® (§  á¯÷¢¢÷¤®-

è¥ï¬¨ (3.9))  ¢â®¬ â Mmerge, ïª¨© §  â¥®à¥¬®î 3.8 õ ¬÷÷¬ «ì¨¬ § 
ª÷«ìª÷áâî áâ ÷¢ ¤¥â¥à¬÷®¢ ¨¬  ¢â®¬ â®¬, ¥ª¢÷¢ «¥â¨¬ ¢¨å÷¤®¬ã
 ¢â®¬ âã M .

�¡ç¨á«îîç¨ ¬®¦¨¨ Ak (k > 0), §àãç® §¢®¤¨â¨ ¤ ÷ ¯à® ¯ à¨
¥¥ª¢÷¢ «¥â¨å áâ ÷¢ ã â ¡«¨æî, àï¤ª¨ ÷ áâ®¢¯æ÷ ïª®ù ¯à®ã¬¥à®¢ ®
áâ  ¬¨  ¢â®¬ â  M ; ïªé®   ¤¥ïª®¬ã ªà®æ÷  «£®à¨â¬ã ®âà¨¬ ®, é®
q1 ̸∼ q2, ã ¢÷¤¯®¢÷¤ã ª®¬÷àªã áâ ¢¨¬® á¨¬¢®« ý×þ. �®«¨  «£®à¨â¬ § ª÷-
çãõ à®¡®âã, ¥§ ¯®¢¥÷ ª®¬÷àª¨ â ¡«¨æ÷ ¢÷¤¯®¢÷¤ îâì ¯ à ¬ ¥ª¢÷¢ «¥â-
¨å áâ ÷¢, é® ¢¨§ ç õ ¢÷¤®è¥ï ý∼þ. �¯¨á ¨©  «£®à¨â¬  §¨¢ îâì
 «£®à¨â¬®¬ § ¯®¢¥ï â ¡«¨æ÷ (¤¨¢. [14]).

�à¨ª« ¤ 3.43. � áâ®áãõ¬®  «£®à¨â¬ § ¯®¢¥ï â ¡«¨æ÷ ¤®  ¢â®¬ -
â  M ÷§ ¯à¨ª« ¤ã 3.42 (à¨á. 3.30). � § ç¨¬®, é® ¢á÷ áâ ¨  ¢â®¬ â  M
¤®áï¦÷ § ¯®ç âª®¢®£® áâ ã q0 (æ¥ ¡ã«® ¯¥à¥¢÷à¥® ã ¯à¨ª« ¤÷ 3.42).
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� â ¡«. 3.9 §¢¥¤¥® ¤ ÷ ¯à® ¯ à¨ áâ ÷¢, ïª÷
à®§à÷§ïîâìáï ¯®à®¦÷¬ á«®¢®¬, â®¡â® â ª÷ ¯ -
à¨ {p, q}, é® p ∈ F , q /∈ Q \ F . � ª¨¬ ç¨®¬,
¬®¦¨  A0 ¬÷áâ¨âì 8 ¯ à áâ ÷¢. �÷¤ªà¥á«¨-
¬®, é®, ¢à å®¢ãîç¨ á¨¬¥âà¨ç÷áâì ¢÷¤®è¥ï
ý k≁ þ, ¤®áâ âì® § ¯®¢¨â¨ «¨è¥ ý¯®«®¢¨ãþ
â ¡«¨æ÷: ïªé® p k∼ q ( ¡® p k≁ q), â® q k∼p (¢÷¤-
¯®¢÷¤® q k≁ p).

� ¡«¨æï 3.9

q1 ×
q2 ×
q3 × ×
q4 × ×
q5 × ×

q0 q1 q2 q3 q4

�®ª« ¢è¨ k = 0, ®¡ç¨á«¨¬® ¬®¦¨ã A1, ïª , §£÷¤® § ¢¨§ ç¥-
ï¬, ¬÷áâ¨âì ãá÷ ¯ à¨, é® ¢å®¤ïâì ¢ A0,   â ª®¦ ¢á÷ â ª÷ ¯ à¨ {p, q}, é®
{d(p, x), d(q, x)} ∈ A0 ¤«ï ¤¥ïª®£® x ∈ {a, b}. �«ï ª®¦®ù ¯ à¨ {p̃, q̃} ∈ A0

÷ ª®¦®£® á¨¬¢®«  x ∈ {a, b} ¢¨§ ç¨¬®  ¡÷à ¯ à {p, q}, â ª¨å, é®
{d(p, x), d(q, x)} = {p̃, q̃} (â ¡«. 3.10).

� ¡«¨æï 3.10

{q0, q1} {q0, q2} {q0, q4} {q0, q5} {q1, q3} {q2, q3} {q3, q4} {q3, q5}
a {q1, q0} {q4, q0} {q0, q2} {q0, q5}

{q1, q3} {q4, q3} {q3, q2} {q3, q5}
b {q1, q2} {q1, q0} {q1, q3} {q1, q4} {q2, q5} {q0, q5} {q5, q3} {q5, q4}

� ª, § ä÷ªáã¢ ¢è¨ ¯ àã áâ ÷¢ {q0, q1} ∈ A0 â  a ∈ T , ¥ ®âà¨¬ãõ¬®
¦®¤®ù ý®¢®ùþ ¯ à¨ ¥¥ª¢÷¢ «¥â¨å áâ ÷¢ (¥¬ õ ¦®¤®£® áâ ã p ∈ Q,
â ª®£®, é® d(p, a) = q0). �¤ ª ¤«ï {q0, q1} ∈ A0 â  b ∈ T ®âà¨¬ãõ¬®
ý®¢ãþ ¯ àã {q1, q2}, ®áª÷«ìª¨ d(q1, b) = q0, d(q2, b) = q1 (¯ à  {q1, q2} ∈ A1

á¯à ¢¤÷ õ ®¢®î, ®áª÷«ìª¨ ¥ ¢å®¤¨âì ¢ A0). �«ï {q0, q2} ∈ A0 â  b ∈ T

� ¡«¨æï 3.11

q1 ×
q2 × ×
q3 × ×
q4 × × ×
q5 × × × ×

q0 q1 q2 q3 q4

®âà¨¬ãõ¬® â ª®¦ ®¤ã ý®¢ãþ ¯ àã {q1, q0} ∈ A1

(§ § ç¨¬®, é® æï ¯ à   «¥¦¨âì ÷ ¤® A0). �â-
à¨¬ ÷ ¤ ÷ ¯à® áâ ¨, é® à®§à÷§ïîâìáï á«®¢®¬
¤®¢¦¨®î ¥ ¡÷«ìè ÷¦ 1, §¢¥¤¥® ¢ â ¡«. 3.11.
� ç¨¬®, é® ¬®¦¨  A1 ¬÷áâ¨âì 4 ¯ à¨ áâ ÷¢,
ïª÷ ¥ ¢å®¤ïâì ¢ A0 (¯÷¤ªà¥á«¥÷ ¢ â ¡«. 3.10),
â®¡â® à®§à÷§ïîâìáï á«®¢®¬ ¤®¢¦¨®î 1,  «¥ ¥
à®§à÷§ïîâìáï á«®¢®¬ e.

�®ª« ¢è¨ k = 1, ®¡ç¨á«¨¬® ¬®¦¨ã A2, ïª  §£÷¤® § ¢¨§ ç¥-
ï¬ ¬÷áâ¨âì ¢á÷ ¯ à¨, é® ¢å®¤ïâì ¢ A1,   â ª®¦ ¢á÷ â ª÷ ¯ à¨ {p, q},
é® {d(p, x), d(q, x)} ∈ A1 ¤«ï ¤¥ïª®£® x ∈ {a, b}. �«ï ª®¦®ù ¯ à¨
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{p̃, q̃} ∈ (A1 \ A0) ÷ ª®¦®£® á¨¬¢®«  x ∈ {a, b} ¢¨§ ç¨¬®  ¡÷à ¯ à
{p, q}, â ª¨å, é® {d(p, x), d(q, x)} = {p̃, q̃} (â ¡«. 3.12). � £ ¤ õ¬®, é® ¤«ï
{p̃, q̃} ∈ A0 â  x ∈ {a, b} â ª÷ á¯¨áª¨ ¯ à áâ ÷¢ ¢¨§ ç¥®   ¯®¯¥à¥¤ì®-
¬ã ªà®æ÷ (â ¡«. 3.10).

� ç¨¬®, é® ¦®¤®ù ®¢®ù ¯ à¨
¥¥ª¢÷¢ «¥â¨å áâ ÷¢ ¥ ®âà¨-
¬ ®, â®¡â® A2 = A1. ö§ â ¡«. 3.11
¢áâ ®¢«îõ¬®, é®  ¢â®¬ âM ¬ õ
âà¨ à÷§÷ ¯ à¨ ¥ª¢÷¢ «¥â¨å áâ -

� ¡«¨æï 3.12

{q1, q2} {q1, q4} {q2, q5} {q4, q5}
a {q1, q4} {q1, q2} {q4, q5} {q2, q5}
b {q2, q0} {q2, q3} {q0, q4} {q3, q4}

÷¢, â®¡â® ¬®¦¨  Q à®§¡¨â  ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷ ª« á÷¢ ý∼þ
  âà¨ ª« á¨:

Q
/
∼ = {{q0, q3}, {q1, q5}, {q2, q4}},

é® §¡÷£ õâìáï á à¥§ã«ìâ â®¬, ®âà¨¬ ¨¬ ã ¯à¨ª« ¤÷ 3.42. �÷÷¬ «ì¨© ¤¥-
â¥à¬÷®¢ ¨©  ¢â®¬ â Mmerge, ¥ª¢÷¢ «¥â¨© § ¤ ®¬ã, ¬÷áâ¨âì âà¨ áâ -
¨, ©®£® £à ä ¯®ª § ®   à¨á. 3.31.

�¥â «ì÷è¥ ¯à®  «£®à¨â¬ § ¯®¢¥ï â ¡«¨æ÷ ¥¥ª¢÷¢ «¥â¨å áâ ÷¢
¤¨¢. [14].

� ã¢ ¦¥ï 3.18. �®§£«ïãâ÷  «£®à¨â¬¨ ¤®§¢®«ïîâì § å®¤¨â¨ ¬÷÷-
¬ «ì¨© §  ª÷«ìª÷áâî áâ ÷¢ ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â, ¥ª¢÷-
¢ «¥â¨© § ¤ ®¬ã. �¤ ª  ¢¥¤¥÷  «£®à¨â¬¨ ¥ ¬®¦  § áâ®áã¢ â¨
¤«ï ¯®èãªã ¬÷÷¬ «ì®£® §  ª÷«ìª÷áâî áâ ÷¢ ¤®¢÷«ì®£® áª÷ç¥®£®
 ¢â®¬ â , ¥ª¢÷¢ «¥â®£® § ¤ ®¬ã ( ¢÷âì ïªé® § ¤ ¨©  ¢â®¬ â õ ¤¥-
â¥à¬÷®¢ ¨¬); ¤¨¢. ª®âà¯à¨ª« ¤ ã [14]. �¥â «ì÷è¥ ¯à® ¬÷÷¬÷§ æ÷î
¥¤¥â¥à¬÷®¢ ¨å áª÷ç¥¨å  ¢â®¬ â÷¢ ¤¨¢.,  ¯à¨ª« ¤, [20,21].

�¯à ¢  3.21. �«ï  ¢â®¬ â÷¢ ÷§ ¯à¨ª« ¤÷¢ 3.33, 3.38{3.40 ¯®¡ã¤ã¢ â¨
¬÷÷¬ «ì¨© ¤¥â¥à¬÷®¢ ¨©  ¢â®¬ â ¤¢®¬  á¯®á®¡ ¬¨: ¯®á«÷¤®¢®î ¯®-
¡ã¤®¢®î ¢÷¤®è¥ì k-¥ª¢÷¢ «¥â®áâ÷ â   «£®à¨â¬®¬ § ¯®¢¥ï â ¡«¨æ÷.

3.8. �á®¢÷ ¢« áâ¨¢®áâ÷ à¥£ã«ïà¨å ¬®¢

3.8.1. �« áâ¨¢®áâ÷ § ¬ª¥®áâ÷ ª« áã à¥£ã«ïà¨å

¬®¢

�§ ç¥ï 3.9. �¥å © f { n- à  ®¯¥à æ÷ï   ¥¯®à®¦÷© ¬®¦¨÷
X, â®¡â® f : X ×X × · · · ×X︸ ︷︷ ︸

n

→ X. �®¦¨ã Y ⊂ X  §¨¢ îâì § ¬-
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3.8. �á®¢÷ ¢« áâ¨¢®áâ÷ à¥£ã«ïà¨å ¬®¢

ª¥®î ¢÷¤®á® ®¯¥à æ÷ù f , ïªé® f(x1, x2, . . . , xn) ∈ Y ¤«ï ¡ã¤ì-ïª¨å
x1, x2, . . . , xn ∈ Y (¤¥â «ì® ¯à®  «£¥¡à¨ç÷ áâàãªâãà¨ ¤¨¢.,  ¯à¨ª-
« ¤, [7]).

�¥¬  3.12. �ã¤ì-ïª¨© áª÷ç¥¨©  ¢â®¬ â ¥ª¢÷¢ «¥â¨© ¤¥ïª®¬ã
áª÷ç¥®¬ã  ¢â®¬ âã § e-¯¥à¥å®¤ ¬¨, ïª¨© ¬÷áâ¨âì ¢ â®ç®áâ÷ ®¤¨
¯®ç âª®¢¨© áâ  ÷ ¢ â®ç®áâ÷ ®¤¨ ¤®¯ãáª îç¨© áâ , â  ¯®ç âª®¢¨©
áâ  ¥ §¡÷£ õâìáï § ¤®¯ãáª îç¨¬.

�®¢¥¤¥ï. �«ï áª÷ç¥®£®  ¢â®¬ â  M = ⟨Q, T,∆, I, F ⟩ ¢¨¡¥à¥¬®
¤®¢÷«ì÷ p, q /∈ Q. �®¤÷  ¢â®¬ â M ¥ª¢÷¢ «¥â¨©  ¢â®¬ âã

⟨Q∪{p, q}, T,∆∪{(p, e, q0) : q0 ∈ I}∪{(q1, e, q) : q1 ∈ F}, {p}, {q}⟩.

�¥®à¥¬  3.10. �¥å © L1 â  L2 { à¥£ã«ïà÷ ¬®¢¨  ¤  «ä ¢÷â®¬ T .
�®¤÷ L1 ∪L2, L1 ∩L2, L1 ·L2, L1, L

∗
1 â  LR

1 { à¥£ã«ïà÷ ¬®¢¨  ¤  «ä ¢÷-
â®¬ T . (�« á à¥£ã«ïà¨å ¬®¢ § ¬ª¥¨© ¢÷¤®á® ®¯¥à æ÷© ®¡'õ¤ ï,
¯¥à¥â¨ã, ª®ª â¥ æ÷ù, ¤®¯®¢¥ï, § ¬¨ª ï �«÷÷ â  ®¡¥àâ ï.)

�®¢¥¤¥ï. �¡'õ¤ ï. �¥å © ¬®¢¨ L1 â  L2 ¤®¯ãáª îâìáï áª÷-
ç¥¨¬¨  ¢â®¬ â ¬¨ ⟨Q1, T,∆1, I1, F1⟩ â  ⟨Q2, T,∆2, I2, F2⟩ ¢÷¤¯®¢÷¤®,
â  Q1 ∩ Q2 = ∅. �®¤÷ ¬®¢ã L1 ∪ L2 ¤®¯ãáª õ áª÷ç¥¨©  ¢â®¬ â
⟨Q1 ∪Q2, T,∆1 ∪∆2, I1 ∪ I2, F1 ∪ F2⟩.

�®ª â¥ æ÷ï. �¥å © ¬®¢¨ L1 â  L2 ¤®¯ãáª îâìáï áª÷ç¥¨¬¨  ¢-
â®¬ â ¬¨ ⟨Q1, T,∆1, {p1}, {q1}⟩ â  ⟨Q2, T,∆2, {p2}, {q2}⟩ ¢÷¤¯®¢÷¤® (§  «¥-
¬®î 3.12 â ª÷  ¢â®¬ â¨ ÷áãîâì), â  Q1 ∩ Q2 = ∅. �®¤÷ ¬®¢ã L1 · L2 ¤®-
¯ãáª õ áª÷ç¥¨©  ¢â®¬ â ⟨Q1 ∪Q2, T,∆1 ∪∆2 ∪ {(q1, e, p2)}, {p1}, {q2}⟩.

�®¯®¢¥ï. �¥å © ¬®¢ã L1 ¤®¯ãáª õ ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©
 ¢â®¬ â ⟨Q1, T,∆1, {p1}, F ⟩ (§  â¥®à¥¬®î 3.1 â ª¨©  ¢â®¬ â ÷áãõ). �®¤÷
¬®¢ã L1 ¤®¯ãáª õ  ¢â®¬ â ⟨Q1, T,∆1, {p1}, Q \ F ⟩.

�¥à¥â¨. �  § ª®®¬ ¤¥ �®à£   (¤¨¢.,  ¯à¨ª« ¤, [7,8]) ¬ õ¬® à÷¢-

÷áâì L1 ∩ L2 = (L1 ∪ L2). �áª÷«ìª¨, §  ¢¦¥ ¤®¢¥¤¥¨¬, ª« á à¥£ã«ïà¨å
¬®¢  ¤  «ä ¢÷â®¬ T § ¬ª¥¨© ¢÷¤®á® ®¡'õ¤ ï â  ¤®¯®¢¥ï, ¬®-
¢  L1 ∩ L2 â ª®¦ õ à¥£ã«ïà®î.

� ¬¨ª ï �«÷÷. �¥å © ¬®¢  L1 ¤®¯ãáª õâìáï áª÷ç¥¨¬  ¢â®¬ -
â®¬ ⟨Q1, T,∆1, {p1}, {q1}⟩ (§  «¥¬®î 3.12 â ª¨©  ¢â®¬ â ÷áãõ). �¨¡¥à¥¬®
q∗ /∈ Q1. �®¤÷ ¬®¢ã L∗

1 ¤®¯ãáª õ  ¢â®¬ â

⟨Q1 ∪ {q∗}, T,∆1 ∪ {(q∗, e, p1), (q1, e, q∗)}, {q∗}, {q∗}⟩.

87
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�¡¥àâ ï. �¥å © ¬®¢  L1 ¤®¯ãáª õâìáï áª÷ç¥¨¬  ¢â®¬ â®¬
⟨Q1, T,∆1, I1, F1⟩. �®¤÷ ¬®¢ã LR

1 ¤®¯ãáª õ áª÷ç¥¨©  ¢â®¬ â

⟨Q1, T, {(q2, a, q1) : (q1, a, q2) ∈ ∆1}, F1, I1⟩.

� á«÷¤®ª. �®¦¨  à¥£ã«ïà¨å ¬®¢  ¤  «ä ¢÷â®¬ T õ ¡ã«¥¢®î
 «£¥¡à®î § ®¯¥à æ÷ï¬¨ ý∪þ, ý∩þ â  ý þ, ã«¥¬ ∅ â  ®¤¨¨æ¥î T ∗.

�¥â «ì® ¯à® ¡ã«¥¢÷  «£¥¡à¨ â   «£¥¡à¨ ¬®¦¨ ¤¨¢.,  ¯à¨ª« ¤, [22].
�à¨ª« ¤ 3.44. �¥å © L1 = {an : n > 0}, L2 = {bn : n > 0},

L3 = {cn : n > 0} { ä®à¬ «ì÷
¬®¢¨  ¤  «ä ¢÷â®¬ T = {a, b, c}.
�®¤÷ áª÷ç¥¨©  ¢â®¬ â, é® ¤®-
¯ãáª õ ¬®¢ã L1 ∪ L2 ∪ L3, ¬®¦-
  ®âà¨¬ â¨ §  ¢â®¬ â÷¢, ïª÷ ¤®-
¯ãáª îâì ¬®¢¨ L1, L2 â  L3 (¤¨¢.
à¨á. 3.32).

q1 q2q0

a b c

�¨á. 3.32. �¢â®¬ â, é® ¤®¯ãáª õ ¬®¢ã

{an : n > 0} ∪ {bn : n > 0} ∪ {cn : n > 0}

�ª÷ç¥¨©  ¢â®¬ â ÷§ ¯à¨ª« ¤ã 3.15 (à¨á. 3.14), é® ¤®¯ãáª õ ä®à-
¬ «ìã ¬®¢ã {anbmck : n > 0,m > 0, k > 0} = L1 ·L2 ·L3, â ª®¦ ®âà¨¬ ®
§  ¢â®¬ â÷¢, ïª÷ ¤®¯ãáª îâì ¬®¢¨ L1, L2 â  L3. �¥©  ¢â®¬ â ¬÷áâ¨âì ¢
â®ç®áâ÷ ®¤¨ ¯®ç âª®¢¨© â  ¢ â®ç®áâ÷ ®¤¨ ¤®¯ãáª îç¨© áâ , é® ¤®-
§¢®«ïõ ¯®¡ã¤ã¢ â¨ áª÷ç¥¨©  ¢â®¬ â, ïª¨© ¤®¯ãáª õ ä®à¬ «ìã ¬®¢ã
(L1·L2·L3)

∗ = {anbmck : n > 0,m > 0, k > 0}∗ (à¨á. 3.33). �âà¨¬ ¨©  ¢â®-
¬ â ¬®¦  ¢¨ª®à¨áâ â¨ ¤«ï ¯®¡ã¤®¢¨  ¢â®¬ â , é® ¤®¯ãáª õ ä®à¬ «ìã
¬®¢ã ((L1 · L2 · L3)

∗)R = ((L1 · L2 · L3)
R)∗ = {cnbmak : n > 0,m > 0, k > 0}∗

(à¨á. 3.34). � § ç¨¬®, é®, ®áª÷«ìª¨ á«®¢  a, b â  c  «¥¦ âì ®¡®¬ ¬®-
¢ ¬ {anbmck : n > 0,m > 0, k > 0} â  {cnbmak : n > 0,m > 0, k > 0},
§ ¬¨ª ï �«÷÷ æ¨å ¬®¢ ¬÷áâïâì ¢á÷ á«®¢   ¤  «ä ¢÷â®¬ T = {a, b, c}:

{anbmck : n > 0,m > 0, k > 0}∗ = {cnbmak : n > 0,m > 0, k > 0}∗ = T ∗.

q1 q2
q0

a b

ε ε

c

q
*

ε ε

�¨á. 3.33. �¢â®¬ â, é® ¤®¯ãáª õ ¬®¢ã

{anbmck : n > 0,m > 0, k > 0}∗

q1 q2
q0

a b

ε ε

c

q
*

ε ε

�¨á. 3.34. �¢â®¬ â, é® ¤®¯ãáª õ ¬®¢ã

{cnbmak : n > 0,m > 0, k > 0}∗
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�ª÷ç¥¨©  ¢â®¬ â, §®¡à ¦¥¨©   à¨á. 3.14, ¥ õ ¤¥â¥à¬÷®¢ ¨¬,
  ®â¦¥ ¥ ¬®¦¥ ¡ãâ¨ ¢¨ª®à¨áâ ¨© ¤«ï ¯®¡ã¤®¢¨ ¤®¯®¢¥ï ¤® ¬®¢¨
L1 · L2 · L3. �  à¨á. 3.35 §®¡à ¦¥® ¤¥â¥à¬÷®¢ ¨© áª÷ç¥¨©  ¢â®¬ â,
ïª¨© ¤®¯ãáª õ ¬®¢ã L1 · L2 · L3 = {anbmck : n > 0,m > 0, k > 0},   â ª®¦
 ¢â®¬ â, ïª¨© ¤®¯ãáª õ ¬®¢ã {anbmck : n > 0,m > 0, k > 0}.

q1 q2
q0

a b

b с

c

c

q3

aa
b

a

b
с

q1 q2
q0

a
b

b с

c

c

q3

aa
b

a

b с

�¨á. 3.35. �¥â¥à¬÷®¢ ÷  ¢â®¬ â¨, é® ¤®¯ãáª îâì ¬®¢¨

{anbmck : n > 0,m > 0, k > 0} â  {anbmck : n > 0,m > 0, k > 0}

� ã¢ ¦¥ï 3.19. � ¬ª¥÷áâì ª« áã à¥£ã«ïà¨å ¬®¢ ¢÷¤®á® ¯¥à¥-
â¨ã ¬®¦  ¤®¢¥áâ¨, ¡¥§¯®á¥à¥¤ì® ¯®¡ã¤ã¢ ¢è¨ ¢÷¤¯®¢÷¤¨© áª÷ç¥-
¨©  ¢â®¬ â: ïªé® ¬®¢¨ L1 â  L2 ¤®¯ãáª îâìáï áª÷ç¥¨¬¨  ¢â®¬ â ¬¨
⟨Q1, T,∆1, I1, F1⟩ â  ⟨Q2, T,∆2, I2, F2⟩ ¡¥§ e-¯¥à¥å®¤÷¢, â® ¯¥à¥â¨ L1 ∩ L2

¤®¯ãáª õ  ¢â®¬ â

⟨Q1 ×Q2, T,∆, I1 × I2, F1 × F2⟩,

¤¥ ∆ = {((p1, p2), a, (q1, q2)) : (p1, a, q1) ∈ ∆1, (p2, a, q2) ∈ ∆2}.

3.8.2. �¨¤ «¥ï e-¯à®¤ãªæ÷© ã à¥£ã«ïà¨å

£à ¬ â¨ª å

�¥®à¥¬  3.11. �ã¤ì-ïª  à¥£ã«ïà  ¬®¢  L ¯®à®¤¦ãõâìáï â ª®î à¥-
£ã«ïà®î £à ¬ â¨ª®î G = ⟨V, T, P, S⟩, é® ¤«ï ¢á÷å A ∈ V , B ∈ V , x ∈ T
¢¨ª®ãîâìáï ã¬®¢¨:

1) ïªé® (A → e) ∈ P , â® A = S (¬®¦¨  P ¬÷áâ¨âì ¥ ¡÷«ìè ÷¦
®¤ã e-¯à®¤ãªæ÷î { S → e);

2) ïªé® (A → xB) ∈ P , â® B ̸= S (¤¦¥à¥«® S ¥ ¢å®¤¨âì ¤® ¯à ¢®ù
ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù).
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�®§¤÷« 3. �ª÷ç¥÷  ¢â®¬ â¨ â  à¥£ã«ïà÷ £à ¬ â¨ª¨

�®¢¥¤¥ï. �¥å © ¬®¢  L ¯®à®¤¦ãõâìáï ¤¥ïª®î à¥£ã«ïà®î £à ¬ -
â¨ª®î G0 = ⟨V0, T, P0, S0⟩. �¥£ª® ¯¥à¥¢÷à¨â¨, é® £à ¬ â¨ª  G0 ¥ª¢÷-
¢ «¥â  £à ¬ â¨æ÷ G1 = ⟨V, T, P1, S⟩, ¤¥ V = V0 ∪ {S}, S /∈ V0,
P1 = P0 ∪ {S → a : (S0 → a) ∈ P0}. � § ç¨¬®, é® P1 ¥ ¬÷áâ¨âì ¦®¤®ù
¯à®¤ãªæ÷ù, ¯à ¢  ç áâ¨  ïª®ù ¬÷áâ¨«  ¡ ®¢¥ ¤¦¥à¥«® S. �¤ ª ¬®¦¨-
  P1 ¬®¦¥ ¬÷áâ¨â¨ e-¯à®¤ãªæ÷ù; ¡÷«ìè¥ â®£®, P1 ¬®¦¥ ¬÷áâ¨â¨ ¤®¤ âª®¢ã
e-¯à®¤ãªæ÷î S → e, ïªé® (S0 → e) ∈ P0.

� «÷ ¢¢¥¤¥¬® P2 = P1 ∪ {B → x : (B → xA) ∈ P1, (A → e) ∈ P1}.
�à ¬ â¨ª  G2 = ⟨V, T, P2, S⟩ ¥ª¢÷¢ «¥â  £à ¬ â¨ª ¬ G0 â  G1, ®áª÷«ì-
ª¨ § áâ®áã¢ ï ý®¢®ùþ ¯à®¤ãªæ÷ù B → x ¬®¦  § ¬÷¨â¨ ¯®á«÷¤®¢¨¬
§ áâ®áã¢ ï¬ ¯à®¤ãªæ÷© B → xA â  A → e ÷§ P1.

� à¥èâ÷, ¬®¦¥¬® ¢¨¤ «¨â¨ ¢á÷ e-¯à®¤ãªæ÷ù, ®ªà÷¬ S → e, ®áª÷«ìª¨
§ áâ®áã¢ ï ¯à®¤ãªæ÷© B → xA â  A → e (x ∈ T , A ∈ V \ {S}, B ∈ V )
¬®¦  § ¬÷¨â¨ § áâ®áã¢ ï¬ ¢¢¥¤¥®ù ¯à®¤ãªæ÷ùB → x. �â¦¥, ®âà¨¬ã-
õ¬® £à ¬ â¨ªã G = ⟨V, T, P, S⟩, ¤¥ P = P2 \ {A → e : A ̸= S}. �®¡ã¤®¢  
£à ¬ â¨ª  ¥ª¢÷¢ «¥â  ¢¨å÷¤÷© £à ¬ â¨æ÷ G, ¥ ¬÷áâ¨âì e-¯à®¤ãªæ÷©,
®ªà÷¬ (¬®¦«¨¢®) ¯à®¤ãªæ÷ù S → e, ÷ ¯à ¢÷ ç áâ¨¨ ¯à®¤ãªæ÷© ¬®¦¨¨ P
¥ ¬÷áâïâì ¤¦¥à¥«  S.

� á«÷¤®ª. �ªé® ¬®¢  L à¥£ã«ïà , â® ¬®¢  L \ {e} ¯®à®¤¦ãõâìáï
à¥£ã«ïà®î £à ¬ â¨ª®î ¡¥§ ¦®¤®ù e-¯à®¤ãªæ÷ù.

� ã¢ ¦¥ï 3.20. �¥å © L { à¥£ã«ïà  ¬®¢ , ïª  ¯®à®¤¦¥  £à ¬ -
â¨ª®î ⟨V, T, P, S⟩, é® § ¤®¢®«ìïõ ã¬®¢¨ â¥®à¥¬¨ 3.11. �®¤÷ ¬®¢  L \ {e}
¯®à®¤¦ãõâìáï £à ¬ â¨ª®î ⟨V, T, P \{S → e}, S⟩. � § ç¨¬®, é® ¬®¦¨ 
¯à®¤ãªæ÷© P \ {S → e} á¯à ¢¤÷ ¥ ¬÷áâ¨âì ¦®¤®ù e-¯à®¤ãªæ÷ù.

�à¨ª« ¤ 3.45. �®§£«ï¥¬® à¥£ã«ïàã £à ¬ â¨ªã

G0 = ⟨{S0, B}, {a, b}, P0, S0⟩,

¤¥ P0 = {S0 → aS0|bB|e, B → bB|e}. �¥£ª® ¯¥à¥¢÷à¨â¨, é® G0 ¯®à®¤¦ãõ
¬®¢ã L = {anbm : n,m > 0}. �®§¡ã¤¥¬®áï e-¯à®¤ãªæ÷© ã £à ¬ â¨æ÷ G0,
¢¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.11 (õ¤¨® ¬®¦«¨¢  e-¯à®-
¤ãªæ÷ï, ïªé® § «¨è¨âìáï, ã «÷¢÷© ç áâ¨÷ ¬÷áâ¨âì ¤¦¥à¥«®, ÷ ¤¦¥à¥«® ¥
¬®¦¥ ¢å®¤¨â¨ ¤® ¯à ¢®ù ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù ®¢®ù £à ¬ â¨ª¨).

�¢÷¢è¨ ®¢¨© ¥â¥à¬÷ «ì¨© á¨¬¢®« S (¤¦¥à¥«® ®¢®ù £à ¬ â¨ª¨),
áä®à¬ãõ¬® ¬®¦¨ã P1:

P1 = P0 ∪ {S → a : (S0 → a) ∈ P0} = P0 ∪ {S → aS0|bB|e}.
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�¥£ª® ¯¥à¥¢÷à¨â¨, é® £à ¬ â¨ª  G0 á¯à ¢¤÷ ¥ª¢÷¢ «¥â  £à ¬ â¨æ÷
G1 = ⟨{S0, B, S}, {a, b}, P1, S⟩.

� «÷, ¯®¡ã¤ãõ¬® ¬®¦¨ã ¯à®¤ãªæ÷© P2, ¢¢÷¢è¨ ý®¡å÷¤÷þ ¯à®¤ãªæ÷ù
¤«ï ª®¦®ù e-¯à®¤ãªæ÷ù ÷§ P1:

P2 = P1 ∪ {A2 → x : (A2 → xA1) ∈ P1, (A1 → e) ∈ P1} =

= P1 ∪ {S0 → a, S → a, S0 → b, B → b, S → b} =

= {S0 → aS0|bB|a|b|e, B → bB|b|e, S → aS0|bB|a|b|e}.

� à¥èâ÷, ¢¨¤ «¨¢è¨ e-¯à®¤ãªæ÷ù (®ªà÷¬ S → e) ÷§ ¬®¦¨¨ P2, ®âà¨-
¬ãõ¬® èãª ã £à ¬ â¨ªã G = ⟨{S0, B, S}, {a, b}, P, S⟩, ¤¥

P = {S0 → aS0|bB|a|b, B → bB|b, S → aS0|bB|a|b|e}.

�¥£ª® ¯¥à¥ª® â¨áì, é® ¯®¡ã¤®¢   £à ¬ â¨ª  G á¯à ¢¤÷ ¥ª¢÷¢ «¥â 
¢¨å÷¤÷© £à ¬ â¨æ÷ G0, â®¡â® ¯®à®¤¦ãõ ¬®¢ã L = {anbm : n,m > 0}.

�¯à ¢  3.22. �®§¡ãâ¨áì e-¯à®¤ãªæ÷© ã £à ¬ â¨ª å ÷§ ¯à¨ª« ¤÷¢ 1.16
â  1.17, ¢¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 3.11.

3.8.3. �¥¬  ¯à® à®§à®áâ ï ¤«ï à¥£ã«ïà¨å ¬®¢

�¥®à¥¬  3.12 (�¥¬  ¯à® à®§à®áâ ï ¤«ï à¥£ã«ïà¨å ¬®¢). �¥å ©
L { ¤®¢÷«ì  à¥£ã«ïà  ¬®¢   ¤  «ä ¢÷â®¬ T . �®¤÷ ÷áãõ â ª  ª®áâ -
â  n > 1, é® ¡ã¤ì-ïª¥ á«®¢® w ∈ L ¤®¢¦¨®î |w| > n ¬®¦  §®¡à §¨â¨
ã ¢¨£«ï¤÷ w = xuy, ¤¥ x, y ∈ T ∗, u ∈ T+, |xu| 6 n, â ª, é® ¤«ï ¢á÷å i > 0
¢¨ª®ãõâìáï ã¬®¢  xuiy ∈ L.

�®¢¥¤¥ï. �£÷¤® § â¥®à¥¬®î 3.11 à¥£ã«ïà  ¬®¢  L ¯®à®¤¦ãõâìáï
â ª®î à¥£ã«ïà®î £à ¬ â¨ª®î ⟨V, T, P, S⟩, é® ¬®¦¨  P ¥ ¬÷áâ¨âì
¯à®¤ãªæ÷© ¢¨£«ï¤ã A → e (A ̸= S) â  A → aS (A ∈ V , a ∈ T ).

� ä÷ªáãõ¬® n = |V | + 1. �ã¤ì-ïª¥ á«®¢® w = a1a2 . . . aN ∈ L (ak ∈ T ,
1 6 k 6 N) ¤®¢¦¨®î |w| = N > n õ ¥¯®à®¦÷¬ ÷ ¬®¦¥ ¡ãâ¨ ¢¨¢¥¤¥¥
÷§ ¤¦¥à¥«  S §  N ªà®ª÷¢:

A0 ⇒ a1A1 ⇒ a1a2A2 ⇒ · · · ⇒ a1a2 . . . aN−1AN−1 ⇒ a1a2 . . . aN = w,
(3.18)

¤¥ A0 = S, ÷ ¬®¦¨  P ¬÷áâ¨âì ¯à®¤ãªæ÷ù Ak → ak+1Ak+1 (0 6 k 6 N−2)
â  AN−1 → aN . �áª÷«ìª¨ ¢¨¢¥¤¥ï (3.18) ¬÷áâ¨âì N > n = |V | + 1
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¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢, ¯à¨ ©¬÷ ¤¢  ÷§ ¯¥àè¨å n ¥â¥à¬÷ «ì¨å
á¨¬¢®«÷¢ A0, A1, . . . , An−1 ¬ îâì §¡÷£ â¨áï, â®¡â® Ai = Aj = A ¤«ï ¤¥ïª¨å
0 6 i < j 6 n− 1. � ª¨¬ ç¨®¬, ¢¨¢¥¤¥ï (3.18)  ¡ã¢ õ ¢¨£«ï¤ã

A0
∗⇒ a1a2 . . . aiA

∗⇒ a1a2 . . . aiai+1 . . . ajA
∗⇒ w.

�®§ ç¨¢è¨ x = a1a2 . . . ai, u = ai+1ai+2 . . . aj, y = aj+1aj+2 . . . aN , ¯¥à¥-
¯¨è¥¬® ®âà¨¬ ¥ ¢¨¢¥¤¥ï ã ¢¨£«ï¤÷

A0
∗⇒ xA

∗⇒ xuA
∗⇒ xuy = w. (3.19)

ö§ ¢¨¢¥¤¥ï (3.19) ®âà¨¬ãõ¬®  ï¢÷áâì ¢¨¢¥¤¥ì A
∗⇒ uA â  A

∗⇒ y,

§¢÷¤ª¨, § ãà åã¢ ï¬ ¢¨¢¥¤¥ï A0
∗⇒ xA, ¬ õ¬® ¢¨¢¥¤¥ï

A0
∗⇒ xA

∗⇒ xuA
∗⇒ xu2A

∗⇒ · · · ∗⇒ xuiA
∗⇒ xuiy

¤«ï ¡ã¤ì-ïª®£® i > 0. �áª÷«ìª¨ §  ¯®¡ã¤®¢®î |xu| = j 6 n − 1 < n,
â¥®à¥¬ã ¯®¢÷áâî ¤®¢¥¤¥®.

� ã¢ ¦¥ï 3.21. � ä®à¬ã«î¢ ÷ â¥®à¥¬¨ 3.12 ã¬®¢ã |xu| 6 n
¬®¦  § ¬÷¨â¨ ã¬®¢®î |uy| 6 n, ¢¨¤÷«ïîç¨ ã ¤®¢¥¤¥÷ ¯®¢â®à¥-
ï Ai = Aj á¥à¥¤ n ®áâ ÷å ªà®ª÷¢ ¢¨¢¥¤¥ï (3.18), â®¡â® §  ã¬®¢¨
N − n 6 i < j 6 N − 1.

� ã¢ ¦¥ï 3.22. � «÷â¥à âãà÷ «¥¬ã ¯à® à®§à®áâ ï ç áâ® ¤®¢®¤ïâì
§  ¤®¯®¬®£®î áª÷ç¥®£®  ¢â®¬ â  (¤¨¢.,  ¯à¨ª« ¤, [4, 9, 14]).

�à¨ª« ¤ 3.46. �¥å © L { ¤®¢÷«ì  áª÷ç¥  ¬®¢ . �áª÷«ìª¨ ¡ã¤ì-
ïª  áª÷ç¥  ¬®¢  õ à¥£ã«ïà®î (¤¨¢. ¢¯à ¢ã 1.3), ¤«ï ä®à¬ «ì®ù
¬®¢¨ L ¬ õ ¢¨ª®ã¢ â¨áï â¢¥à¤¦¥ï â¥®à¥¬¨ 3.12. �¯à ¢¤÷, ä÷ªáãî-
ç¨ n = max{|w| : w ∈ L}+1, ®âà¨¬ãõ¬® ¯à ¢¤¨¢÷áâì â¢¥à¤¦¥ï â¥®à¥¬¨
§ ¢¤ïª¨ ¢÷¤áãâ®áâ÷ á«÷¢ w ∈ L ¤®¢¦¨®î |w| > n.

�¤¥ § ®á®¢¨å § áâ®áã¢ ì «¥¬¨ ¯à® à®§à®áâ ï (â¥®à¥¬¨ 3.12) {
¤®¢¥¤¥ï ¥à¥£ã«ïà®áâ÷ § ¤ ®ù ä®à¬ «ì®ù ¬®¢¨.

�à¨ª« ¤ 3.47. �®¢¥¤¥¬®, é® ¬®¢  L = {ambm : m > 0} ¥à¥£ã«ïà .
�à¨¯ãáâ¨¬®, é® L { à¥£ã«ïà  ¬®¢ , ÷ n { ¤®¤ â  ª®áâ â , ÷áã¢ ï
ïª®ù ¯®áâã«îõâìáï «¥¬®î ¯à® à®§à®áâ ï. �®¤÷ ¤«ï á«®¢  anbn ∈ L ¬ -
îâì ÷áã¢ â¨ â ª÷ x, u, y ∈ {a, b}∗, u ̸= e, é® w = xuy, xuiy ∈ L ¤«ï ¢á÷å
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i > 0, â  |xu| 6 n. �«¥ â®¤÷ u ¬÷áâ¨âì «¨è¥ á¨¬¢®«¨ a, â®¡â® |u|b = 0.
�÷¦ â¨¬ |xuy|a = |xuy|b â  |xu2y|a = |xu2y|b, â®¡â®

|x|a + |u|a + |y|a = |x|b + |u|b + |y|b, |x|a + 2|u|a + |y|a = |x|b + 2|u|b + |y|b,

§¢÷¤ª¨ ¬ õ¬® à÷¢÷áâì |u|a = |u|b. �â¦¥, |u| = |u|a + |u|b = 0, â®¡â® u = e.
�âà¨¬   áã¯¥à¥ç÷áâì ¤®¢®¤¨âì, é® ¬®¢  L ¥à¥£ã«ïà .

� £®«®á¨¬®, é® «¥¬  ¯à® à®§à®áâ ï  ¤ õ «¨è¥ ¥®¡å÷¤ã,  «¥ ¥
¤®áâ âî ã¬®¢ã à¥£ã«ïà®áâ÷, â®¡â® â¢¥à¤¦¥ï â¥®à¥¬¨ 3.12 ¬®¦¥ ¢¨-
ª®ã¢ â¨áï © ¤«ï ¥à¥£ã«ïà¨å ¬®¢.

�à¨ª« ¤ 3.48. �«ï ä®à¬ «ì®ù ¬®¢¨ L = L0 ∪ L1 ∪ L2 ∪ L3, ¤¥

L0 = {aj+1bmcmdk+1 : j,m, k > 0}, L1 = {aj+1bm1cm2 : j,m1,m2 > 0},
L2 = {bm1cm2dk+1 : m1,m2, k > 0}, L3 = {bm1cm2 : m1,m2 > 0},

¬®¦  ¢¨¡à â¨ ª®áâ âã n = 1; ¤®¢÷«ì¥ w ∈ L ¤®¢¦¨®î |w| > n = 1
¬®¦  §®¡à §¨â¨ ã ¢¨£«ï¤÷ w = xuy ÷§ x = e, |u| = 1, â®¡â® §  u ¢§ïâ¨ ¯¥à-
è¨© á¨¬¢®« á«®¢  w. �¥£ª® ¯¥à¥¢÷à¨â¨, é® æ¥© à®§ª« ¤ ¢ ãá÷å ç®â¨àì®å
¢¨¯ ¤ª å w ∈ Ls (s = 0, 1, 2, 3) ¢÷¤¯®¢÷¤ õ â¢¥à¤¦¥î â¥®à¥¬¨ 3.12:

1) ïªé® w = aajbmcmdk+1 = e · a · ajbmcmdk+1 ∈ L0, â® ¤«ï ¢á÷å i > 0
¢¨ª®ãõâìáï ã¬®¢  e · ai · ajbmcmdk+1 ∈ L0 ∪ L2;

2) ïªé® w = aajbm1cm2 = e · a · ajbm1cm2 ∈ L1, â® ¤«ï ¢á÷å i > 0
¢¨ª®ãõâìáï ã¬®¢  e · ai · ajbm1cm2 ∈ L1 ∪ L3;

3) ¥å © w = bm1cm2dk+1 ∈ L2; ïªé® m1 > 1, â® w = e · b · bm1−1cm2dk+1,
÷ ¤«ï ¢á÷å i > 0 ¢¨ª®ãõâìáï ã¬®¢  e · bi · bm1−1cm2dk+1 ∈ L2; ïªé® m1 = 0,
m2 > 1, â® w = e · c · cm2−1dk+1, ÷ ¤«ï ¢á÷å i > 0 ¢¨ª®ãõâìáï ã¬®¢ 
e · ci · cm2−1dk+1 ∈ L2; ïªé® m1 = m2 = 0, â® w = e · d · dk, ÷ ¤«ï ¢á÷å i > 0
¢¨ª®ãõâìáï ã¬®¢  e · di · dk ∈ L2;

4) ¥å © w = bm1cm2 ∈ L3; ïªé® m1 > 1, â® w = e · b · bm1−1cm2 , ÷ ¤«ï
¢á÷å i > 0 ¢¨ª®ãõâìáï ã¬®¢  e · bi · bm1−1cm2 ∈ L3; ïªé® m1 = 0, m2 > 1,
â® w = e · c · cm2−1, ÷ ¤«ï ¢á÷å i > 0 ¢¨ª®ãõâìáï ã¬®¢  e · ci · cm2−1 ∈ L2.

� § ç¨¬®, é® ¢ à §÷ § ¬÷¨ ã¬®¢¨ |xu| 6 n ã¬®¢®î |uy| 6 n (¤¨¢.
§ ã¢ ¦¥ï 3.21) ¥®¡å÷¤¨© à®§ª« ¤ w = xuy ¤«ï ¡ã¤ì-ïª®£® w ∈ L
¤®¢¦¨®î |w| > 1 â ª®¦ ÷áãõ: ¤®áâ âì® ¢§ïâ¨ y = e, |u| = 1, â®¡â® u õ
®áâ ÷¬ á¨¬¢®«®¬ á«®¢  w.

�â¦¥, § ¤   ¬®¢  L § ¤®¢®«ìïõ ¢á÷ ã¬®¢¨ «¥¬¨ ¯à® à®§à®áâ -
ï, ®¤ ª æï ¬®¢  ¥à¥£ã«ïà . �¯à ¢¤÷, ïªé® ¡ L ¡ã«  à¥£ã«ïà®î
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¬®¢®î, â®, ®áª÷«ìª¨ ¬®¢  {abm1cm2d : m1,m2 > 1} à¥£ã«ïà , ¬®¢ 
L ∩ {abm1cm2d : m1,m2 > 1} = {abmcmd : m > 1} §£÷¤® § â¥®à¥¬®î 3.10
â ª®¦ ¡ã«  ¡ à¥£ã«ïà®î. �¤ ª ¥à¥£ã«ïà÷áâì ¬®¢¨ {abmcmd : m > 1}
¥¢ ¦ª® ¢áâ ®¢¨â¨ «¥¬®î ¯à® à®§à®áâ ï,   «®£÷ç® ¤®¢¥¤¥î ¥-
à¥£ã«ïà®áâ÷ ¬®¢¨ {ambm : m > 0} (¤¨¢. ¯à¨ª« ¤ 3.47).

�à¨ª« ¤ 3.49. �®¢¥¤¥¬®, é® ¬®¢  L = {aq : q { ¯à®áâ¥ ç¨á«®} ¥à¥-
£ã«ïà . �à¨¯ãáâ¨¬®, é® L { à¥£ã«ïà  ¬®¢  ÷ n { ¤®¤ â  ª®áâ â ,
÷áã¢ ï ïª®ù ¯®áâã«îõâìáï «¥¬®î ¯à® à®§à®áâ ï. �¨¡¥à¥¬® á«®¢®
w = an; â®¤÷ ¬ îâì ÷áã¢ â¨ â ª÷ x, u, y ∈ {a}∗, u ̸= e, é® w = xuy,
xuiy ∈ L ¤«ï ¢á÷å i > 0, â  |xu| 6 n. �®§£«ï¥¬® ¤¢  ¢¨¯ ¤ª¨.

�¥àè¨© ¢¨¯ ¤®ª: n = 1. �áª÷«ìª¨ u ̸= e, â® u = a, §¢÷¤ª¨ x = e, y = e.
�®ª« ¤ õ¬® i = 4: xuiy = a4 ∈ L, é® áã¯¥à¥ç¨âì ¯à®áâ®â÷ ç¨á«  4.

�àã£¨© ¢¨¯ ¤®ª: n > 2. �®¤÷ w = an = a|x|a|u|an−|x|−|u|, ¤¥ |u| > 1.
�®ª« ¤ õ¬® i = n+ 1, â®¤÷

xuiy = a|x|(a|u|)n+1an−|x|−|u| = a|x|+|u|(n+1)+n−|x|−|u| = an(|u|+1) ∈ L.

�«¥ ç¨á«® n(|u| + 1) áª« ¤¥¥, ®áª÷«ìª¨ n > 2 â  |u| + 1 > 2. �âà¨¬  
áã¯¥à¥ç÷áâì ¤®¢®¤¨âì ¥à¥£ã«ïà÷áâì ¬®¢¨ L. � § ç¨¬® ¡¥§ ¤®¢¥¤¥-
ï, é® ¬®¢  L ¥ ª®â¥ªáâ®-¢÷«ì  (§ ã¢ ¦¥ï 4.17),  «¥ ª®â¥ªáâ®-
§ «¥¦  (¢¯à ¢  5.4).

�à¨ª« ¤ 3.50. �®¢¥¤¥¬®, é® ¬®¢  L = {am2
: m > 1} ¥à¥£ã«ïà .

�à¨¯ãáâ¨¬®, é® L { à¥£ã«ïà  ¬®¢  ÷ n { ¤®¤ â  ª®áâ â , ÷áã¢ ï
ïª®ù ¯®áâã«îõâìáï «¥¬®î ¯à® à®§à®áâ ï. �¨¡¥à¥¬® á«®¢® w = an

2
; â®¤÷

¬ îâì ÷áã¢ â¨ â ª÷ x, u, y ∈ {a}∗, u ̸= e, é® w = xuy, |xu| 6 n â 
w̃ = xu3y ∈ L. �®¤÷ |x|+ |u|+ |y| = n2,   ¤®¢¦¨  á«®¢ 

|w̃| = |x|+ 3|u|+ |y| = |x|+ |u|+ |y|+ 2|u| = n2 + 2|u|

¬ õ ¡ãâ¨ ª¢ ¤à â®¬ ¤¥ïª®£® ç¨á« . �«¥ § ¥à÷¢®áâ÷ 1 6 |u| 6 n ¢¨-
¯«¨¢ õ ®æ÷ª  n2 < n2 + 2|u| 6 n2 + 2n < (n + 1)2, â®¡â® ¬÷¦ ç¨á« ¬¨
n2 â  (n + 1)2 ¬÷áâ¨âìáï ª¢ ¤à â ¤¥ïª®£® ç¨á« . �âà¨¬   áã¯¥à¥ç÷áâì
¤®¢®¤¨âì ¥à¥£ã«ïà÷áâì ¬®¢¨ L. � § ç¨¬® ¡¥§ ¤®¢¥¤¥ï, é® ¬®¢  L
¥ ª®â¥ªáâ®-¢÷«ì  (§ ã¢ ¦¥ï 4.17),  «¥ ª®â¥ªáâ®-§ «¥¦  (¢¯à -
¢  5.5).

�¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ¤®¢¥¤¥ï «¥¬¨ ¯à® à®§à®áâ ï, ¤®¢¥¤¥¬®
ª®à¨á¨© ªà¨â¥à÷© áª÷ç¥®áâ÷ ¬®¢¨, ¯®à®¤¦¥®ù à¥£ã«ïà®î £à ¬ -
â¨ª®î.
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�¥¬  3.13. �¥å © ä®à¬ «ì  ¬®¢  L ¯®à®¤¦¥  à¥£ã«ïà®î £à ¬ -
â¨ª®î ⟨V, T, P, S⟩, â ª®î, é® ¬®¦¨  P ¥ ¬÷áâ¨âì ¯à®¤ãªæ÷© ¢¨-
£«ï¤ã A → e (A ̸= S) â  A → aS (A ∈ V , a ∈ T ). �®¤÷ ¥®¡å÷¤®î ÷
¤®áâ âì®î ã¬®¢®î ¥áª÷ç¥®áâ÷ ¬®¢¨ L õ ÷áã¢ ï â ª®£® á«®¢ 
w ∈ L, é® |V |+ 1 6 |w| 6 2|V |.

�®¢¥¤¥ï. �¥®¡å÷¤÷áâì. �¥å © ¬®¢  L ¬÷áâ¨âì á«®¢® w ¤®¢¦¨®î
|V |+ 1 6 |w| 6 2|V |, ¢¨¢¥¤¥¥ ÷§ ¤¦¥à¥«  S = A0 §  N ªà®ª÷¢:

A0 ⇒ a1A1 ⇒ · · · ⇒ a1a2 . . . aN−1AN−1 ⇒ a1a2 . . . aN = w. (3.20)

�áª÷«ìª¨ N = |w| > |V | + 1, ¯à¨ ©¬÷ ¤¢  § ¥â¥à¬÷ «ì¨å á¨¬¢®-
«÷¢ A0, A1, . . . , AN−1 ¬ îâì §¡÷£ â¨áï, â®¡â® Ai = Aj = A ¤«ï ¤¥ïª¨å
0 6 i < j. � ª¨¬ ç¨®¬, ¢¨¢¥¤¥ï (3.20)  ¡ã¢ õ ¢¨£«ï¤ã

A0
∗⇒ xA

∗⇒ xuA
∗⇒ xuy = w, (3.21)

¤¥ x = a1a2 . . . ai, u = ai+1ai+2 . . . aj ̸= e, y = aj+1aj+2 . . . aN . ö§ ¢¨¢¥-

¤¥ï (3.21) ®âà¨¬ãõ¬®  ï¢÷áâì ¢¨¢¥¤¥ì A
∗⇒ uA â  A

∗⇒ y, §¢÷¤ª¨,

§ ãà åã¢ ï¬ ¢¨¢¥¤¥ï A0
∗⇒ xA, ¬ õ¬® ¢¨¢¥¤¥ï

A0
∗⇒ xA

∗⇒ xuA
∗⇒ xu2A

∗⇒ · · · ∗⇒ xuiA
∗⇒ xuiy

¤«ï ¡ã¤ì-ïª®£® i > 0. � ª¨¬ ç¨®¬, L ¬÷áâ¨âì ¢á÷ á«®¢  xuiy (i > 0)
÷ â®¬ã õ ¥áª÷ç¥®î.

�®áâ â÷áâì. �¥å © ¬®¢  L ¥áª÷ç¥ . �à å®¢ãîç¨ ¥áª÷ç¥÷áâì
¬®¢¨ L, ¬®¦¥¬® ¢¨¡à â¨ w ∈ L ¤®¢¦¨®î |w| > |V |+1. �¥å © w ¢¨¢¥¤¥¥
÷§ ¤¦¥à¥«  S = A0 §  N ªà®ª÷¢:

A0 ⇒ a1A1 ⇒ · · · ⇒ a1a2 . . . aN−1AN−1 ⇒ a1a2 . . . aN = w. (3.22)

�áª÷«ìª¨ N = |w| > |V | + 1, ¯à¨ ©¬÷ ¤¢  § ¯¥àè¨å |V | + 1 ¥â¥à¬÷-
 «ì¨å á¨¬¢®«÷¢ A0, A1, . . . , A|V | ¬ îâì §¡÷£ â¨áï, â®¡â® Ai = Aj = A
¤«ï ¤¥ïª¨å 0 6 i < j 6 |V | (i ̸= 0, ®áª÷«ìª¨ S = A0 ¥ ¢å®¤¨âì ¤® ¯à -
¢®ù ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù). � ª¨¬ ç¨®¬, ¢¨¢¥¤¥ï (3.21)  ¡ã¢ õ
¢¨£«ï¤ã

A0
∗⇒ xA

∗⇒ xuA
∗⇒ xuy = w, (3.23)
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¤¥ x = a1a2 . . . ai, u = ai+1ai+2 . . . aj ̸= e, y = aj+1aj+2 . . . aN . ö§ ¢¨¢¥¤¥-

ï (3.23), ¢¨«ãç¨¢è¨ ç áâ¨ã xA
∗⇒ xuA, ®âà¨¬ãõ¬® ¢¨¢¥¤¥ï

A0
∗⇒ xA

∗⇒ w1 = xy,

â®¡â® w1 = xy ∈ L, ¤® â®£® ¦ |w| − |V | 6 |w1| < |w|.
� § ç¨¬®, é® ®âà¨¬ ¥ á«®¢® w1 ¥¯®à®¦õ: á¯à ¢¤÷, ¬®¦¨  P ¥

¬÷áâ¨âì e-¯à®¤ãªæ÷©, ®ªà÷¬, ¬®¦«¨¢®, S → e,   ¤¦¥à¥«® S ¥ ¢å®¤¨âì ¤®
¯à ¢®ù ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù, â®¡â® Ak ̸= S ¤«ï ¦®¤®£® k > 1.

� «÷, ïªé® |w1| > |V |+1, ã ¢¨¢¥¤¥÷ S
∗⇒ w1 ¯à¨ ©¬÷ ¤¢  § ¯¥àè¨å

|V | + 1 ¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢ ¬ îâì §¡÷£ â¨áï. �¨«ãç¨¢è¨ ¢÷¤¯®¢÷¤-

ã ç áâ¨ã ¢¨¢¥¤¥ï, ®âà¨¬ãõ¬® ¢¨¢¥¤¥ï S
∗⇒ w2, â®¡â® w2 ∈ L,

¯à¨ç®¬ã |w1| − |V | 6 |w2| < |w1|. �à®¤®¢¦ãîç¨ ¯à®æ¥á, ®âà¨¬ãõ¬® ã
¬®¢÷ L ¯®á«÷¤®¢÷áâì ¥¯®à®¦÷å á«÷¢ w0 = w, w1, w2, . . . , wk, . . . , ¤¥
|wk| − |V | 6 |wk+1| < |wk|. �ç¥¢¨¤®, é® ¯®á«÷¤®¢÷áâì ¬ õ ¬÷áâ¨â¨ â -
ª¥ á«®¢® wm ∈ L, é® |wm| 6 |V |,  «¥ |wm−1| > |V | + 1; ÷ ªè¥ ª ¦ãç¨,
m = min{k ∈ N : |wk| 6 |V |}. �®¤÷, ®áª÷«ìª¨ |wm−1| 6 |wm| + |V |, ¤«ï
¤®¢¦¨¨ á«®¢  wm−1 ®âà¨¬ãõ¬® ®æ÷ªã |V |+ 1 6 |wm−1| 6 2|V |.

�à¨ª« ¤ 3.51. �¥£ã«ïà  £à ¬ â¨ª  ⟨{S,A,B}, {a, b, c, d}, P, S⟩, ¤¥
P = {S → aA,A → bB|c, B → bA|d}, ¯®à®¤¦ãõ ä®à¬ «ìã ¬®¢ã
L = {ab2nc : n > 0} ∪ {ab2n+1d : n > 0}. �áª÷«ìª¨ æï ¬®¢  ¥áª÷ç¥ ,
¬ õ ÷áã¢ â¨ ¯à¨ ©¬÷ ®¤¥ á«®¢® w ∈ L ¤®¢¦¨®î 3 + 1 6 |w| 6 2 · 3.
�¯à ¢¤÷, ¬®¢  ¬÷áâ¨âì âà¨ â ª¨å á«®¢ : ab2c, ab4c â  ab3d.

�ªé® ¢¨«ãç¨â¨ ÷§ ¬®¦¨¨ P ¯à®¤ãªæ÷î B → bA, ®âà¨¬ õ¬® £à ¬ -
â¨ªã, ïª  ¯®à®¤¦ãõ áª÷ç¥ã ¬®¢ã {ac, abd}; æï ¬®¢  ¥ ¬÷áâ¨âì ¦®¤®£®
á«®¢  ¤®¢¦¨®î 4 6 |w| 6 6, é® ã§£®¤¦ãõâìáï § â¢¥à¤¦¥ï¬ «¥¬¨ 3.13.

�¥¬  ¯à® à®§à®áâ ï ¤ õ ¬®¦«¨¢÷áâì ¢áâ ®¢¨â¨ æ÷ª ¢¨© ä ªâ é®¤®
¯®¡ã¤®¢¨ ¬®¦¨¨ ¤®¢¦¨ á«÷¢ ä÷ªá®¢ ®ù à¥£ã«ïà®ù ¬®¢¨. � ¢¥¤¥¬®
¢÷¤¯®¢÷¤¥ â¢¥à¤¦¥ï ¡¥§ ¤®¢¥¤¥ï (¤¨¢. â ª®¦ [9,23]).

�¥¬  3.14. �«ï ¡ã¤ì-ïª®ù à¥£ã«ïà®ù ¬®¢¨ L ÷áãõ áª÷ç¥¨©  ¡÷à
¥¢÷¤'õ¬¨å æ÷«¨å ç¨á¥« a1, a2,. . . , an, d1, d2,. . . , dn, â ª¨©, é®

{|w| : w ∈ L} =
n∪

k=1

Xak,dk ,

¤¥ Xa,d = {a+ jd : j ∈ N ∪ {0}}.
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� ªâ¨ç® «¥¬  3.14 áâ¢¥à¤¦ãõ, é® ¤®¢¦¨¨ á«÷¢ à¥£ã«ïà®ù ¬®¢¨
ãâ¢®àîîâì ¬®¦¨ã, ïª  õ ®¡'õ¤ ï¬ áª÷ç¥®ù ª÷«ìª®áâ÷  à¨ä¬¥â¨ç-
¨å ¯à®£à¥á÷©. � § ç¨¬®, é® áª÷ç¥  ¬®¦¨  â ª®¦ õ ®¡'õ¤ ï¬
 à¨ä¬¥â¨ç¨å ¯à®£à¥á÷©, ®áª÷«ìª¨ Xa,0 = {a}.

�à¨ª« ¤ 3.52. �«ï à¥£ã«ïà®ù ¬®¢¨ {a4nb6m : n > 0,m > 0} ®âà¨-
¬ãõ¬® ¬®¦¨ã ¤®¢¦¨

{4n+ 6m : n > 0,m > 0} = {0} ∪ {4 + 2k : k > 0}.

� § ç¨¬®, é® «¥¬  3.14 ¥ õ ªà¨â¥à÷õ¬ à¥£ã«ïà®áâ÷, ®áª÷«ìª¨ ¬®¦¥
á¯à ¢¤¦ã¢ â¨áï ÷ ¤«ï ¥à¥£ã«ïà¨å ¬®¢.

�à¨ª« ¤ 3.53. �«ï ¥à¥£ã«ïà®ù ¬®¢¨ {ambm : m > 0} (¤¨¢. ¯à¨ª-
« ¤ 3.47) ¬®¦¨  ¤®¢¦¨ {2m : m > 0} õ  à¨ä¬¥â¨ç®î ¯à®£à¥á÷î.

3.9. �¥£ã«ïà÷ ¢¨à §¨. �¥®à¥¬  �«÷÷

3.9.1. �«£¥¡à  à¥£ã«ïà¨å ¢¨à §÷¢

�¥å © T { ä÷ªá®¢ ¨© â¥à¬÷ «ì¨©  «ä ¢÷â. �®¦¨ã à¥£ã«ïà¨å
¢¨à §÷¢  ¤ T ( ¡® ¯à®áâ® à¥£ã«ïà¨å ¢¨à §÷¢) ¢¨§ ç îâì à¥ªãàá¨¢®
âàì®¬  ã¬®¢ ¬¨:

1. �¨¬¢®«¨ 0, 1 â  ¤®¢÷«ì¨© á¨¬¢®« a ∈ T õ à¥£ã«ïà¨¬¨ ¢¨à § ¬¨
 ¤ T .

2. �ªé® r â  s { à¥£ã«ïà÷ ¢¨à §¨, â® (r + s), (r · s), r∗ { à¥£ã«ïà÷
¢¨à §¨  ¤ T .

3. öè¨å à¥£ã«ïà¨å ¢¨à §÷¢  ¤ T ¥¬ õ.
�®¦¨ã ¢á÷å à¥£ã«ïà¨å ¢¨à §÷¢  ¤ T ¯®§ ç â¨¬¥¬® ïª R[T ].

�à¨ª« ¤ 3.54. �ªé® T = {a, b, c}, â® § ¯¨á¨ b, (a∗+(b·c)), ((a∗+b)·c),
(0 + (a · 1)) õ à¥£ã«ïà¨¬¨ ¢¨à § ¬¨. � ¯¨á¨ (a+), (·b), (a + c ¥ õ à¥£ã-
«ïà¨¬¨ ¢¨à § ¬¨.

� ¤ «÷, é®¡ á¯à®áâ¨â¨ § ¯¨á, ã ¢¨à § å ®¯ãáª â¨¬¥¬® §®¢÷è÷ ¤ã¦-
ª¨, é® ¥ ¬÷áâïâì ¤®¤ âª®¢®ù ÷ä®à¬ æ÷ù, ¯à®â¥ ¥¬¨ãç¥ §'ï¢«ïîâìáï,
ïªé® ã ¢¨à §÷ õ å®ç  ¡ ®¤¨ á¨¬¢®« ý+þ  ¡® ý·þ. � ª, § ¬÷áâì ¢¨à §ã
(a + b) ¯¨á â¨¬¥¬® a + b. �à÷¬ â®£®, §¢ ¦ îç¨   âà ¤¨æ÷©ã ¢  à¨ä-
¬¥â¨æ÷ ¤®¬®¢«¥÷áâì ¯à® ¯à÷®à¨â¥â¨ ®¯¥à æ÷©, ¤ã¦ª¨ ã ¢¨à § å ¢¨£«ï¤ã
r + (s · t) ¡ã¤¥¬® ®¯ãáª â¨, â®¡â® § ¬÷áâì r + (s · t) ¯¨á â¨¬¥¬® r + s · t.
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� à¥èâ÷, á¨¬¢®« ý·þ, ïªé® æ¥ ¥ ¢¨ª«¨ª õ ¥¯®à®§ã¬÷ì, ¢§ £ «÷ ®¯ãáª -
â¨¬¥¬®, â®¡â® § ¬÷áâì r + s · t ¯¨á â¨¬¥¬® r + st.

ö§ ª®¦¨¬ à¥£ã«ïà¨¬ ¢¨à §®¬ r ∈ R[T ] ¯®¢'ï§ãîâì ä®à¬ «ìã ¬®¢ã
L[r] ⊂ T ∗ §  â ª¨¬ à¥ªãàá¨¢¨¬ ¢¨§ ç¥ï¬:

1. L[0] = ∅, L[1] = {e}, L[a] = {a} ¤«ï a ∈ T .
2. L[r + s] = (L[r]) ∪ (L[s]), L[rs] = (L[r]) · (L[s]), L[r∗] = (L[r])∗ ¤«ï

r, s ∈ R[T ].
�à¨ª« ¤ 3.55. �ªé® T = {a, b, c}, â®

L[a+ bc] = {a} ∪ ({b} · {c}) = {a, bc};
L[a(b+ c)∗] = {a} · {b, c}∗ = {aw : w ∈ {b, c}∗};

L[(aa)∗] = {a2}∗ = {a2n : n > 0}.

�¥£ã«ïà÷ ¢¨à §¨ r, s ∈ R[T ]  §¨¢ îâì ¥ª¢÷¢ «¥â¨¬¨, ïªé® ¢÷¤-
¯®¢÷¤÷ ä®à¬ «ì÷ ¬®¢¨ §¡÷£ îâìáï:

(r = s) ⇔ (L[r] = L[s]).

� ¢¥¤¥¬® ¤¥ª÷«ìª  ¯à®áâ¨å â®â®¦®áâ¥© (¥ª¢÷¢ «¥â®áâ¥©) ¤«ï à¥-
£ã«ïà¨å ¢¨à §÷¢:

1) r + s = s+ r;
2) r + (s+ t) = (r + s) + t;
3) r · (s · t) = (r · s) · t;
4) r · (s+ t) = r · s+ r · t, (s+ t) · r = s · r + t · r;
5) 0 + r = r + 0 = r;
6) 0 · r = r · 0 = 0;
7) 1 · r = r · 1 = r.
�®â®¦®áâ÷ 1-3 ®ç¥¢¨¤÷. �®â®¦÷áâì r · (s+ t) = r · s+ r · t ¢¨¯«¨¢ õ

÷§ à÷¢®áâ÷ ¢÷¤¯®¢÷¤¨å ä®à¬ «ì¨å ¬®¢:

L[r · (s+ t)] = {uw : u ∈ L[r], w ∈ (L[s] ∪ L[t])} =

= {uw : u ∈ L[r], w ∈ L[s]} ∪ {uw : u ∈ L[r], w ∈ L[t]},
L[r · s+ r · t] = {uw : u ∈ L[r], w ∈ L[s]} ∪ {uw : u ∈ L[r], w ∈ L[t]}.

�®â®¦÷áâì (s+ t) · r = s · r + t · r ¬®¦  ¤®¢¥áâ¨   «®£÷ç®.
�¯à ¢  3.23. �®¢¥áâ¨ â®â®¦®áâ÷ 5-7 á ¬®áâ÷©®.
�¯à ¢  3.24. �®¢¥áâ¨ â®â®¦÷áâì 0∗ = 1.

98



3.9. �¥£ã«ïà÷ ¢¨à §¨. �¥®à¥¬  �«÷÷

� ã¢ ¦¥ï 3.23. �  «£¥¡à÷ à¥£ã«ïà¨å ¢¨à §÷¢ ç áâ® ¢¢®¤ïâì ¤®¤ â-
ª®¢ã ®¯¥à æ÷î r+ = r · r∗. �ç¥¢¨¤®, é® L[r+] = (L[r])+.

ö§ ¢« áâ¨¢®áâ¥© 1-7 ¢¨¯«¨¢ õ, é® à¥£ã«ïà÷ ¢¨à §¨ ãâ¢®àîîâì ÷¤¥¬-
¯®â¥â¥ ¯÷¢ª÷«ìæ¥ § ®¤¨¨æ¥î. �¥â «ì÷è¥ ¯à® ¢« áâ¨¢®áâ÷ à¥£ã«ïà¨å
¢¨à §÷¢ ¤¨¢.,  ¯à¨ª« ¤, [4, 9, 14]. �à® ¬¥â®¤¨ ¤®¢¥¤¥ï â®â®¦®áâ¥© ¢
 «£¥¡à÷ à¥£ã«ïà¨å ¢¨à §÷¢ ¤¨¢., §®ªà¥¬ , [14].

�¥¬  3.15. �®¢  L[r] õ à¥£ã«ïà®î  ¤  «ä ¢÷â®¬ T ¤«ï ¡ã¤ì-ïª®£®
r ∈ R[T ].

�®¢¥¤¥ï. �®à¬ «ì÷ ¬®¢¨ {a} ¤«ï ¤®¢÷«ì®£® a ∈ T , ¬®¢  {e} â 
¯®à®¦ï ¬®¢  ∅ õ, ®ç¥¢¨¤®, à¥£ã«ïà¨¬¨. � «÷, ïªé® r1, r2 ∈ R[T ] ÷
¬®¢¨ L[r1] â  L[r2] à¥£ã«ïà÷, â® ¬®¢¨ L[r1 + r2], L[r1 · r2] â  L[r∗1] â ª®¦
à¥£ã«ïà÷ §  â¥®à¥¬®î 3.10. �â¦¥, à¥£ã«ïà÷áâì ¬®¢¨ L[r] ¤«ï ¤®¢÷«ì®£®
à¥£ã«ïà®£® ¢¨à §ã r ∈ R[T ] ¬®¦  ¢áâ ®¢¨â¨ ÷¤ãªæ÷õî §  § £ «ì®î
ª÷«ìª÷áâî ®¯¥à æ÷© ý+þ, ý·þ â  ý∗þ ã ¢¨à §÷ r.

3.9.2. �§ £ «ì¥¨© áª÷ç¥¨©  ¢â®¬ â. �¥®à¥¬ 

�«÷÷ ¯à® à¥£ã«ïà÷ ¢¨à §¨

�§ £ «ì¥¨¬ áª÷ç¥¨¬  ¢â®¬ â®¬  §¨¢ îâì ¢¯®àï¤ª®¢ ¨©  -
¡÷àM = ⟨Q, T,∆, I, F ⟩, ¤¥ ¬®¦¨  áâ ÷¢ Q â   «ä ¢÷â T { áª÷ç¥÷ ¥-
¯®à®¦÷ ¬®¦¨¨, ¢÷¤®è¥ï (¬®¦¨ ) ¯¥à¥å®¤÷¢ ∆ ⊂ (Q×R[T ]×Q),
I ⊂ Q â  F ⊂ Q { ¬®¦¨¨ ¯®ç âª®¢¨å â  ¤®¯ãáª îç¨å áâ ÷¢ ¢÷¤¯®¢÷¤-
®. �®ä÷£ãà æ÷õî ã§ £ «ì¥®£®  ¢â®¬ â  M  §¢¥¬® ¤®¢÷«ì¨©  ¡÷à
(q, w) ∈ (Q × T ∗). �  ¬®¦¨÷ ª®ä÷£ãà æ÷© ã§ £ «ì¥®£®  ¢â®¬ â  M
¢¨§ ç¨¬® ¡÷ à¥ ¢÷¤®è¥ï â ªâã ýM⊢ þ:

((q1, w) M⊢ (q2, u)) ⇔ ∃ r ∈ R[T ] :

{
w = xu, x ∈ L[r];

(q1, r, q2) ∈ ∆,

¤¥ q1, q2 ∈ Q, w ∈ T ∗, u ∈ T ∗. ö ªè¥ ª ¦ãç¨, ¢÷¤®è¥ï ýM⊢ þ ¬÷áâ¨âì
¯ à¨ ª®ä÷£ãà æ÷© ¢¨£«ï¤ã ((q1, xu), (q2, u)), ¤¥ x ∈ L[r] ¤«ï ¤¥ïª®£® ¢¨-
à §ã r ∈ R[T ], â ª®£®, é® (q1, r, q2) ∈ ∆. �¢â®¬ â M ¤®¯ãáª õ (á¯à¨©-
¬ õ) á«®¢® w ∈ T ∗, ïªé® (q0, w) *

M⊢ (q, e) ¤«ï ¤¥ïª¨å q0 ∈ I â  q ∈ F .
�®¦¨ã á«÷¢ L[M ], ïª÷ ¤®¯ãáª õ ã§ £ «ì¥¨©  ¢â®¬ â M ,  §¨¢ îâì
ä®à¬ «ì®î ¬®¢®î, ïªã ¤®¯ãáª õ (á¯à¨©¬ õ, à®§¯÷§ õ) ã§ £ «ì¥¨©
 ¢â®¬ â M . �ç¥¢¨¤®, é® áª÷ç¥¨©  ¢â®¬ â, ¢¨§ ç¥¨© ¢ ®§ ç¥-
÷ 3.1,   â ª®¦ áª÷ç¥¨©  ¢â®¬ â § e-¯¥à¥å®¤ ¬¨ (¤¨¢. ®§ ç¥ï 3.6),
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¬®¦  à®§£«ï¤ â¨ ïª ã§ £ «ì¥÷ áª÷ç¥÷  ¢â®¬ â¨: ¡ã¤ì-ïª¨© á¨¬¢®«
a ∈ T §  ¢¨§ ç¥ï¬ õ à¥£ã«ïà¨¬ ¢¨à §®¬ a ∈ R[T ], ¯®à®¦ì®¬ã á«®¢ã
e ¢÷¤¯®¢÷¤ õ à¥£ã«ïà¨© ¢¨à § 1.

� § ç¨¬®, é® ¤¢  ¯¥à¥å®¤¨ (q, r1, p), (q, r2, p) ∈ ∆ ã§ £ «ì¥®£®  ¢-
â®¬ â  M ¬®¦  ®¡'õ¤ â¨ ¢ ®¤¨ ¯¥à¥å÷¤ (q, r1 + r2, p), ¥ §¬÷îîç¨
¬®¢ã L[M ];  ¤ «÷ â ª÷ ¯¥à¥å®¤¨  §¨¢ â¨¬¥¬® ¯ à «¥«ì¨¬¨. �÷¦ â¨¬,
¤®¤ ¢ ï ¯¥à¥å®¤ã (q, 0, p) â ª®¦ ¥ §¬÷¨âì ¬®¢ã L[M ];  ¤ «÷ ¯¥à¥å®-
¤¨ ¢¨£«ï¤ã (q, 0, p)  §¨¢ â¨¬¥¬® ¯®à®¦÷¬¨. �â¦¥, ¡¥§ ¢âà â¨ § £ «ì-
®áâ÷ ¬®¦  ¢¢ ¦ â¨, é® ¤«ï ¡ã¤ì-ïª®ù ¯ à¨ áâ ÷¢ q, p ∈ Q ¬®¦¨ 
¯¥à¥å®¤÷¢ ∆ ã§ £ «ì¥®£®  ¢â®¬ â  M ¬÷áâ¨âì ¢ â®ç®áâ÷ ®¤¨ ¯¥à¥å÷¤
(q, rqp, p). �÷¤ªà¥á«¨¬®, é® ¯¥à¥å®¤¨ (q, rqp, p) â  (p, rpq, q) ¥ ¯ à «¥«ì÷,
÷ ùå ¥¬®¦«¨¢® ®¡'õ¤ â¨.

�§ £ «ì¥÷ áª÷ç¥÷  ¢â®¬ â¨,   «®£÷ç® áª÷ç¥¨¬  ¢â®¬ â ¬,
¢¨§ ç¥¨¬ ¢ ®§ ç¥÷ 3.1, §àãç® §®¡à ¦ â¨ ã ¢¨£«ï¤÷ £à ä÷¢.

�à¨ª« ¤ 3.56. �®¡à ¦¥÷   à¨á. 3.36 â  3.37 ã§ £ «ì¥÷ áª÷ç¥-
÷  ¢â®¬ â¨  ¤  «ä ¢÷â®¬ {a, b, c} ¤®¯ãáª îâì âã á ¬ã ä®à¬ «ìã ¬®-
¢ã {a(ab)k, b(ab)k : k > 0} ∪ {c}, ¤àã£¨©  ¢â®¬ â ®âà¨¬ ¨© § ¯¥àè®£®
®¡'õ¤ ï¬ ¯ à «¥«ì¨å ¯¥à¥å®¤÷¢ (q0, a, q1) â  (q0, b, q1) ¢ ®¤¨ ¯¥à¥å÷¤
(q0, a + b, q1);  £ ¤ õ¬®, é® à¥£ã«ïà®¬ã ¢¨à §ã 1 ¢÷¤¯®¢÷¤ õ ¯®à®¦õ
á«®¢® (e-¯¥à¥å÷¤ (q1, e, q2)).

q1 q2
q0

ab

b

1

c

a

�¨á. 3.36

q1 q2
q0

ab

a+b 1

c

�¨á. 3.37

� § ç¨¬®, é® ¬®¢  {a(ab)k, b(ab)k : k > 0}∪{c} = ({a, b} ·{ab}∗)∪{c}
¢÷¤¯®¢÷¤ õ à¥£ã«ïà®¬ã ¢¨à §ã (a+ b)(ab)∗ + c.

�¥¬  3.16. �«ï ¡ã¤ì-ïª®ù à¥£ã«ïà®ù ¬®¢¨ L  ¤  «ä ¢÷â®¬ T ÷áãõ
à¥£ã«ïà¨© ¢¨à § r ∈ R[T ], â ª¨©, é® L = L[r].

�®¢¥¤¥ï. �¥å © L { à¥£ã«ïà  ¬®¢   ¤  «ä ¢÷â®¬ T . �£÷¤® §
«¥¬®î 3.12 ¬®¦  ¢¢ ¦ â¨, é® L ¤®¯ãáª õâìáï áª÷ç¥¨¬  ¢â®¬ â®¬
M = ⟨Q, T,∆, {q0}, {qf}⟩ § e-¯¥à¥å®¤ ¬¨, â  ¯®ç âª®¢¨© áâ  q0 ¥ §¡÷£ -
õâìáï § ¤®¯ãáª îç¨¬ áâ ®¬ qf . �ª÷ç¥¨©  ¢â®¬ â M à®§£«ï¤ â¨¬¥¬®
ïª ã§ £ «ì¥¨©, ïª¨© ¤«ï ª®¦®ù ¯ à¨ áâ ÷¢ q, p ∈ Q ¬÷áâ¨âì ¢ â®ç®áâ÷
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®¤¨ ¯¥à¥å÷¤ (q, rqp, p). �®¡ § ©â¨ à¥£ã«ïà¨© ¢¨à §, ïª®¬ã ¢÷¤¯®¢÷¤ õ
¬®¢  L, á¯à®áâ¨¬®  ¢â®¬ âM , ¢¨¤ «¨¢è¨ ÷§ ¬®¦¨¨ Q ¢á÷ áâ ¨, ®ªà÷¬
áâ ÷¢ q0 â  qf .

� ä÷ªáãõ¬® áâ  t ∈ Q\{q0, qf}. �«ï ª®¦®ù ¯ à¨ áâ ÷¢ q, p ∈ Q ¤®¤ -
¬® ¤® ¬®¦¨¨ ∆ ¯¥à¥å÷¤ (q, rqtr

∗
ttrtp, p) ÷ ¢¨¤ «¨¬® áâ  t (à §®¬ § ãá÷¬ 

¯¥à¥å®¤ ¬¨, ïª÷ ¬÷áâïâì t); «¥£ª® §à®§ã¬÷â¨, é® ¬®¢  L[M ] ¥ §¬÷¨âì-
áï, ®áª÷«ìª¨ ¤®¤ ¨© ¯¥à¥å÷¤ ¤ã¡«îõ § áâ®áã¢ ï ¯¥à¥å®¤÷¢ (q, rqt, t),
(t, rtt, t) â  (t, rtp, p) ¯à¨ ¯¥à¥¢¥¤¥÷  ¢â®¬ â  §÷ áâ ã q ã áâ  p ç¥à¥§
áâ  t. �¡'õ¤ ¢è¨ ¯ à «¥«ì÷ ¯¥à¥å®¤¨ â  ¯®¢â®à¨¢è¨ ®¯¨á ã ¯à®æ¥¤ã-
àã ¤«ï ª®¦®£® áâ ã t ∈ Q \ {q0, qf}, ®âà¨¬ãõ¬®  ¢â®¬ â § ¤¢®¬  áâ  -
¬¨ q0 ÷ qf â  ç®â¨à¬  ¯¥à¥å®¤ ¬¨ (q0, rq0,q0 , q0), (q0, rq0,qf , qf ), (qf , rqf ,qf , qf ),
(qf , rqf ,q0 , q0). �ç¥¢¨¤®, é® ®âà¨¬ ¨©  ¢â®¬ â ¤®¯ãáª õ ¬®¢ã, ïª  ¢÷¤-
¯®¢÷¤ õ à¥£ã«ïà®¬ã ¢¨à §ã

r = (r∗q0,q0rq0,qf r
∗
qf ,qf

rqf ,q0)
∗r∗q0,q0rq0,qf r

∗
qf ,qf

, (3.24)

â®¡â® L[M ] = L[r]. � § ç¨¬®, é® § ¢¦¤¨ ¬®¦  § ©â¨ à÷§÷ ¥ª¢÷¢ -
«¥â÷ à¥£ã«ïà÷ ¢¨à §¨ ¤«ï ¬®¢¨ L. � §¢¨ç © ã ¯à ªâ¨ç¨å ¢¨¯ ¤ª å
«¥£è¥ á¯®ç âªã ¢¨¤ «ïâ¨ áâ ¨ t § ¯®à®¦÷¬¨ ¯¥â«ï¬¨ (t, 0, t),   «¨è¥
¯®â÷¬ { § ¥¯®à®¦÷¬¨.

�¥®à¥¬  3.13 (�. �. �«÷÷, ¥ ¯÷§÷è¥ 1956 à.). �« á à¥£ã«ïà¨å ¬®¢
 ¤  «ä ¢÷â®¬ T §¡÷£ õâìáï § ª« á®¬ ¬®¢ {L[r] : r ∈ R[T ]}.

�®¢¥¤¥ï. �¢¥à¤¦¥ï â¥®à¥¬¨ ¥£ ©® ¢¨¯«¨¢ õ § «¥¬ 3.15 â  3.16.

� á«÷¤®ª. �« á à¥£ã«ïà¨å ¬®¢  ¤  «ä ¢÷â®¬ T õ  ©¬¥è®î § 
¢÷¤®è¥ï¬ ¢ª« ¤¥ï (ý⊂þ) ¯÷¤¬®¦¨®î ¬®¦¨¨ 2T

∗
, ïª  ¬÷á-

â¨âì ¢á÷ ¬®¢¨ {a} ¤«ï ¤®¢÷«ì®£® a ∈ T , ¬®¢ã {e}, ¯®à®¦î ¬®¢ã ∅
â  § ¬ª¥  ¢÷¤®á® ®¡'õ¤ ï, ª®ª â¥ æ÷ù â  § ¬¨ª ï �«÷÷.

�¥â®¤ ¢¨¤ «¥ï áâ ÷¢, ®¯¨á ¨© ã ¤®¢¥¤¥÷ «¥¬¨ 3.16, ¬®¦  ¢¨-
ª®à¨áâ®¢ã¢ â¨ ¤«ï ¢¨§ ç¥ï à¥£ã«ïà®£® ¢¨à §ã, ïª®¬ã ¢÷¤¯®¢÷¤ õ § -
¤   à¥£ã«ïà  ¬®¢ . � § ç¨¬®, é®  ï¢÷áâì ¯®à®¦÷å ¯¥à¥å®¤÷¢ ¬®¦¥
áãââõ¢® á¯à®áâ¨â¨ ¢¨à § (3.24).

�à¨ª« ¤ 3.57. �®à¨áâãîç¨áì ¬¥â®¤®¬ ¢¨¤ «¥ï áâ ÷¢, ¢¨§ ç¨¬®
à¥£ã«ïà¨© ¢¨à §, ïª®¬ã ¢÷¤¯®¢÷¤ õ à¥£ã«ïà  ¬®¢ 

L = {w ∈ {a, b}∗ : |w|a − |w|b = 4k + 1, k ∈ Z};
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â¥à¬÷ «ì¨¬  «ä ¢÷â®¬ ¢¢ ¦ â¨¬¥¬® T = {a, b}. �«ï à÷§¨æ÷ |w|a−|w|b
¬®¦«¨¢÷ ¢ à÷ â¨ 4k, 4k + 1, 4k + 2 â  4k + 3, ¤¥ k ∈ Z;  ¢â®¬ â, ïª¨©
¤®¯ãáª õ ¬®¢ã L, ¬ õ ¤®¯ãáâ¨â¨ á«®¢  § à÷§¨æ¥î 4k+1 â  ¥ ¤®¯ãáâ¨â¨
á«®¢  § à÷§¨æï¬¨ 4k, 4k + 2 â  4k + 3. �â¦¥,
¤«ï ¯®¡ã¤®¢¨  ¢â®¬ â  ¤®áâ âì® ç®â¨àì®å áâ -
÷¢ q0 (¯®ç âª®¢¨©), q1, q2 â  q3; (q0, w) *⊢ (qi, e)
â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ |w|a − |w|b = 4k + i
(i = 0, 1, 2, 3). �à ä â ª®£®  ¢â®¬ â  ¯®ª § ®
  à¨á. 3.38; ©®£® ¬®¦  à®§£«ï¤ â¨ ïª ã§ £ «ì-
¥¨©, ¯®à®¦÷ ¯¥à¥å®¤¨ § ¬¥â®î á¯à®é¥ï  
à¨áãªã ¥  ¢¥¤¥÷.

q1

q2

q0

b

a

abab

q3

b

a

�¨á. 3.38
�«ï ¢¨¤ «¥ï áâ ã q2 ¥®¡å÷¤® ¤®¤ â¨ ç®â¨à¨ ¯¥à¥å®¤¨: (q1, aa, q3),

q1
q0

b

a
ab

bbab

q3

ba

aa

�¨á. 3.39

(q3, bb, q1), (q1, ab, q1) â  (q3, ba, q3) (¢à å®-
¢ãîç¨, é® ¯¥à¥å®¤¨ (q2, 0, q2), (q0, 0, q2)
â  (q2, 0, q0) ¯®à®¦÷). �à ä ®âà¨¬ ®£®
 ¢â®¬ â   ¢¥¤¥®   à¨á. 3.39.

� «®£÷ç®, ¢¨¤ «ïõ¬® áâ  q3, ¤®¤ -
îç¨ ¯¥à¥å®¤¨

(q0, b(ba)
∗a, q0), (q1, aa(ba)

∗bb, q1),

(q0, b(ba)
∗bb, q1), (q1, aa(ba)

∗a, q0).

� à¥èâ÷, ®¡'õ¤ãîç¨ âà¨ ®áâ ÷ ¯¥à¥å®¤¨ § ÷áãîç¨¬¨ ¯ à «¥«ì¨-
¬¨ (q1, ab, q1), (q0, a, q1) â  (q1, b, q0) ¢÷¤¯®¢÷¤®, ®âà¨¬ãõ¬® âà¨ ¯¥à¥å®¤¨

(q1, aa(ba)
∗bb+ ab, q1),

(q0, b(ba)
∗bb+ a, q1),

(q1, aa(ba)
∗a+ b, q0).

�à ä ®âà¨¬ ®£®  ¢â®¬ â  §®¡à ¦¥-
®   à¨á. 3.40.

q1q0

b ba a( )*

aa ba bb+ab( )*aa ba a+b( )*

b ba bb+a( )*

�¨á. 3.40

�®à¨áâãîç¨áì ä®à¬ã«®î (3.24), ¬®¦¥¬® § ©â¨ à¥£ã«ïà¨© ¢¨à §,
ïª®¬ã ¢÷¤¯®¢÷¤ õ ¬®¢  L:

r1 =
(
(b(ba)∗a)∗(b(ba)∗bb+ a)(aa(ba)∗bb+ ab)∗(aa(ba)∗a+ b)

)∗·
·(b(ba)∗a)∗(b(ba)∗bb+ a)(aa(ba)∗bb+ ab)∗. (3.25)

� ã¢ ¦¥ï 3.24. �  ¢â®¬ â÷   à¨á. 3.39 ¬®¦  § ¬÷¨â¨ ¯¥à¥å®¤¨
(q3, a, q0) © (q1, b, q0)   ç®â¨à¨ ¯¥à¥å®¤¨ (q3, ab, q3), (q1, ba, q1), (q3, aa, q1)
© (q1, bb, q3) â  ®¡'õ¤ â¨ ùå § ÷áãîç¨¬¨ ¯ à «¥«ì¨¬¨ ¯¥à¥å®¤ ¬¨
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(q3, ba, q3), (q1, ab, q1), (q3, bb, q1) â  (q1, aa, q3) ¢÷¤¯®¢÷¤® (à¨á. 3.41),   «¨è¥
¯÷á«ï æì®£® ¢¨¤ «¨â¨ áâ  q3 (à¨á. 3.42).

q1
q0

a

ab+ba

aa+bb
b

q3
ab+ba aa+bb

�¨á. 3.41

q1q0

ab+ba+(aa+bb) ab ba (aa+bb)( + )*

a+b ab ba (aa+bb)( + )*

�¨á. 3.42

� â ª®¬ã ¢¨¯ ¤ªã ®âà¨¬ãõ¬® ¯à®áâ÷è¨© à¥£ã«ïà¨© ¢¨à §, ïª®¬ã ¢÷¤-
¯®¢÷¤ õ ¬®¢  L:

r2 =
(
a+b(ab+ba)∗(aa+bb)

)(
ab+ba+(aa+bb)(ab+ba)∗(aa+bb)

)∗
. (3.26)

�¯à ¢  3.25. �¨§ ç¨â¨ à¥£ã«ïà÷ ¢¨à §¨, ïª¨¬ ¢÷¤¯®¢÷¤ îâì à¥£ã-
«ïà÷ ¬®¢¨ ÷§ ¯à¨ª« ¤÷¢ 3.8 â  3.9.

öè¨©  «£®à¨â¬ § å®¤¦¥ï à¥£ã«ïà®£® ¢¨à §ã §  áª÷ç¥¨¬  ¢-
â®¬ â®¬ ¬¥â®¤®¬ à¥ªãà¥â¨å ä®à¬ã« ¢¨ª« ¤¥¨©,  ¯à¨ª« ¤, ã [24].

� ã¢ ¦¥ï 3.25. �«ï à¥£ã«ïà®£® ¢¨à §ã r à®§£«ï¤ îâì ¢¨á®âã ÷â¥-
à æ÷ù ,  ¡® §÷àª®¢ã ¢¨á®âã sh r { ¬ ªá¨¬ «ìã £«¨¡¨ã ¢ª« ¤¥®áâ÷ ®¯¥-
à æ÷© § ¬¨ª ï �«÷÷ ý∗þ. � «®£÷ç®, ¤«ï à¥£ã«ïà®ù ¬®¢¨ L ¢¨á®-
â  ÷â¥à æ÷ù (§÷àª®¢  ¢¨á®â ) shL { æ¥  ©¬¥è  ¢¨á®â  ÷â¥à æ÷ù á¥à¥¤
à¥£ã«ïà¨å ¢¨à §÷¢, ïª¨¬ ¢÷¤¯®¢÷¤ õ ¬®¢  L (¤¥â «ì÷è¥ ¤¨¢. [25, 26]).
� ¯à¨ª« ¤÷ 3.57 ¢¨á®â  à¥£ã«ïà®£® ¢¨à §ã (3.25) sh r1 = 3, ¢¨á®â  à¥£ã-
«ïà®£® ¢¨à §ã (3.26) sh r2 = 2,   ¢¨á®â  à¥£ã«ïà®ù ¬®¢¨ shL = 2, ®á-
ª÷«ìª¨ ¥ ÷áãõ à¥£ã«ïà®£® ¢¨à §ã ¢¨á®â®î 1, ïª®¬ã ¢÷¤¯®¢÷¤ õ ¬®¢  L
(¤¨¢. [26]). � § ç¨¬®, é® ¬¥â®¤¨ ¯®èãªã §÷àª®¢®ù ¢¨á®â¨ à¥£ã«ïà®ù ¬®-
¢¨, â®¡â® ¬÷÷¬ «ì®£® §  ª÷«ìª÷áâî ¢ª« ¤¥ì ®¯¥à æ÷ù ý∗þ à¥£ã«ïà®£®
¢¨à §ã, ¢÷¤à÷§ïîâìáï ¢÷¤ ¬¥â®¤÷¢ ¯®èãªã ¬÷÷¬ «ì®£® §  ª÷«ìª÷áâî áâ -
÷¢ ¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â .

� ¯¨â ï â  § ¢¤ ï

¤«ï á ¬®ª®âà®«î

1. � ¢¥áâ¨ ¥ä®à¬ «ì¨© ®¯¨á â  ¯à¨æ¨¯ à®¡®â¨ áª÷ç¥®£®  ¢â®-
¬ â . �ª÷ ¤÷ù ¢¨ª®ãõ áª÷ç¥¨©  ¢â®¬ â ¤«ï ¯¥à¥å®¤ã (q1, a, q2)?

2. � ¢¥áâ¨ ä®à¬ «ì¥ ®§ ç¥ï áª÷ç¥®£®  ¢â®¬ â .
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3. � ¢¥áâ¨ ®§ ç¥ï ç áâª®¢®£® ¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®-
¬ â  â  ¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â . �ª ,   ¢ èã ¤ã¬ªã, ¯¥-
à¥¢ £  â ª¨å  ¢â®¬ â÷¢ ¯®à÷¢ï® § ¥¤¥â¥à¬÷®¢ ¨¬¨, ÷  ¢¯ ª¨?

4. � ¢¥áâ¨ ®§ ç¥ï ª®ä÷£ãà æ÷ù â  â ªâã à®¡®â¨ áª÷ç¥®£®  ¢â®-
¬ â . �ª ¢¢®¤ïâì ¢÷¤®è¥ï ý *

M⊢ þ? �ªã ª®ä÷£ãà æ÷î  §¨¢ îâì âã¯¨-
ª®¢®î?

5. � â¨ ¢¨§ ç¥ï ¯®ïââî ý ¢â®¬ â ¤®¯ãáª õ ä®à¬ «ìã ¬®¢ãþ.
�ªã ä®à¬ «ìã ¬®¢ã  §¨¢ îâì  ¢â®¬ â®î? �ª÷  ¢â®¬ â¨  §¨¢ îâì
¥ª¢÷¢ «¥â¨¬¨?

6. � ¢¥áâ¨ ®§ ç¥ï äãªæ÷ù ¯¥à¥å®¤÷¢ â  à®§è¨à¥®ù äãªæ÷ù ¯¥à¥-
å®¤÷¢ ¤¥â¥à¬÷®¢ ®£®  ¢â®¬ â , ¢ª § â¨ ¢÷¤¯®¢÷¤÷ ¯à¨ª« ¤¨.

7. �ä®à¬ã«î¢ â¨ â¥®à¥¬ã ¯à® ÷áã¢ ï ¥ª¢÷¢ «¥â®£® ¤¥â¥à¬÷®-
¢ ®£®  ¢â®¬ â  â   ¢¥áâ¨ ¢÷¤¯®¢÷¤¨© ¬¥â®¤ ¯®¡ã¤®¢¨.

8. �¨ §¡÷£ îâìáï ª« á¨  ¢â®¬ â¨å â  à¥£ã«ïà¨å ¬®¢? � ¢¥áâ¨ ¬¥-
â®¤ ¯®¡ã¤®¢¨ áª÷ç¥®£®  ¢â®¬ â , ïª¨© ¤®¯ãáª õ ¬®¢ã, ¯®à®¤¦¥ã à¥-
£ã«ïà®î £à ¬ â¨ª®î;  ¢¥áâ¨ ¬¥â®¤ ¯®¡ã¤®¢¨ à¥£ã«ïà®ù £à ¬ â¨ª¨,
ïª  ¯®à®¤¦ãõ  ¢â®¬ âã ¬®¢ã.

9. � ¢¥áâ¨ ®§ ç¥ï áª÷ç¥®£®  ¢â®¬ â  § e-¯¥à¥å®¤ ¬¨. �ª ,  
¢ èã ¤ã¬ªã, ¯¥à¥¢ £  â ª¨å  ¢â®¬ â÷¢ ¯®à÷¢ï® §  ¢â®¬ â ¬¨ ¡¥§ e-¯¥-
à¥å®¤÷¢, ÷  ¢¯ ª¨?

10. � ¢¥áâ¨ ¬¥â®¤ ¢¨¤ «¥ï e-¯¥à¥å®¤÷¢ ¤«ï áª÷ç¥®£®  ¢â®¬ â .

11. � ¢¥áâ¨ ®§ ç¥ï ¬®¦¨¨ ¯à ¢¨å ª®â¥ªáâ÷¢ á«®¢  ¢÷¤®á®
ä®à¬ «ì®ù ¬®¢¨.

12. � ¢¥áâ¨ ®§ ç¥ï ¥ª¢÷¢ «¥â®áâ÷ á«÷¢ §  ä®à¬ «ì®î ¬®¢®î
â  ¥ª¢÷¢ «¥â®áâ÷ á«÷¢ §  áª÷ç¥¨¬  ¢â®¬ â®¬. �ª ¢¢®¤ïâì ÷¤¥ªá¨ iL
â  iM , ïª¨© §¢'ï§®ª ¬÷¦ ¨¬¨? �ª § â¨ ¯à¨ª« ¤  ¢â®¬ â , ¤«ï ïª®£®
iL < iM .

13. �ä®à¬ã«î¢ â¨ â¥®à¥¬ã � ©å÷«« {�¥à®¤ ,  ¢¥áâ¨ ¢÷¤¯®¢÷¤¨©
¬¥â®¤ ¯®¡ã¤®¢¨ ¬÷÷¬ «ì®£® §  ª÷«ìª÷áâî áâ ÷¢ áª÷ç¥®£® ¤¥â¥à¬÷®-
¢ ®£®  ¢â®¬ â , ïª¨© ¤®¯ãáª õ ä®à¬ «ìã ¬®¢ã. �ª ,   ¢ èã ¤ã¬ªã,
¯¥à¥¢ £  â ª¨å  ¢â®¬ â÷¢?

14. �ª÷ áâ ¨ ¤¥â¥à¬÷®¢ ®£® áª÷ç¥®£®  ¢â®¬ â   §¨¢ îâì ¥ª¢÷-
¢ «¥â¨¬¨? � ¢¥áâ¨ ®§ ç¥ï ¬÷÷¬ «ì®£®  ¢â®¬ â , ®âà¨¬ ®£®
§«¨ââï¬ ¥ª¢÷¢ «¥â¨å áâ ÷¢.

15. � ¢¥áâ¨  «£®à¨â¬ ¯®á«÷¤®¢®ù ¯®¡ã¤®¢¨ ¢÷¤®è¥ì k-¥ª¢÷¢ «¥â-
®áâ÷ â   «£®à¨â¬ ¯®á«÷¤®¢®£® § ¯®¢¥ï â ¡«¨æ÷ ¥¥ª¢÷¢ «¥â¨å áâ -
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÷¢ ¤«ï ¬÷÷¬÷§ æ÷ù áª÷ç¥¨å  ¢â®¬ â÷¢.
16. �ä®à¬ã«î¢ â¨ ¢« áâ¨¢®áâ÷ § ¬ª¥®áâ÷ ª« áã à¥£ã«ïà¨å ¬®¢,

 ¢¥áâ¨ ¬¥â®¤¨ ¯®¡ã¤®¢¨ ¢÷¤¯®¢÷¤¨å  ¢â®¬ â÷¢.
17. �ä®à¬ã«î¢ â¨ «¥¬ã ¯à® à®§à®áâ ï ¤«ï à¥£ã«ïà¨å ¬®¢.
18. � ¢¥áâ¨ ®§ ç¥ï à¥£ã«ïà®£® ¢¨à §ã. �¯¨á â¨ ¬¥â®¤ ¢¨¤ «¥ï

áâ ÷¢ ã§ £ «ì¥®£® áª÷ç¥®£®  ¢â®¬ â  ¤«ï § å®¤¦¥ï à¥£ã«ïà®-
£® ¢¨à §ã.
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�®§¤÷« 4

� £ §¨÷  ¢â®¬ â¨

÷ ª®â¥ªáâ®-¢÷«ì÷ £à ¬ â¨ª¨

4.1. �¥à¥¢  à®§¡®àã. �¤®§ ç÷

ª®â¥ªáâ®-¢÷«ì÷ ¬®¢¨

4.1.1. �¥à¥¢  à®§¡®àã

�¥å © G = ⟨V, T, P, S⟩ { ��-£à ¬ â¨ª  (¤¨¢. ¯÷¤à®§¤. 1.4). �âàãªâãà 
¯à®¤ãªæ÷© ã £à ¬ â¨ª å æì®£® â¨¯ã { A → a, ¤¥ A ∈ V , a ∈ (V ∪ T )∗, {
¯¥à¥¤¡ ç õ ¬®¦«¨¢÷áâì § ¬÷¨ ¢å®¤¦¥ï ¥â¥à¬÷ «ì®£® á¨¬¢®«  A
  á«®¢® a ã ¡ã¤ì-ïª®¬ã á«®¢÷ uAv ¥§ «¥¦® ¢÷¤ ®â®çãîç®£® ª®â¥ªáâã
u ∈ (V ∪ T )∗ â  v ∈ (V ∪ T )∗. �¥ ®§ ç õ, é® á¨¬¢®« A, ïª¨© ¯®à®¤¦ãõ

á«®¢® w ∈ T ∗ (A
∗⇒
G

w), ¬®¦¥ ýà®§£®àâ â¨áïþ ¢ w ¥§ «¥¦® ¢÷¤ ®â®çã-

îç®£® ª®â¥ªáâã ÷ ¥ ¢¯«¨¢ îç¨   à®§£®àâ ï ÷è¨å ¥â¥à¬÷ «ì¨å
á¨¬¢®«÷¢ â  ÷è¨å ¢å®¤¦¥ì A.

�à¨ª« ¤ 4.1. �®§£«ï¥¬® £à ¬ â¨ªã G = ⟨{S,A,B}, {a, b, c}, P, S⟩
÷§ ¬®¦¨®î ¯à®¤ãªæ÷© P = {S → AAB,A → aAc|e, B → bBc|e}. �¨ª®-
à¨áâ®¢ãîç¨ â¥å÷ªã, ®¯¨á ã ¢ ¯à¨ª« ¤÷ 1.13, ¯. 3 â  5, «¥£ª® §à®§ã¬÷â¨,
é® æï £à ¬ â¨ª  ¯®à®¤¦ãõ ¬®¢ã L[G] = {ak1ck1ak2ck2bncn : k1, k2, n > 0}.
� ª, á«®¢® w = a2c2acbc ¬®¦  ®âà¨¬ â¨ ÷§ ¤¦¥à¥«  S â ª¨¬ ç¨®¬:

S ⇒ AAB ⇒ aAcAB ⇒ a2Ac2AB ⇒ a2c2AB ⇒
⇒ a2c2aAcB ⇒ a2c2acB ⇒ a2c2acbBc ⇒ a2c2acbc. (4.1)
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�¥£ª® ¯¥à¥¢÷à¨â¨, é® ÷áãõ 7!
3!2!2!

= 210 ¢ à÷ â÷¢ ¢¨¢¥¤¥ï S
∗⇒ w,  ¢¥-

¤¥¬® é¥ ¤¢ :

S ⇒ AAB ⇒ AAbBc ⇒ AAbc ⇒ AaAcbc ⇒
⇒ Aacbc ⇒ aAcacbc ⇒ a2Ac2acbc ⇒ a2c2acbc; (4.2)

S ⇒ AAB ⇒ aAcAB ⇒ aAcaAcB ⇒ aAcaAcbBc ⇒
⇒ a2Ac2aAcbBc ⇒ a2c2aAcbBc ⇒ a2c2aAcbc ⇒ a2c2acbc. (4.3)

�à®â¥ ¢á÷ ¢ à÷ â¨ ¢¨¢¥¤¥ï S
∗⇒ w = a2c2acbc ¢« èâ®¢ ÷ §  ®¤ ª®¢®î

áå¥¬®î: âà¨ ¥â¥à¬÷ «ì÷ á¨¬¢®«¨, ïª÷ áª« ¤ îâì ®âà¨¬ ¥   ¯¥àè®¬ã
ªà®æ÷ á«®¢®AAB (¤¢  ¢å®¤¦¥ï á¨¬¢®« A â  á¨¬¢®«B), à®§£®àâ îâìáï
ã á«®¢  a2c2, ac â  bc ¢÷¤¯®¢÷¤®:

S ⇒ AAB; A ⇒ aAc ⇒ aaAcc ⇒ aacc;

A ⇒ aAc ⇒ ac;

B ⇒ aBc ⇒ bc.

�å¥¬ã à®§£®àâ ï S ¢ a2c2acbc  -
®ç® §®¡à ¦ãîâì ã ä®à¬÷ ¤¥à¥-
¢  à®§¡®àã (à¨á. 4.1, ä®à¬ «ì¥
¢¨§ ç¥ï ¤¨¢. ¤ «÷ ¢ æì®¬ã ¯÷¤-
à®§¤÷«÷).

S

A A B

Aa c

ε

ε εAa c

Aa c Bb c

�¨á. 4.1

�§ ç¥ï 4.1. �¥å © G = ⟨V, T, P, S⟩ { ��-£à ¬ â¨ª , w ∈ T ∗,

A ∈ V , â  ÷áãõ ¢¨¢¥¤¥ï A
∗⇒
G

w ÷§ á«®¢®¬ a ∈ (V ∪ T )∗, ®âà¨¬ ¨¬  

¯¥àè®¬ã ªà®æ÷:
A ⇒

G
a

∗⇒
G

w. (4.4)

�¥à¥¢®¬ à®§¡®àã (¤¥à¥¢®¬ ¢¨¢¥¤¥ï) á«®¢  w, é® ¢÷¤¯®¢÷¤ õ ¢¨¢¥¤¥-
î (4.4),  §¨¢ îâì ¬÷ç¥¥ ª®à¥¥¢¥ ¤¥à¥¢®, ª®¦  ¢¥àè¨  ïª®£® ¯®¬÷-
ç¥  á¨¬¢®«®¬ ÷§ V ∪ T  ¡® ¬÷âª®î e, ÷ ¢¨ª®ãîâìáï â ª÷ ã¬®¢¨:

1) ª®à÷ì ¤¥à¥¢  ¯®¬÷ç¥¨© á¨¬¢®«®¬ A;

2) ïªé® a = x1x2 . . . xn
∗⇒ w, ¤¥ xj ∈ (V ∪ T ) (j = 1, 2, . . . , n, n > 1):

2.1) ª®à÷ì ¬ õ n ¡¥§¯®á¥à¥¤÷å  é ¤ª÷¢;
2.2) ¡¥§¯®á¥à¥¤÷  é ¤ª¨ ª®à¥ï ¯®¬÷ç¥÷ á¨¬¢®« ¬¨ x1, x2, . . . , xn,
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«÷÷©® ¢¯®àï¤ª®¢ ÷ §£÷¤® § ¯®àï¤ª®¬ ¢å®¤¦¥ï ¬÷â®ª ã á«®¢® a ÷ à®§-
¬÷é¥÷   à¨áãªã §«÷¢   ¯à ¢® §£÷¤® § æ¨¬ ¢¯®àï¤ªã¢ ï¬;

2.3) ª®¦¨© ¡¥§¯®á¥à¥¤÷©  é ¤®ª ª®à¥ï, ¯®¬÷ç¥¨© ¥â¥à¬÷ «ì-
¨¬ á¨¬¢®«®¬ xj = Aj ∈ V , õ ª®à¥¥¬ ¯÷¤¤¥à¥¢ , ïª¥ ¢÷¤¯®¢÷¤ õ à®§£®à-

â î Aj
∗⇒ wj ∈ T ∗ ã ¢¨¢¥¤¥÷ (4.4);

3) ïªé® a = e:

3.1) ª®à÷ì ¬ õ ®¤®£® ¡¥§¯®á¥à¥¤ì®£®  é ¤ª , ïª¨© ¯®¬÷ç¥¨© ¬÷â-
ª®î e.

�÷¤®è¥ï ¯®àï¤ªã ¤«ï ¡¥§¯®á¥à¥¤÷å  é ¤ª÷¢ ä÷ªá®¢ ®ù ¢¥àè¨-
¨, ¢áâ ®¢«¥¥ ã ¯. 2.2 ®§ ç¥ï 4.1, ¯®è¨à¨¬®   ¢áî ¬®¦¨ã ¢¥à-
è¨: ïªé® ¢¥àè¨  u ¯¥à¥¤ãõ ¢¥àè¨÷ v, ª®¦¨©  é ¤®ª u ¯¥à¥¤ãõ
ª®¦®¬ã  é ¤ªã ¢¥àè¨¨ v. �¥£ª® §à®§ã¬÷â¨, é® ¯®à÷¢ï¨¬¨ õ â÷ ©
â÷«ìª¨ â÷ ¯ à¨ ¢¥àè¨, ïª÷ ¥ «¥¦ âì   ®¤÷© £÷«æ÷ ¤¥à¥¢  à®§¡®àã. �®-
ªà¥¬ , ¯®¯ à® ¯®à÷¢ï¨¬¨ õ ãá÷ ¢¥àè¨¨, ïª÷ ¯®¬÷ç¥÷ â¥à¬÷ «ì¨¬
á¨¬¢®«®¬  ¡® ¬÷âª®î e { ¬÷âª¨ æ¨å ¢¥àè¨, à®§¬÷é¥÷ §£÷¤® § ¯®¡ã¤®¢ -
¨¬ ¢÷¤®è¥ï¬ ¯®àï¤ªã, ãâ¢®àîîâì ¢¨¢¥¤¥¥ á«®¢® w. � ª, ¤«ï ¤¥à¥¢ 
à®§¡®àã á«®¢  a2c2acbc ã £à ¬ â¨æ÷ § ¯à¨ª« ¤ã 4.1 (à¨á. 4.1) ®âà¨¬ãõ¬®:

aa · e · cca · e · cb · e · c = aaccacbc = a2c2acbc.

�§ ç¥ï 4.2. �¨¢¥¤¥ï S = a0 ⇒
G

a1 ⇒
G

a2 ⇒
G

. . . ⇒
G

an = w

á«®¢  w ã ��-£à ¬ â¨æ÷ G  §¨¢ îâì «÷¢®áâ®à®÷¬ (¯à ¢®áâ®à®÷¬),
ïªé®   ª®¦®¬ã ªà®æ÷ ai ⇒

G
ai+1 (i = 0, 1, . . . , n−1) ¢÷¤¡ã¢ õâìáï § ¬÷ 

¯¥àè®£® §«÷¢  (á¯à ¢ ) ¥â¥à¬÷ «ì®£® á¨¬¢®«  ã á«®¢÷ ai.

�ç¥¢¨¤®, é® ¤«ï ¡ã¤ì-ïª®£® á«®¢  w ∈ L[G] ÷áãõ ¯à¨ ©¬÷ ®¤¥
«÷¢®áâ®à®õ ÷ ¯à¨ ©¬÷ ®¤¥ ¯à ¢®áâ®à®õ ¢¨¢¥¤¥ï, ®¤ ª ª®¦®-
¬ã ¤¥à¥¢ã à®§¡®àã ¢÷¤¯®¢÷¤ õ ¢ â®ç®áâ÷ ®¤¥ «÷¢®áâ®à®õ (÷ ¢ â®ç®áâ÷
®¤¥ ¯à ¢®áâ®à®õ) ¢¨¢¥¤¥ï. � ª, ¤«ï á«®¢  a2c2acbc ã £à ¬ â¨æ÷ §
¯à¨ª« ¤ã 4.1 ¢¨¢¥¤¥ï (4.1) «÷¢®áâ®à®õ, ¢¨¢¥¤¥ï (4.2) ¯à ¢®áâ®à®-
õ, ¢¨¢¥¤¥ï (4.3) ¥ õ  ÷ «÷¢®-,  ÷ ¯à ¢®áâ®à®÷¬; ãá÷¬ æ¨¬ âàì®¬
¢¨¢¥¤¥ï¬ ¢÷¤¯®¢÷¤ õ ®¤¥ ¤¥à¥¢® à®§¡®àã, §®¡à ¦¥¥   à¨á. 4.1.

� § ç¨¬®, é® ¢ § £ «ì®¬ã ¢¨¯ ¤ªã ¤«ï § ¤ ®£® á«®¢  ¬®¦¥ ÷áã-
¢ â¨ ¤¥ª÷«ìª  «÷¢®áâ®à®÷å (  «®£÷ç® { ¯à ¢®áâ®à®÷å) ¢¨¢¥¤¥ì ÷,
¢÷¤¯®¢÷¤®, ¤¥ª÷«ìª  à÷§¨å ¤¥à¥¢ à®§¡®àã.
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4.1. �¥à¥¢  à®§¡®àã. �¤®§ ç÷ ª®â¥ªáâ®-¢÷«ì÷ ¬®¢¨

4.1.2. �¤®§ ç÷ ��-£à ¬ â¨ª¨ â  ��-¬®¢¨

�§ ç¥ï 4.3. �®â¥ªáâ®-¢÷«ìã £à ¬ â¨ªã G = ⟨V, T, P, S⟩  §¨-
¢ îâì ®¤®§ ç®î, ïªé® ¤«ï ª®¦®£® á«®¢  w ∈ L[G] ÷áãõ ¢ â®ç®áâ÷

®¤¥ «÷¢®áâ®à®õ ¢¨¢¥¤¥ï S
∗⇒
G

w.

�à¨ª« ¤ 4.2. �®â¥ªáâ®-¢÷«ì  £à ¬ â¨ª  G § ¯à¨ª« ¤ã 4.1 ®¤®-
§ ç , ®áª÷«ìª¨ ¯÷á«ï ¯¥àè®£® ®¡®¢'ï§ª®¢®£® ªà®ªã S ⇒ AAB ®¡¨¤¢ 
¢å®¤¦¥ï á¨¬¢®«  A â  á¨¬¢®« B õ¤¨¨¬ ç¨®¬ à®§£®àâ îâìáï ¢÷¤-
¯®¢÷¤® ¢ ak1ck1 , ak2ck2 â  bncn (k1, k2, n > 0), áª« ¤ îç¨ § ¤ ¥ á«®¢®
ak1ck1ak2ck2bncn ∈ L[G].

�à¨ª« ¤ 4.3. �®§£«ï¥¬® £à ¬ â¨ªã G = ⟨{S}, {a, b}, P, S⟩ ÷§ ¬®-
¦¨®î ¯à®¤ãªæ÷© P = {S → aSbS|bSaS|e}. �®¦  ¤®¢¥áâ¨, é®
L[G] = {w ∈ {a, b}∗ : |w|a = |w|b}. �ç¥¢¨¤®, é® ¤«ï aabb ∈ L ÷áãõ
õ¤¨¥ «÷¢®áâ®à®õ ¢¨¢¥¤¥ï ÷§ S:

S ⇒ aSbS ⇒ aaSbSbS ⇒
⇒ aabSbS ⇒ aabbS ⇒ aabb,

¢÷¤¯®¢÷¤¥ ¤¥à¥¢® à®§¡®àã ¤¨¢.   à¨á. 4.2.

S

a S S

ε

ε
Sa S

b

b

ε

�¨á. 4.2

�¤ ª á«®¢® abab ¬®¦  ®âà¨¬ â¨ ÷§ S ¤¢®¬  à÷§¨¬¨ «÷¢®áâ®à®÷¬¨
¢¨¢¥¤¥ï¬¨

S ⇒ aSbS ⇒ abSaSbS ⇒ abaSbS ⇒ ababS ⇒ abab;

S ⇒ aSbS ⇒ abS ⇒ abaSbS ⇒ ababS ⇒ abab,

ïª¨¬ ¢÷¤¯®¢÷¤ îâì à÷§÷ ¤¥à¥¢  à®§¡®àã (à¨á. 4.3 â  4.4 ¢÷¤¯®¢÷¤®).

S

a S S

ε

ε
Sb S

b

a

ε

�¨á. 4.3

S

a S S

ε

ε
Sa S

b

b

ε

�¨á. 4.4
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�®§¤÷« 4. � £ §¨÷  ¢â®¬ â¨ ÷ ª®â¥ªáâ®-¢÷«ì÷ £à ¬ â¨ª¨

�â¦¥, ��-£à ¬ â¨ª  G ¥®¤®§ ç , ®áª÷«ìª¨ á«®¢® abab ¬®¦  ®â-
à¨¬ â¨ ÷§ S à÷§¨¬¨ «÷¢®áâ®à®÷¬¨ ¢¨¢¥¤¥ï¬¨.

�¯à ¢  4.1. �®¢¥áâ¨, é® £à ¬ â¨ª  G ÷§ ¯à¨ª« ¤ã 4.3 á¯à ¢¤÷ ¯®à®-
¤¦ãõ ¬®¢ã {w ∈ {a, b}∗ : |w|a = |w|b}.

�ª §÷¢ª . �«ï ¤®¢÷«ì®£® á«®¢  w ∈ {a, b}∗ ¤®¢¥áâ¨ «®£÷ç÷  á«÷¤ª¨

(S
∗⇒
G

w) ⇒ (|w|a = |w|b),
(|w|a = |w|b) ⇒ (S

∗⇒
G

w);

¢ ®¡®å ¢¨¯ ¤ª å áª®à¨áâ â¨áï ÷¤ãªæ÷õî §  |w| > 0.

�¯à ¢  4.2. �«ï £à ¬ â¨ª¨ G ÷§ ¯à¨ª« ¤ã 4.3 â  á«®¢  aababb ¢¨¯¨-
á â¨ ¢á÷ «÷¢®áâ®à®÷ ¢¨¢¥¤¥ï ÷ §®¡à §¨â¨ ¢÷¤¯®¢÷¤÷ ¤¥à¥¢  à®§¡®àã.

�§ ç¥ï 4.4. �®â¥ªáâ®-¢÷«ìã ¬®¢ã L ⊂ T ∗  §¨¢ îâì ®¤®-
§ ç®î, ïªé® ¢®  ¬®¦¥ ¡ãâ¨ ¯®à®¤¦¥  ®¤®§ ç®î ��-£à ¬ â¨ª®î
G = ⟨V, T, P, S⟩. �®¢ã L ⊂ T ∗  §¨¢ îâì áãââõ¢® ¥®¤®§ ç®î, ïª-
é® L ¥ ¬®¦¥ ¡ãâ¨ ¯®à®¤¦¥  ¦®¤®î ®¤®§ ç®î ��-£à ¬ â¨ª®î
G = ⟨V, T, P, S⟩.

� ª, ��-¬®¢ L = {ak1ck1ak2ck2bncn : k1, k2, n > 0} ⊂ {a, b, c}∗ ®¤®§ ç-
 , ®áª÷«ìª¨ ¯®à®¤¦¥  ®¤®§ ç®î ��-£à ¬ â¨ª®î ÷§ ¯à¨ª« ¤ã 4.1.

� § ç¨¬®, é® ¡ã¤ì-ïªã ( ¢÷âì ®¤®§ çã) ��-¬®¢ã ¬®¦  ¯®à®-
¤¨â¨ ¥®¤®§ ç®î ��-£à ¬ â¨ª®î { ¤«ï ý¯áã¢ ïþ ®¤®§ ç®á-
â÷ ã £à ¬ â¨æ÷ ⟨V, T, P, S⟩ ¤®áâ âì® ¤®¤ â¨ ¤® ¬®¦¨¨ P ¯à®¤ãªæ÷î
S → S. �à®â¥ §£÷¤® § ®§ ç¥ï¬ 4.4 ®¤®§ ç÷áâì ��-¬®¢¨ ®§ ç õ
÷áã¢ ï ¯à¨ ©¬÷ ®¤÷õù ®¤®§ ç®ù ��-£à ¬ â¨ª¨, é® ¯®à®¤¦ãõ æî
¬®¢ã. � ¬¥ â®¬ã ¢ ¦«¨¢®î ¯à ªâ¨ç®î § ¤ ç¥î õ ¯®èãª ®¤®§ ç®ù
��-£à ¬ â¨ª¨, ïª  ¯®à®¤¦ã¢ «  ¡ § ¤ ã ��-¬®¢ã. � §¢¨ç © ��-¬®¢ 
§ ¤   ¤¥ïª®î (¥®¤®§ ç®î) ��-£à ¬ â¨ª®î, ÷ â®¤÷ § ¤ ç  ¯®«ï£ õ
ã ¬®¤¨ä÷ª æ÷ù æ÷õù £à ¬ â¨ª¨ § ¬¥â®î ¯®§¡ãâ¨áì ùù ¥®¤®§ ç®áâ÷.

�à¨ª« ¤ 4.4. �®§£«ï¥¬® ��-£à ¬ â¨ªã G = ⟨{E, I}, {+, a, b}, P, E⟩
÷§ ¬®¦¨®î ¯à®¤ãªæ÷© P = {E → E+E|I, I → a|b}. �ç¥¢¨¤®, é® L[G]
¬÷áâ¨âì ý¯à ¢¨«ì÷þ  à¨ä¬¥â¨ç÷ ¢¨à §¨ § ¡÷ à®î ®¯¥à æ÷õî ý+þ â 
¤¢®¬  ÷¤¥â¨ä÷ª â®à ¬¨ ýaþ ÷ ýbþ. � ª, £à ¬ â¨ª  ¯®à®¤¦ãõ á«®¢  a,
b, a + a, a + b ÷ â. ¤.,  «¥ ¥ ¯®à®¤¦ãõ á«®¢® +a. �à ¬ â¨ª  G ¥®¤®-
§ ç , ®áª÷«ìª¨ ¡ã¤ì-ïª¥ á«®¢® § ¤¢®¬  â  ¡÷«ìè¥ ¢å®¤¦¥ï¬¨ á¨¬¢®-
«  ý+þ ¬®¦  ®âà¨¬ â¨ ÷§ ¤¦¥à¥«  E ¡÷«ìè ÷¦ ®¤¨¬ «÷¢®áâ®à®÷¬
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¢¨¢¥¤¥ï¬. � ª, ¤«ï á«®¢  a+ a+ b ÷áãõ ¤¢  «÷¢®áâ®à®÷å ¢¨¢¥¤¥ï:

E ⇒ E + E ⇒ E + E + E ⇒ I + E + E ⇒ a+ E + E ⇒
⇒ a+ I + E ⇒ a+ a+ E ⇒ a+ a+ I ⇒ a+ a+ b;

E ⇒ E + E ⇒ I + E ⇒ a+ E ⇒ a+ E + E ⇒
⇒ a+ I + E ⇒ a+ a+ E ⇒ a+ a+ I ⇒ a+ a+ b;

¢÷¤¯®¢÷¤÷ ¤¥à¥¢  à®§¡®àã ¯®ª § ®   à¨á. 4.5 â  4.6.

E

E E

I

+

E+E

b
I

a

I

a

�¨á. 4.5

E

E E

I

+

E+E

a
I

a

I

b

�¨á. 4.6

� § ç¨¬®, é® â ª  ¥®¤®§ ç÷áâì áâ ®¢¨âì ¯à®¡«¥¬ã ¯à¨ á¨-
â ªá¨ç®¬ã   «÷§÷,  ¢÷âì §¢ ¦ îç¨   §¢¨ç ©ã ¢ ¬ â¥¬ â¨æ÷  á®æ÷ -
â¨¢÷áâì ®¯¥à æ÷ù ý+þ { ¯à¨ ©¬÷ ç¥à¥§ ¯®¡÷ç÷ ¥ä¥ªâ¨, ïªé® a â  b ã
à¥ «ì÷© ¯à®£à ¬÷ ®§ ç îâì ¢¨ª«¨ª äãªæ÷©. �à®â¥ ¢ æì®¬ã à §÷ ¥®¤-
®§ ç÷áâì «¥£ª® ãáããâ¨, ª®ªà¥â¨§ã¢ ¢è¨ ¯®àï¤®ª ¢¨ª® ï ®¯¥à -
æ÷ù ý+þ { § §¢¨ç © §«÷¢   ¯à ¢®: ¬®¤¨ä÷ª®¢   £à ¬ â¨ª  ÷§ ¬®¦¨®î
¯à®¤ãªæ÷© P = {E → E + I|I, I → a|b} ®¤®§ ç . � ª, ¤«ï à®§£«ïã-

E

E I+

+E
b

I

a

I

a

�¨á. 4.7

â®£® á«®¢  a + a + b â¥¯¥à ÷áãõ õ¤¨¥
«÷¢®áâ®à®õ ¢¨¢¥¤¥ï

E ⇒ E + I ⇒ E + I + I ⇒ I + I + I ⇒
⇒ a+ I + I ⇒ a+ a+ I ⇒ a+ a+ b,

ïª¥ ¢÷¤¯®¢÷¤ õ ¯®àï¤ªã ®¡ç¨á«¥ï §«÷-
¢   ¯à ¢®. �÷¤¯®¢÷¤¥ ¤¥à¥¢® à®§¡®àã
§®¡à ¦¥®   à¨á. 4.7.
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� ã¢ ¦¥ï 4.1. �¥å÷ªã ÷§ ¯à¨ª« ¤ã 4.4 ¬®¦  ã§ £ «ì¨â¨   ¢¨-
¯ ¤®ª ¤¢®å ¡÷ à¨å ®¯¥à æ÷© § à÷§¨¬¨ ¯à÷®à¨â¥â ¬¨. � ª, ä®à¬ «ì-
  £à ¬ â¨ª  G = ⟨{E,M, I}, {+, ∗, a, b}, P, E⟩ ÷§ ¬®¦¨®î ¯à®¤ãªæ÷©
P = {E → E + M |M,M → M ∗ I|I, I → a|b} ¯®à®¤¦ãõ  à¨ä¬¥â¨ç÷
¢¨à §¨ § ¡÷ à¨¬¨ ®¯¥à æ÷ï¬¨ ý+þ ÷ ý∗þ â  ¤¢®¬  ÷¤¥â¨ä÷ª â®à ¬¨
ýaþ ÷ ýbþ. �¤®§ ç÷áâì æ÷õù £à ¬ â¨ª¨ § ¡¥§¯¥ç¥® ¢¢¥¤¥ï¬ ¥â¥à-
¬÷ «ì®£® á¨¬¢®«  M :  à£ã¬¥â¨ ®¯¥à æ÷ù ý∗þ ¥ ¬®¦ãâì ¬÷áâ¨â¨ ý+þ,
é® £ à âãõ ¯à÷®à¨â¥â÷áâì ý∗þ. �®¤ «ìè÷ ã§ £ «ì¥ï ¯®¡ã¤®¢¨ ®¤-
®§ ç¨å £à ¬ â¨ª ¤«ï  à¨ä¬¥â¨ç¨å ¢¨à §÷¢, §®ªà¥¬  ¤«ï ¢¨à §÷¢ §
¢¨ª®à¨áâ ï¬ ¤ã¦®ª, ¤¨¢.,  ¯à¨ª« ¤, ã [4, 14].

�à¨ª« ¤ 4.5. �®§£«ï¥¬® åà¥áâ®¬ â÷©¨© ¯à¨ª« ¤ ¥®¤®§ ç®ù
��-£à ¬ â¨ª¨, ¢÷¤®¬®ù ïª ýáâà¨¡ îç¥ elseþ:

G = ⟨{S}, {if , then, else, a, b}, P, S⟩,

P = {S → if b then S | if b then S else S | a}.

�ç¥¢¨¤®, é® ä®à¬ «ì  ��-£à ¬ â¨ª  G ¯®à®¤¦ãõ ¢á÷ ý¯à ¢¨«ì-
÷þ á¨â ªá¨ç÷ ª®áâàãªæ÷ù, ¯®¢'ï§ ÷ § ã¬®¢¨¬ ®¯¥à â®à®¬ if -then-
else (ý¤®¢£  ä®à¬ þ)  ¡® if -then (ýª®à®âª  ä®à¬ þ). � ª÷  ¡®   -
«®£÷ç÷ ª®áâàãªæ÷ù õ ¢ ãá÷å (ç¨ ¬ ©¦¥ ¢ ãá÷å) áãç á¨å  «£®à¨â¬÷ç-
¨å ¬®¢ å ¯à®£à ¬ã¢ ï ¢¨á®ª®£® à÷¢ï. �à ¬ â¨ª  G ¥®¤®§ ç-
 , ÷ æï ¥®¤®§ ç÷áâì ¤®¡à¥ ¢÷¤®¬  ã â¥à¬÷ å á¨â ªá¨ç¨å ª®-
áâàãªæ÷©: ¯à¨ ý¢ª« ¤¥÷þ ã¬®¢¨å ®¯¥à â®à÷¢, á¥à¥¤ ïª¨å õ ¯à¨ ©¬÷
®¤¨ ý¤®¢£¨©þ ÷ ¯à¨ ©¬÷ ®¤¨ ýª®à®âª¨©þ, ÷®¤÷ ¥¬®¦«¨¢® ¢áâ ®-
¢¨â¨, ¤® ïª®£® § ®¯¥à â®à÷¢ if -then  «¥¦¨âì á¥ªæ÷ï else. � ª, á«®¢®
if b then if b then a else a ¬®¦  ¯®à®¤¨â¨ ÷§ S ¤¢®¬  «÷¢®áâ®à®÷¬¨
¢¨¢¥¤¥ï¬¨:

S ⇒ if b then S else S ⇒ if b then if b then S else S ⇒
⇒ if b then if b then a else S ⇒ if b then if b then a else a;

S ⇒ if b then S ⇒ if b then if b then S else S ⇒
⇒ if b then if b then a else S ⇒ if b then if b then a else a;

¢÷¤¯®¢÷¤÷ ¤¥à¥¢  à®§¡®àã §®¡à ¦¥®   à¨á. 4.8 â  4.9.
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S

if b S

b S

then

a

Selse

if then

a

�¨á. 4.8

S

if b S

b S

then

a

Selseif then

a

�¨á. 4.9

� ª®ù ¥®¤®§ ç®áâ÷ ¬®¦  ¯®§¡ãâ¨áï, § ¡®à®¨¢è¨ ¯®ï¢ã ýª®à®âª®ùþ
ä®à¬¨ ®¯¥à â®à  if -then ¯¥à¥¤ else ã ý¤®¢£÷©þ ä®à¬÷:

G = ⟨{S, S0}, {if , then, else, a, b}, P, S⟩,

P = {S → if b then S | if b then S0 else S | a,
S0 → if b then S0 else S0 | a}.

� ª, á«®¢® if b then if b then a else a â¥¯¥à ¬®¦  ®âà¨¬ â¨ ÷§ S õ¤¨¨¬
«÷¢®áâ®à®÷¬ ¢¨¢¥¤¥ï¬:

S ⇒ if b then S ⇒
⇒ if b then if b then S0 else S ⇒
⇒ if b then if b then a else S ⇒
⇒ if b then if b then a else a;

¢÷¤¯®¢÷¤¥ ¤¥à¥¢® à®§¡®àã ¯®ª § ®
  à¨á. 4.10.

S

if b S

b S0

then

a

Selseif then

a

�¨á. 4.10

� § ç¨¬®, é® ®¡à ¨© ¢ à÷ â ¯®§¡ã¢ ï ¥®¤®§ ç®áâ÷ ¢÷¤¯®¢÷-
¤ õ ¯à¨©ïâ®¬ã ã ¯à®£à ¬ã¢ ÷ ¯à ¢¨«ã: ýáâà¨¡ îç¥ elseþ  «¥¦¨âì
 ©¡«¨¦ç®¬ã ®¯¥à â®àã if , ïª®¬ã ¯÷¤ ç á á¨â ªá¨ç®£® à®§¡®àã é¥ ¥
¯à¨¯¨á ® á¥ªæ÷ù else.

�¯à ¢  4.3. �®§¡ãâ¨áï ¥®¤®§ ç®áâ÷ ã £à ¬ â¨æ÷ § ¯à¨ª« ¤ã 4.3.
�à¨ª« ¤ 4.6. �®§£«ï¥¬® ��-£à ¬ â¨ªã G = ⟨{S}, T, P, S⟩ § â¥à-

¬÷ «ì¨¬  «ä ¢÷â®¬ T = {a1, b1, a2, b2, . . . , an, bn} (ãá÷ á¨¬¢®«¨ ¯®¯ à®
à÷§÷) ÷ ¬®¦¨®î ¯à®¤ãªæ÷© P = {S → a1Sb1S|a2Sb2S| . . . |anSbnS|e}.
�¥áª« ¤® ¤®¢¥áâ¨, é® æï £à ¬ â¨ª  ¯®à®¤¦ãõ ý¯à ¢¨«ì÷þ ¢¨à §¨ § n
¯ à ¬¨ ¤ã¦®ª â  õ ®¤®§ ç®î. � ª, ã ¢¨¯ ¤ªã n = 3 âà¨ ¯ à¨ á¨¬¢®«÷¢
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a1{b1, a2{b2, a3{b3 ¬®¦  à®§£«ï¤ â¨ ïª âà¨ ¯ à¨ ¤ã¦®ª ý(þ{ý)þ, ý[þ{ý]þ,
ý{þ{ý}þ ¢÷¤¯®¢÷¤®; á«®¢® a3b3a1a2b2b1, ïª¥ ¢ æì®¬ã ¢¨¯ ¤ªã ¢÷¤¯®¢÷¤ õ
ý¤ã¦ª®¢®¬ã ¢¨à §ãþ { } ( [ ] ), ¬®¦  ®âà¨¬ â¨ ÷§ S õ¤¨¨¬ «÷¢®áâ®à®-
÷¬ ¢¨¢¥¤¥ï¬:

S ⇒ a3Sb3S ⇒ a3b3S ⇒ a3b3a1Sb1S ⇒ a3b3a1a2Sb2Sb1S ⇒
⇒ a3b3a1a2b2Sb1S ⇒ a3b3a1a2b2b1S ⇒ a3b3a1a2b2b1. (4.5)

�®à¬ «ìã ¬®¢ã, ¯®à®¤¦¥ã æ÷õî £à ¬ â¨ª®î,  §¨¢ îâì ¬®¢®î �÷-
ª 1. �¥â «ì÷è¥ ¯à® ¬®¢ã �÷ª  ¤¨¢.,  ¯à¨ª« ¤, [10].

�¯à ¢  4.4. �®¡à §¨â¨ ¤¥à¥¢® à®§¡®àã ¤«ï ¢¨¢¥¤¥ï (4.5).

�¯à ¢  4.5. �®¢¥áâ¨, é® ¬®¢  �÷ª  õ ¥à¥£ã«ïà®î.

�ª §÷¢ª . �ª®à¨áâ â¨áï «¥¬®î ¯à® à®§à®áâ ï ¤«ï à¥£ã«ïà¨å ¬®¢
(â¥®à¥¬  3.12).

�à¨ª« ¤ 4.7. �®§£«ï¥¬® ��-£à ¬ â¨ªã G = ⟨{S}, T, P, S⟩ § â¥à¬÷-
 «ì¨¬  «ä ¢÷â®¬ T = {a0, a1, . . . , an} (ãá÷ á¨¬¢®«¨ ¯®¯ à® à÷§÷) ÷ ¬®-
¦¨®î ¯à®¤ãªæ÷© P = {S → a0|a1S|a2SS| . . . anSn}. �ç¥¢¨¤®, é® æï £à -
¬ â¨ª  õ ®¤®§ ç®î â  ¯®à®¤¦ãõ ¡¥§¤ã¦ª®¢÷ ¢¨à §¨ ÷§ ¯à¥ä÷ªá¨¬ § -
¯¨á®¬ ®¯¥à â®à÷¢ a0, a1, . . . , an  à®áâ÷ ¢÷¤ 0 ¤® n. � ª, á«®¢® a2a2a0a1a0a0
¤®¯ãáª õ õ¤¨¥ «÷¢®áâ®à®õ ¢¨¢¥¤¥ï ÷§ S:

S ⇒ a2SS ⇒ a2a2SSS ⇒ a2a2a0SS ⇒ a2a2a0a1SS ⇒
⇒ a2a2a0a1a0S ⇒ a2a2a0a1a0a0. (4.6)

�®à¬ «ìã ¬®¢ã, ¯®à®¤¦¥ã æ÷õî £à ¬ â¨ª®î,  §¨¢ îâì ¬®¢®î �ã-
ª á¥¢¨ç 2.

�¯à ¢  4.6. �®¡à §¨â¨ ¤¥à¥¢® à®§¡®àã ¤«ï ¢¨¢¥¤¥ï (4.6).

�¯à ¢  4.7. �  ïª¨å n > 0 ¬®¢  �ãª á¥¢¨ç  õ à¥£ã«ïà®î?

� ã¢ ¦¥ï 4.2. �à ¬ â¨ª  § ¯à¨ª« ¤ã 4.7 ®¯¨áãõ § £ «ìã â¥å÷ªã
¤«ï ¡¥§¤ã¦ª®¢¨å ¢¨à §÷¢ ÷§ ¯à¥ä÷ªá®î ä®à¬®î § ¯¨áã. � ª,  à¨ä¬¥-
â¨ç¨© ¢¨à § x ∗ (y+ z) ã ¯à¥ä÷ªá÷© ä®à¬÷ ¬ õ ¢¨£«ï¤ ∗x+yz. �¯¨á  
â¥å÷ª  ¡ã«  § ¯à®¯®®¢   �®¬ �ãª á¥¢¨ç¥¬ ã 1924 à. ÷ ¨÷ ¢÷¤®¬ 

1�÷ª � «â¥à, � «â¥à �à æ �â® ä® �÷ª (1856{1934) { ÷¬¥æìª¨© ¢ç¥¨©, ¢÷¤®-
¬¨©, §®ªà¥¬ , ïª § á®¢¨ª ª®¬¡÷ â®à®ù â¥®à÷ù £àã¯.

2�ãª á¥¢¨ç (�ãª è¥¢¨ç) � (1878{1956) { ¯®«ìáìª¨© ä÷«®á®ä ÷ «®£÷ª, § ¯à®¯®ã-
¢ ¢  ªá÷®¬ â¨§®¢ ã âà¨§ çã «®£÷ªã, ¨÷ ¢÷¤®¬ã ïª «®£÷ª  �ãª è¥¢¨ç .
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ïª ¯à¥ä÷ªá   ¡® ¯®«ìáìª  ®â æ÷ï. � á¨áâ¥¬ å ¯à®£à ¬ã¢ ï § ¯®«ì-
áìª®î ®â æ÷õî ¢¨à §÷¢ (  ¡ §÷ ¬®¢¨ â¨¯ã LISP), ¢à å®¢ãîç¨ ¢÷¤áãâ÷áâì
¤ã¦®ª, áãââõ¢® ¯à®áâ÷è¥ ¯à®¢®¤¨â¨ á¨â ªá¨ç¨©   «÷§, é® á¯à®éãõ
à®§à®¡ªã âà á«ïâ®à÷¢.

� ¢¥¤¥¬® ¯à¨ª« ¤ áãââõ¢® ¥®¤®§ ç®ù ª®â¥ªáâ®-¢÷«ì®ù ¬®¢¨.

�à¨ª« ¤ 4.8. �®§£«ï¥¬® ä®à¬ «ìã ¬®¢ã L = {ambmcn : m,n > 0}∪
∪{ambncn : m,n > 0}  ¤ â¥à¬÷ «ì¨¬  «ä ¢÷â®¬ {a, b, c}. �ç¥¢¨¤®,
L õ ª®â¥ªáâ®-¢÷«ì®î { ¯®à®¤¦ã¢ «ìã ��-£à ¬ â¨ªã «¥£ª® ¯®¡ã¤ã-
¢ â¨, ¢¨ª®à¨áâ®¢ãîç¨ â¥å÷ªã, ®¯¨á ã ¢ ¯à¨ª« ¤÷ 1.13, ¯. 3{5. �¤ ª
¬®¢  L áãââõ¢® ¥®¤®§ ç , â®¡â® ùù ¥¬®¦«¨¢® ¯®à®¤¨â¨ ¦®¤®î ®¤-
®§ ç®î ��-£à ¬ â¨ª®î { ¬®¦  ¤®¢¥áâ¨ (¤¨¢. [4]), é® á«®¢® aibici

¤«ï ¤®áâ âì® ¢¥«¨ª®£® i > 0 ¬®¦  ®âà¨¬ â¨ ÷§ ¤¦¥à¥«  à÷§¨¬¨ «÷-
¢®áâ®à®÷¬¨ ¢¨¢¥¤¥ï¬¨.

�¯à ¢  4.8. �®¡ã¤ã¢ â¨ ��-£à ¬ â¨ªã, é® ¯®à®¤¦ãõ ä®à¬ «ìã
¬®¢ã ÷§ ¯à¨ª« ¤ã 4.8.

� ã¢ ¦¥ï 4.3. öè¨©, âà®å¨ áª« ¤÷è¨© ¯à¨ª« ¤ áãââõ¢® ¥®¤®-
§ ç®ù ¬®¢¨ ¤¨¢. ã [14].

� ã¢ ¦¥ï 4.4. � ¡ £ âì®å ¯à®áâ¨å ¢¨¯ ¤ª å (¤¨¢. ¯à¨ª« ¤¨ 4.3{4.5
â  ¢¯à ¢ã 4.3) ¥®¤®§ ç÷áâì £à ¬ â¨ª¨ ¬®¦  «¥£ª® ãáããâ¨; ã â¥®à÷ù
á¨â ªá¨ç®£®   «÷§ã ¢÷¤®¬÷ â¨¯®¢÷ ª®áâàãªæ÷ù, ïª÷ ¯à¨¢®¤ïâì ¤® ¥®¤-
®§ ç®áâ÷ £à ¬ â¨ª¨. �à®â¥ ã § £ «ì®¬ã ¢¨¯ ¤ªã ¥ ÷áãõ  «£®à¨â¬ã
¯¥à¥¢÷àª¨ ¤®¢÷«ì®ù ��-£à ¬ â¨ª¨   ¥®¤®§ ç÷áâì, â®¡â® ¯à®¡«¥¬ 
¯¥à¥¢÷àª¨ ¥®¤®§ ç®áâ÷ ��-£à ¬ â¨ª¨ õ  «£®à¨â¬÷ç® ¥à®§¢'ï§®î
(¤¥â «ì÷è¥ ¤¨¢. [4, 9, 14]).

4.2. �®à¬ «ì  ä®à¬  �®¬áìª®£®

4.2.1. �¨¤ «¥ï e-¯à®¤ãªæ÷© ã ��-£à ¬ â¨ª å

�¥®à¥¬  4.1. �ã¤ì-ïª  ��-¬®¢  L ¯®à®¤¦ãõâìáï â ª®î ��-£à ¬ -
â¨ª®î G = ⟨V, T, P, S⟩, é® ¤«ï ¢á÷å A ∈ V â  a ∈ (V ∪T )∗ ¢¨ª®ãîâìáï
ã¬®¢¨:

1) ïªé® (A → e) ∈ P , â® A = S (¬®¦¨  P ¬÷áâ¨âì ¥ ¡÷«ìè ÷¦
®¤ã e-¯à®¤ãªæ÷î { S → e);
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2) ïªé® (A → a) ∈ P , â® |a|S = 0 (¤¦¥à¥«® S ¥ ¢å®¤¨âì ¤® ¯à ¢®ù
ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù).

�®¢¥¤¥ï. �¥å © ��-¬®¢  L ¯®à®¤¦¥  ¤¥ïª®î ��-£à ¬ â¨ª®î
G0 = ⟨V0, T, P0, S0⟩. �¥£ª® ¯¥à¥¢÷à¨â¨, é® £à ¬ â¨ª  G0 ¥ª¢÷¢ «¥â 
£à ¬ â¨æ÷ G1 = ⟨V, T, P1, S⟩, ¤¥ V = V0∪{S}, S /∈ V0, P1 = P0∪{S → S0}.
� § ç¨¬®, é® P1 ¥ ¬÷áâ¨âì ¦®¤®ù ¯à®¤ãªæ÷ù, ¯à ¢  ç áâ¨  ïª®ù ¬÷á-
â¨«  ¡ ®¢¥ ¤¦¥à¥«® S.

� «÷ ¢¢¥¤¥¬® P2 = P1 ∪ {A → a1a2 : (A → a1Ba2) ∈ P1, (B → e) ∈ P1}.
�à ¬ â¨ª  G2 = ⟨V, T, P2, S⟩ ¥ª¢÷¢ «¥â  £à ¬ â¨ª ¬G0 â  G1, ®áª÷«ìª¨
§ áâ®áã¢ ï ý®¢®ùþ ¯à®¤ãªæ÷ù A → a1a2 ¬®¦  § ¬÷¨â¨ ¯®á«÷¤®¢¨¬
§ áâ®áã¢ ï¬ ¯à®¤ãªæ÷© A → a1Ba2 â  B → e ÷§ P1.

� «®£÷ç®, ¤«ï ª®¦®ù ¬®¦¨¨ ¯à®¤ãªæ÷© Pn (n > 1) ¢¢¥¤¥¬® ¬®-
¦¨ã Pn+1 = Pn ∪ {A → a1a2 : (A → a1Ba2), (B → e) ∈ Pn}; ®ç¥¢¨¤®,
Gn = ⟨V, T, Pn, S⟩ ∼ G0 (n > 1). �  ¯®¡ã¤®¢®î ª®¦  ¬®¦¨  Pn áª÷-
ç¥  â  Pn ⊂ Pn+1 (n > 1). �áª÷«ìª¨ ¯à ¢  ç áâ¨  ª®¦®ù ý®¢®ùþ
¯à®¤ãªæ÷ù A → a1a2 ª®à®âè  §  ¯à ¢ã ç áâ¨ã ¯¥àè®ù ý¯®à®¤¦ã¢ «ì-
®ùþ ¯à®¤ãªæ÷ù A → a1Ba2, á¯à ¢¤¦ãõâìáï ®æ÷ª 

|Pn| 6 n0 = |V |

max{|a|:(A→a)∈P0}∑
k=0

(|V |+ |T |)k
 .

�à å®¢ãîç¨ ¤® â®£® ¦, é® (Pn = Pn+1) ⇒ (Pn+1 = Pn+2), ¯®á«÷¤®¢÷áâì
¬®¦¨ Pn (n > 1) ýáâ ¡÷«÷§ãõâìáïþ ¥ ¯÷§÷è¥ ÷¦ §  n0 ªà®ª÷¢: Pn = Pn0

(n > n0).
� à¥èâ÷, ¬®¦¥¬® ¢¨¤ «¨â¨ ÷§ Pn0 ¢á÷ e-¯à®¤ãªæ÷ù, ®ªà÷¬ S → e, ®áª÷«ì-

ª¨ ¡ã¤ì-ïª  e-¯à®¤ãªæ÷ï B → e §  ã¬®¢¨ B ̸= S ¬®¦¥ ¡ãâ¨ § áâ®á®¢  
«¨è¥ ¯÷á«ï § áâ®áã¢ ï ¤¥ïª®ù ¯à®¤ãªæ÷ù ¢¨£«ï¤ã A → a1Ba2,  «¥ ¯®-
á«÷¤®¢¥ § áâ®áã¢ ï ¯à®¤ãªæ÷© A → a1Ba2 â  B → e ¬®¦  § ¬÷¨â¨
§ áâ®áã¢ ï¬ ¢¢¥¤¥®ù ¯à®¤ãªæ÷ù A → a1a2. �â¦¥, ®âà¨¬ãõ¬® £à ¬ â¨-
ªã G = ⟨V, T, P, S⟩, ¤¥ P = Pn0 \ {B → e : B ̸= S}. �®¡ã¤®¢   £à ¬ â¨ª 
¥ª¢÷¢ «¥â  ¢¨å÷¤÷© £à ¬ â¨æ÷ G0, ¥ ¬÷áâ¨âì e-¯à®¤ãªæ÷©, ®ªà÷¬ (¬®¦-
«¨¢®) ¯à®¤ãªæ÷ù S → e, ÷ ¯à ¢÷ ç áâ¨¨ ¯à®¤ãªæ÷© ¬®¦¨¨ P ¥ ¬÷áâïâì
¤¦¥à¥«  S.

� á«÷¤®ª. �ªé® ¬®¢  L ª®â¥ªáâ®-¢÷«ì , â® ¬®¢  L \ {e} ¯®à®-
¤¦ãõâìáï ª®â¥ªáâ®-¢÷«ì®î £à ¬ â¨ª®î ¡¥§ ¦®¤®ù e-¯à®¤ãªæ÷ù.
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� ã¢ ¦¥ï 4.5. �¥å © L { ª®â¥ªáâ®-¢÷«ì  ¬®¢ , ¯®à®¤¦¥  £à -
¬ â¨ª®î ⟨V, T, P, S⟩, é® § ¤®¢®«ìïõ ã¬®¢¨ â¥®à¥¬¨ 4.1. �®¤÷ ¬®¢  L\{e}
¯®à®¤¦ãõâìáï £à ¬ â¨ª®î ⟨V, T, P \{S → e}, S⟩. � § ç¨¬®, é® ¬®¦¨ 
¯à®¤ãªæ÷© P \ {S → e} á¯à ¢¤÷ ¥ ¬÷áâ¨âì ¦®¤®ù e-¯à®¤ãªæ÷ù.

�à¨ª« ¤ 4.9. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.1, ¯®§-
¡ã¤¥¬®áì e-¯à®¤ãªæ÷© ã ��-£à ¬ â¨æ÷ G0 = ⟨{S0, A,B}, {a, b}, P0, S0⟩ ÷§
¬®¦¨®î ¯à®¤ãªæ÷© P0 = {S0 → AB,A → a|e, B → b|e}. �¢¥¤¥¬®
®¢¥ ¤¦¥à¥«® S â  ®¢ã ¯à®¤ãªæ÷î S → S0, ®âà¨¬ãîç¨ ¥ª¢÷¢ «¥â-
ã £à ¬ â¨ªã G1 = ⟨{S, S0, A,B}, {a, b}, P1, S⟩ ÷§ ¬®¦¨®î ¯à®¤ãªæ÷©
P1 = {S → S0, S0 → AB,A → a|e, B → b|e}.

� «÷, ¢à å®¢ãîç¨  ï¢÷áâì ¯à®¤ãªæ÷© S0 → AB, A → e â  B → e,
¢¢¥¤¥¬® ¯à®¤ãªæ÷ù S0 → A â  S0 → B, ®âà¨¬ãîç¨ ¬®¦¨ã ¯à®¤ãª-
æ÷© P2 = {S → S0, S0 → AB|A|B,A → a|e, B → b|e}. � «®£÷ç®,
¢à å®¢ãîç¨ ¯®ï¢ã ¯à®¤ãªæ÷© S0 → A â  S0 → B â   ï¢÷áâì ¯à®-
¤ãªæ÷© A → e â  B → e, ¢¢¥¤¥¬® ¯à®¤ãªæ÷î S0 → e, ®âà¨¬ãîç¨ ¬®-
¦¨ã ¯à®¤ãªæ÷© P3 = {S → S0, S0 → AB|A|B|e, A → a|e, B → b|e}.
� «÷, ¢à å®¢ãîç¨ ¯®ï¢ã ¯à®¤ãªæ÷ù S0 → e â   ï¢÷áâì ¯à®¤ãªæ÷ù
S → S0, ¢¢¥¤¥¬® ¯à®¤ãªæ÷î S → e, ®âà¨¬ãîç¨ ¬®¦¨ã ¯à®¤ãªæ÷©
P4 = {S → S0|e, S0 → AB|A|B|e, A → a|e, B → b|e}. �¥£ª® ¯¥à¥¢÷à¨â¨,
é® ¯®¤ «ìè¥ § áâ®áã¢ ï ®¯¨á ®£® ¬¥å ÷§¬ã ¥ ¯à¨¢®¤¨âì ¤® ¯®ï¢¨
®¢¨å ¯à®¤ãªæ÷©.

� à¥èâ÷, ¬®¦¥¬® ¢¨¤ «¨â¨ ÷§ P4 ãá÷ e-¯à®¤ãªæ÷ù, ®ªà÷¬ S → e, ®âà¨-
¬ ¢è¨ ®áâ â®ç® £à ¬ â¨ªã

G = ⟨{S, S0, A,B}, {a, b}, P, S⟩,
P = {S → S0|e, S0 → AB|A|B,A → a,B → b}.

�¥£ª® ¯¥à¥á¢÷¤ç¨â¨áï, é® ¯®¡ã¤®¢   £à ¬ â¨ª  G ¥ª¢÷¢ «¥â  § -
¤ ÷© £à ¬ â¨æ÷ G0 { á¯à ¢¤÷, ®¡¨¤¢÷ ¯®à®¤¦ãîâì âã á ¬ã ä®à¬ «ìã
¬®¢ã L[G] = {e, a, b, ab}. �÷¤ªà¥á«¨¬®, é® ¬®¦¨  ¯à®¤ãªæ÷© P ¯®¡ã¤®-
¢ ®ù £à ¬ â¨ª¨ ¬÷áâ¨âì «¨è¥ ®¤ã e-¯à®¤ãªæ÷î S → e, ÷ ¤¦¥à¥«® S ¥
¢å®¤¨âì ¤® ¯à ¢®ù ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù { æ÷ ¤¢÷ ®¡áâ ¢¨¨ £ à âã-
îâì, é® £à ¬ â¨ª  ⟨{S, S0, A,B}, {a, b}, P \ {S → e}, S⟩ ¯®à®¤¦ãõ ¬®¢ã
L[G] \ {e}.

�à¨ª« ¤ 4.10. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.1,
¯®§¡ã¤¥¬®áì e-¯à®¤ãªæ÷© ã ��-£à ¬ â¨æ÷ G0 = ⟨{S0}, {a, b}, P0, S0⟩ ÷§
¬®¦¨®î ¯à®¤ãªæ÷© P0 = {S0 → aS0b|e}. �¢¥¤¥¬® ®¢¥ ¤¦¥à¥«®
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S â  ®¢ã ¯à®¤ãªæ÷î S → S0, ®âà¨¬ãîç¨ ¥ª¢÷¢ «¥âã £à ¬ â¨ªã
G1 = ⟨{S, S0}, {a, b}, P1, S⟩, ¤¥ P1 = {S → S0, S0 → aS0b|e}.

� «÷, ¢à å®¢ãîç¨  ï¢÷áâì ¯à®¤ãªæ÷© S → S0, S0 → aS0b â  S0 → e,
¢¢¥¤¥¬® ¯à®¤ãªæ÷ù S → e â  S0 → ab, ®âà¨¬ãîç¨ ¬®¦¨ã ¯à®¤ãªæ÷©
P2 = {S → S0|e, S0 → aS0b|ab|e}. �ç¥¢¨¤®, é® ¯®¤ «ìè¥ § áâ®áã¢ ï
¬¥å ÷§¬ã Pn+1 = Pn ∪ {A → a1a2 : (A → a1Ba2), (B → e) ∈ Pn} ¥
¯à¨¢®¤¨âì ¤® ¯®ï¢¨ ®¢¨å ¯à®¤ãªæ÷©.

� à¥èâ÷, ¬®¦¥¬® ¢¨¤ «¨â¨ ÷§ P2 ãá÷ e-¯à®¤ãªæ÷ù, ®ªà÷¬ S → e, ®âà¨-
¬ ¢è¨ ®áâ â®ç® £à ¬ â¨ªã

G = ⟨{S, S0}, {a, b}, P, S⟩,
P = {S → S0|e, S0 → aS0b|ab}.

�ç¥¢¨¤®, é® ¯®¡ã¤®¢   £à ¬ â¨ª  G ¥ª¢÷¢ «¥â  § ¤ ÷© £à ¬ -
â¨æ÷ G0 { á¯à ¢¤÷, ®¡¨¤¢÷ ¯®à®¤¦ãîâì âã á ¬ã ¬®¢ã L[G] = {anbn : n > 0}.
�÷¤ªà¥á«¨¬®, é® ¬®¦¨  ¯à®¤ãªæ÷© P ¯®¡ã¤®¢ ®ù £à ¬ â¨ª¨ ¬÷áâ¨âì
«¨è¥ ®¤ã e-¯à®¤ãªæ÷î S → e, ÷ ¤¦¥à¥«® S ¥ ¢å®¤¨âì ¤® ¯à ¢®ù ç -
áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù { æ÷ ¤¢÷ ®¡áâ ¢¨¨ £ à âãîâì, é® £à ¬ â¨ª 
⟨{S, S0}, {a, b}, P \ {S → e}, S⟩ ¯®à®¤¦ãõ ¬®¢ã L[G] \ {e}.

�¯à ¢  4.9. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.1, ¯®§-
¡ãâ¨áï e-¯à®¤ãªæ÷© ¢ ��-£à ¬ â¨ª å ÷§ ¯à¨ª« ¤÷¢ 4.1, 4.3, 4.6.

4.2.2. �®à¬ «ì  ä®à¬  �®¬áìª®£®

�§ ç¥ï 4.5. �®â¥ªáâ®-¢÷«ìã £à ¬ â¨ªã G = ⟨V, T, P, S⟩  §¨-
¢ îâì £à ¬ â¨ª®î ã ®à¬ «ì÷© ä®à¬÷ �®¬áìª®£®, ïªé® P ¬÷áâ¨âì «¨è¥
¯à®¤ãªæ÷ù ¢¨£«ï¤ã:

1) S → ε;
2) A → a, ¤¥ A ∈ V , a ∈ T ;
3) A → BC, ¤¥ A ∈ V , B ∈ V \ {S}, C ∈ V \ {S}.
�¥®à¥¬  4.2. �ã¤ì-ïª  ��-¬®¢  ¯®à®¤¦ãõâìáï ¤¥ïª®î ��-£à ¬ -

â¨ª®î ã ®à¬ «ì÷© ä®à¬÷ �®¬áìª®£®.

�®¢¥¤¥ï. �¥å © ä®à¬ «ì  ¬®¢  L ⊂ T ∗ ¯®à®¤¦ãõâìáï ��-£à -
¬ â¨ª®î G = ⟨V, T, P, S⟩. � ®£«ï¤ã   â¢¥à¤¦¥ï â¥®à¥¬¨ 4.1 ¬®¦ 
¢¢ ¦ â¨, é® P ¥ ¬÷áâ¨âì e-¯à®¤ãªæ÷©, ®ªà÷¬, ¬®¦«¨¢®, S → e, ÷ ¤¦¥à¥-
«® S ¥ ¬÷áâ¨âìáï ã ¯à ¢÷© ç áâ¨÷ ¦®¤®ù ¯à®¤ãªæ÷ù ÷§ P . �à®¢¥¤¥¬®  ¤

118



4.2. �®à¬ «ì  ä®à¬  �®¬áìª®£®

£à ¬ â¨ª®î G ¨§ªã ¯¥à¥â¢®à¥ì, §¡¥à÷£ îç¨ ¥ª¢÷¢ «¥â÷áâì ¢¨å÷¤÷©
£à ¬ â¨æ÷ G.

1. �«ï ª®¦®£® â¥à¬÷ «ì®£® á¨¬¢®«  a ∈ T ¢¢¥¤¥¬® ®¢¨© ¥â¥à¬÷-
 «ì¨© á¨¬¢®« Ta, § ¬÷¨¬® ã ¯à ¢÷© ç áâ¨÷ ª®¦®ù ¯à®¤ãªæ÷ù ¢á÷ ¢å®-
¤¦¥ï a   Ta ÷ ¤®¤ ¬® ¤® ¬®¦¨¨ P ®¢÷ ¯à®¤ãªæ÷ù Ta → a (a ∈ T ).
�ãâ ÷ ¤ «÷ §¡¥à¥¦¥¬® ¤«ï ®¢®£® (à®§è¨à¥®£®) ¥â¥à¬÷ «ì®£®  «ä ¢÷-
âã ÷ ®¢®ù ¬®¦¨¨ ¯à®¤ãªæ÷© ¯®§ ç¥ï V â  P ¢÷¤¯®¢÷¤®. �âà¨¬ãõ¬®
¥ª¢÷¢ «¥âã £à ¬ â¨ªã, ¯à®¤ãªæ÷ù ïª®ù ¬ îâì ¢¨£«ï¤ A → a (A ∈ V ,
a ∈ V ∗)  ¡® Ta → a (a ∈ T ).

2. �®¦ã ¯à®¤ãªæ÷î (A → B1B2 . . . Bn) ∈ P (n > 3) § ¬÷¨¬®
  n − 1 ¯à®¤ãªæ÷î A → B1C1, C1 → B2C2, . . . , Cn−3 → Bn−2Cn−2,
Cn−2 → Bn−1Bn, ¤¥ Ci (1 6 i 6 n − 2) { ®¢÷ ¥â¥à¬÷ «ì÷ á¨¬¢®«¨.
�âà¨¬ãõ¬® ¥ª¢÷¢ «¥âã £à ¬ â¨ªã § ¯à®¤ãªæ÷ï¬¨ A → a, A → BC â 
A → B, ¤¥ A ∈ V , B ∈ V \ {S}, C ∈ V \ {S}.

3. �«ï ª®¦®ù ¯ à¨ ¯à®¤ãªæ÷© (A → B) ∈ P (â ª÷ ¯à®¤ãªæ÷ù  §¨¢ -
îâì « æî£®¢¨¬¨) â  (B → a) ∈ P (A ∈ V , B ∈ V \ {S}, a /∈ V ) ¢¢¥¤¥¬®
¯à®¤ãªæ÷î A → a; ¯à®æ¥á ¯®¢â®àîõ¬® ¤®â¨, ¤®ª¨ ¬®¦«¨¢®, â®¡â® ¤®ª¨
§'ï¢«ïîâìáï ®¢÷ ¯à®¤ãªæ÷ù. �÷¤ªà¥á«¨¬®, é® § ¢¤ïª¨ ã¬®¢÷ a /∈ V ®¢÷
¯à®¤ãªæ÷ù ¥ ¬®¦ãâì ¬ â¨ ¢¨£«ï¤ A → B, A,B ∈ V . �áª÷«ìª¨   æì®-
¬ã ¥â ¯÷ ¬®¦ãâì §'ï¢«ïâ¨áï ®¢÷ ¯à®¤ãªæ÷ù «¨è¥ § ÷áãîç¨¬¨ ¯à ¢¨¬¨
ç áâ¨ ¬¨, â®¡â® ç¨á«® n0 = |{a : ∃A ∈ V : (A → a) ∈ P}| ¥ §à®á-
â õ, § £ «ì  ª÷«ìª÷áâì ¯à®¤ãªæ÷©   æì®¬ã ¥â ¯÷ |P | 6 n0|V |. �ç¥¢¨¤®,
®¢÷ ¯à®¤ãªæ÷ù, ¤®¤ ÷ ¤® P   æì®¬ã ¥â ¯÷, ¥ ¯à¨¢®¤ïâì ¤® ¯®à®¤¦¥ï
®¢¨å á«÷¢,   ®â¦¥ ®âà¨¬ãõ¬® ¥ª¢÷¢ «¥âã £à ¬ â¨ªã.

4. �¨¤ «¨¬® ÷§ ¬®¦¨¨ P ¢á÷ ¯à®¤ãªæ÷ù ¢¨£«ï¤ã A → B, A,B ∈ V .
�ç¥¢¨¤®, § áâ®áã¢ ï « æî£®¢®ù ¯à®¤ãªæ÷ù A → B ¬®¦¥ ¯à¨¢¥áâ¨ ¤®
¯®à®¤¦¥ï ®¢¨å á«÷¢  ¤ T «¨è¥ ¯÷á«ï § áâ®áã¢ ì ¯à®¤ãªæ÷© B → B1,
B1 → B2, . . . , Bm−1 → Bm, Bm → a (a /∈ V ). �à®â¥, ïªé®  ¢¥¤¥÷
¯à®¤ãªæ÷ù ¬÷áâïâìáï ¢ P , â®¤÷   ¥â ¯÷ 3 ¤® P §  m ªà®ª÷¢ ¡ã«  ¤®¤  
¯à®¤ãªæ÷ïB → a,      áâã¯®¬ã ªà®æ÷ { ¯à®¤ãªæ÷ïA → a. �â¦¥, § áâ®-
áã¢ ï « æî£®¢®ù ¯à®¤ãªæ÷ù A → B § ¯®¤ «ìè¨¬ ¯®à®¤¦¥ï¬ á«®¢ 
a /∈ V ¬®¦  § ¬÷¨â¨ § áâ®áã¢ ï¬ ¥« æî£®¢®ù ¯à®¤ãªæ÷ù A → a.
� ª¨¬ ç¨®¬, ®âà¨¬   £à ¬ â¨ª  ¥ª¢÷¢ «¥â  § ¤ ÷© ÷ §  ¯®¡ã¤®¢®î
õ £à ¬ â¨ª®î ã ®à¬ «ì÷© ä®à¬÷ �®¬áìª®£®.

�à¨ª« ¤ 4.11. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.2, §¢¥-
¤¥¬® ¤® ®à¬ «ì®ù ä®à¬¨ �®¬áìª®£® ��-£à ¬ â¨ªã ÷§ ¯à¨ª« ¤ã 4.10.
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� § ç¨¬®, é®, ¯÷á«ï ¯¥à¥â¢®à¥ì, §à®¡«¥¨å ã ¯à¨ª« ¤÷ 4.10, ¬®¦¨ 
P ¥ ¬÷áâ¨âì e-¯à®¤ãªæ÷©, ®ªà÷¬ S → e, ÷ ¤¦¥à¥«® S ¥ ¢å®¤¨âì ¤® ¯à ¢®ù
ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù ÷§ P :

G = ⟨{S, S0}, {a, b}, P, S⟩,
P = {S → S0|e, S0 → aS0b|ab}.

�÷¤ ç á ¯®¤ «ìè¨å ¯¥à¥â¢®à¥ì §¡¥à¥¦¥¬® ¤«ï ®¢¨å £à ¬ â¨ª ÷ ¢÷¤-
¯®¢÷¤¨å ¬®¦¨ ¯à®¤ãªæ÷© ¯®§ ç¥ï G â  P ¢÷¤¯®¢÷¤®.

1. �¢¥¤¥¬® ¥â¥à¬÷ «ì÷ á¨¬¢®«¨ Ta ÷ Tb, § ¬÷¨¬® ã ¯à ¢÷© ç áâ¨÷
ª®¦®ù ¯à®¤ãªæ÷ù ¢á÷ ¢å®¤¦¥ï a   Ta ÷ b   Tb â  ¤®¤ ¬® ¤® ¬®¦¨¨
P ¯à®¤ãªæ÷ù Ta → a ÷ Tb → b. �âà¨¬ãõ¬® ¥ª¢÷¢ «¥âã £à ¬ â¨ªã ¡¥§
â¥à¬÷ «ì¨å á¨¬¢®«÷¢ ã ¯à ¢¨å ç áâ¨ å ¯à®¤ãªæ÷©, ®ªà÷¬ Ta → a ÷
Tb → b:

G = ⟨{S, S0, Ta, Tb}, {a, b}, P, S⟩,
P = {S → S0|e, S0 → TaS0Tb|TaTb, Ta → a, Tb → b}.

2. � ¬÷¨¬® ¯à®¤ãªæ÷î S0 → TaS0Tb ¯à®¤ãªæ÷ï¬¨ S0 → TaC ÷
C → S0Tb, ¢¢÷¢è¨ ®¢¨© ¥â¥à¬÷ «ì¨© á¨¬¢®« C. �âà¨¬ãõ¬® ¥ª¢÷-
¢ «¥âã £à ¬ â¨ªã § ¯à ¢¨¬¨ ç áâ¨ ¬¨ ¤®¢¦¨®î ¥ ¡÷«ìè¥ ÷¦ 2:

G = ⟨{S, S0, Ta, Tb, C}, {a, b}, P, S⟩,
P = {S → S0|e, S0 → TaC|TaTb, C → S0Tb, Ta → a, Tb → b}.

3. �à å®¢ãîç¨  ï¢÷áâì « æî£®¢®ù ¯à®¤ãªæ÷ù S → S0 â  ¯à®¤ãªæ÷©
S0 → TaC|TaTb, ¢¢¥¤¥¬® ¯à®¤ãªæ÷ù S → TaC|TaTb. �ç¥¢¨¤®, ¯®¤ «ìè¥
§ áâ®áã¢ ï æì®£® ¬¥å ÷§¬ã ¥ ¯à¨¢®¤¨âì ¤® ¯®ï¢¨ ®¢¨å ¯à®¤ãªæ÷©.
�âà¨¬ãõ¬® ¥ª¢÷¢ «¥âã £à ¬ â¨ªã § ¬®¦¨®î ¯à®¤ãªæ÷©

P = {S → S0|TaC|TaTb|e, S0 → TaC|TaTb, C → S0Tb, Ta → a, Tb → b}.

4. �¨¤ «¨¬® ÷§ ¬®¦¨¨ P « æî£®¢ã ¯à®¤ãªæ÷î S → S0, ®âà¨¬ãîç¨
¥ª¢÷¢ «¥âã £à ¬ â¨ªã ã ®à¬ «ì÷© ä®à¬÷ �®¬áìª®£®:

G = ⟨{S, S0, Ta, Tb, C}, {a, b}, P, S⟩,
P = {S → TaC|TaTb|e, S0 → TaC|TaTb, C → S0Tb, Ta → a, Tb → b}.
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4.2. �®à¬ «ì  ä®à¬  �®¬áìª®£®

ö§ é®©®  ¢¥¤¥®£® ¯à¨ª« ¤ã ¢¨¤®, é® ã ¯à ªâ¨ç¨å ¢¨¯ ¤ª å,
§¢®¤ïç¨ ��-£à ¬ â¨ªã ¤® ®à¬ «ì®ù ä®à¬¨ �®¬áìª®£®, ¤¥ïª÷ ªà®ª¨
¬®¦  ¯à®¯ãáª â¨. � ª, ã  ¢¥¤¥®¬ã ¯à¨ª« ¤÷ ¡ã«¨ ¯à®¯ãé¥÷ ªà®ª¨,
¯®¢'ï§ ÷ ÷§ ¢¢¥¤¥ï¬ ®¢®£® ¤¦¥à¥«  â  § ¢¨¤ «¥ï¬ e-¯à®¤ãªæ÷©.

� ¢¥¤¥¬® ¤¥é® èâãç¨© ¯à¨ª« ¤ § « æî£®¢¨¬¨ ¯à®¤ãªæ÷ï¬¨, ïª÷
§ ¬÷îîâì ¥â¥à¬÷ «ì÷ á¨¬¢®«¨ ý§  æ¨ª«®¬þ.

�à¨ª« ¤ 4.12. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.2, §¢¥-
¤¥¬® ¤® ®à¬ «ì®ù ä®à¬¨ �®¬áìª®£® ��-£à ¬ â¨ªã

G = ⟨{S,A,B,C}, {a}, {S → A,A → B,B → C,C → A,B → a}, S⟩.

� § ç¨¬®, é® ¬®¦¨  P ¥ ¬÷áâ¨âì e-¯à®¤ãªæ÷©, ÷ ¤¦¥à¥«® S ¥ ¢å®-
¤¨âì ¤® ¯à ¢®ù ç áâ¨¨ ¦®¤®ù ¯à®¤ãªæ÷ù ÷§ P . �à÷¬ â®£®, â¥à¬÷ «ì÷
á¨¬¢®«¨ ¥ ¬÷áâïâìáï ã ¯à ¢¨å ç áâ¨ å ¯à®¤ãªæ÷© ÷§ P , ®ªà÷¬ ¯à®¤ãª-
æ÷ù B → a, ïª  ¬ õ ¢¨£«ï¤, ¤®§¢®«¥¨© ã ®à¬ «ì÷© ä®à¬÷ �®¬áìª®£®.
� ª¨¬ ç¨®¬, ¤«ï §¢¥¤¥ï £à ¬ â¨ª¨ ¤® ®à¬ «ì®ù ä®à¬¨ �®¬áìª®£®
¤®áâ âì® «¨è¥ ¯®§¡ãâ¨áï « æî£®¢¨å ¯à®¤ãªæ÷©, é® ¢÷¤¯®¢÷¤ õ ¯. 3 ÷ 4
 ¢¥¤¥®ù ¯à®æ¥¤ãà¨.

�à å®¢ãîç¨  ï¢÷áâì « æî£®¢®ù ¯à®¤ãªæ÷ù A → B ÷ ¯à®¤ãªæ÷ù
B → a, ¢¢¥¤¥¬® ¯à®¤ãªæ÷î A → a (¯÷¤ªà¥á«¨¬®, é® ¯à®æ¥¤ãà  ¥ ¯¥-
à¥¤¡ ç õ ¢¢¥¤¥ï ®¢¨å « æî£®¢¨å ¯à®¤ãªæ÷©). � «÷, ¢à å®¢ãîç¨  -
ï¢÷áâì « æî£®¢¨å ¯à®¤ãªæ÷© C → A ÷ S → A â  ¯à®¤ãªæ÷ù A → a, ¢¢¥-
¤¥¬® ¯à®¤ãªæ÷ù C → a ÷ S → a. �ç¥¢¨¤®, ¯®¤ «ìè¥ § áâ®áã¢ ï æì®£®
¬¥å ÷§¬ã ¥ ¯à¨¢®¤¨âì ¤® ¯®ï¢¨ ®¢¨å ¯à®¤ãªæ÷©. � à¥èâ÷, ¢¨¤ «¨¢è¨
4 « æî£®¢÷ ¯à®¤ãªæ÷ù, ®âà¨¬ãõ¬® ¥ª¢÷¢ «¥âã £à ¬ â¨ªã ã ®à¬ «ì÷©
ä®à¬÷ �®¬áìª®£®:

G = ⟨{S,A,B,C}, {a}, {B → a,A → a, C → a, S → a}, S⟩.

�ç¥¢¨¤®, é® ÷§ ¬®¦¨¨ P ¬®¦  ¢¨¤ «¨â¨ ¥â¥à¬÷ «ì÷ á¨¬¢®«¨
A, B ÷ C à §®¬ ÷§ ¯à®¤ãªæ÷ï¬¨ A → a, B → a, C → a, § «¨è¨¢è¨ «¨è¥
¥â¥à¬÷ «ì¨© á¨¬¢®« S ÷ ¯à®¤ãªæ÷î S → a. �®ï¢  ý§ ©¢¨åþ ¯à®¤ãªæ÷©
÷ ¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢ õ ¤®á¨âì â¨¯®¢¨¬ ï¢¨é¥¬ ¯à¨ ¯¥à¥â¢®à¥ïå
��-£à ¬ â¨ª { ¤¨¢.,  ¯à¨ª« ¤, [4, 14].

�¯à ¢  4.10. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.2, §¢¥á-
â¨ ¤® ®à¬ «ì®ù ä®à¬¨ �®¬áìª®£® ��-£à ¬ â¨ª¨ ÷§ ¯à¨ª« ¤÷¢ 4.1, 4.3,
4.4, 4.6, 4.7. 4.9.
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� ã¢ ¦¥ï 4.6. �®à¬ «ìã ä®à¬ã �®¬áìª®£® ç áâ® ¢¨ª®à¨áâ®¢ãîâì
ã á¨â ªá¨ç®¬ã   «÷§÷. � ¯à¨ª« ¤,  «£®à¨â¬ �®ª {�£¥à {� á ¬÷,
ïª¨© ¯¥à¥¢÷àïõ, ç¨ ¬®¦¥ á«®¢® ¡ãâ¨ ¯®à®¤¦¥¥ ª®â¥ªáâ®-¢÷«ì®î £à -
¬ â¨ª®î, ¢¨¬ £ õ, é®¡ £à ¬ â¨ª  ¡ã«  § ¯¨á   á ¬¥ ã ®à¬ «ì÷© ä®à-
¬÷ �®¬áìª®£® (¤¨¢.,  ¯à¨ª« ¤, [4, 14,27]).

� ã¢ ¦¥ï 4.7. � § ç¨¬®, é®, ®ªà÷¬ ®à¬ «ì®ù ä®à¬¨ �®¬áìª®-
£®, õ ÷è÷ §®¡à ¦¥ï ª®â¥ªáâ®-¢÷«ì¨å £à ¬ â¨ª, §®ªà¥¬ , ®à¬ «ì 
ä®à¬  �à¥©¡ å1. ��-£à ¬ â¨ªã G = ⟨V, T, P, S⟩  §¨¢ îâì £à ¬ â¨ª®î
ã ®à¬ «ì÷© ä®à¬÷ �à¥©¡ å, ïªé® ¬®¦¨  ¯à®¤ãªæ÷© P ¬÷áâ¨âì «¨è¥
¯à®¤ãªæ÷ù ¢¨¤ã S → e â  A → aa, ¤¥ A ∈ V , a ∈ T , a ∈ V ∗ [4, 14]. �®¦ 
ª®â¥ªáâ®-¢÷«ì  ¬®¢  L ¯®à®¤¦ãõâìáï £à ¬ â¨ª®î ã ®à¬ «ì÷© ä®à-
¬÷ �à¥©¡ å, ¤®¢¥¤¥ï (¤¨¢.,  ¯à¨ª« ¤, [4]) ª®áâàãªâ¨¢¥, â®¡â®  ¤ õ
ª®ªà¥â¨© ¬¥â®¤ ¯®¡ã¤®¢¨ èãª ®ù £à ¬ â¨ª¨. � ã¢ ¦¨¬®, é® ÷®¤÷
¤®§¢®«ïîâì ¯à®¤ãªæ÷î A → e ÷ ¢¨¬ £ îâì |a| 6 2 ( ¯à¨ª« ¤, [9]).

4.3. �¢â®¬ â¨ § ¬ £ §¨®î ¯ ¬'ïââî

�¢â®¬ â § ¬ £ §¨®î ¯ ¬'ïââî (��- ¢â®¬ â, ¬ £ §¨¨©  ¢â®¬ â,
áâ¥ª®¢¨©  ¢â®¬ â) ¬®¦  ¥ä®à¬ «ì® ¯®¤ â¨ ïª  ¡áâà ªâ¨© ¯à¨áâà÷©,
ïª¨© ¬÷áâ¨âì:

1) ¥®¡¬¥¦¥ã ¢ ®¡¨¤¢  ¡®ª¨ áâà÷çªã, ª®¦  ª®¬÷àª  ïª®ù ¬®¦¥ ¬÷á-
â¨â¨ ®¤¨ á¨¬¢®« ¢å÷¤®£®  «ä ¢÷âã T  ¡® ¥ ¬÷áâ¨â¨ ¦®¤®£® (¬÷áâ¨âì
¯®à®¦÷© á¨¬¢®« Λ /∈ T );

2) ªãàá®à, ïª¨© ¢ ª®¦¨© ¬®¬¥â ç áã ¢ª §ãõ   ¯¥¢ã ª®¬÷àªã ÷
¬®¦¥ ¯¥à¥áã¢ â¨áï ¢§¤®¢¦ áâà÷çª¨ §«÷¢   ¯à ¢®; ª®¬÷àªã  §¨¢ îâì
¯®â®ç®î, á¨¬¢®« ã ¯®â®ç÷© ª®¬÷àæ÷ â ª®¦  §¨¢ îâì ¯®â®ç¨¬;

3) ¬ £ §¨ (áâ¥ª), ïª¨© ¬÷áâ¨âì ¥áª÷ç¥ã ª÷«ìª÷áâì ª®¬÷à®ª, ª®¦-
  § ïª¨å ¬®¦¥ ¬÷áâ¨â¨ ®¤¨ á¨¬¢®«  «ä ¢÷âã ¬ £ §¨®ù ¯ ¬'ïâ÷ (áâ¥-
ª®¢®£®  «ä ¢÷âã) Γ  ¡® ¥ ¬÷áâ¨â¨ ¦®¤®£®.

� ¯®¢¥ï áâ¥ªã (§ ¯¨á) â  §ç¨âã¢ ï §÷ áâ¥ªã (¢¨¤ «¥ï) ®à£ ÷-
§®¢ ÷ §  ¯à¨æ¨¯®¬ ý®áâ ÷¬ § ©è®¢, ¯¥àè¨¬ ¢¨©è®¢þ2. ô¤¨¨© á¨¬-
¢®« áâ¥ªã, ¤® ïª®£® õ ¤®áâã¯,  §¨¢ îâì ¢¥àè¨®î áâ¥ªã. �¢ ¦ â¨¬¥¬®,

1�à¥©¡ å �¥©«  �¤¥«ì ( à®¤. ã 1939 à.) { ¢¨¤ â¨©  ¬¥à¨ª áìª¨© ¢ç¥¨©, ®âà¨-
¬ «  ¢ £®¬÷ à¥§ã«ìâ â¨ ã £ «ã§÷ ä®à¬ «ì¨å ¬®¢, £à ¬ â¨ª â  ��- ¢â®¬ â÷¢; ¤®¢¥« 
¥à®§¢'ï§÷áâì ¤¥ïª¨å  «£®à¨â¬÷ç¨å ¯à®¡«¥¬, ¯®¢'ï§ ¨å § ��-¬®¢ ¬¨.

2�ªà®÷¬ LIFO { last in, �rst out ( £«.)
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4.3. �¢â®¬ â¨ § ¬ £ §¨®î ¯ ¬'ïââî

é® áâ¥ª ý§à®áâ õþ á¯à ¢   «÷¢®. � ª¨¬ ç¨®¬, ¢¥àè¨®î õ ¯¥àè¨© §«÷¢ 
á¨¬¢®« ã áâ¥ªã.

��- ¢â®¬ â ¯à æîõ ¯®ªà®ª®¢®, §  ¤¨áªà¥â¨¬¨ ¬®¬¥â ¬¨ ç áã
t = 0, 1, 2, . . . . �  ª®¦®¬ã ªà®æ÷ ¢÷ ¯¥à¥¡ã¢ õ ¢ ®¤®¬ã §÷ á¢®ùå áâ -
÷¢; áâ  ��- ¢â®¬ â    ª®ªà¥â®¬ã ªà®æ÷  §¨¢ îâì ¯®â®ç¨¬. � 
¯®ç âªã à®¡®â¨, â®¡â® ã ¬®¬¥â t = 0,   áâà÷çæ÷ § ¯¨á ¥ ¢å÷¤¥ á«®-
¢® áª÷ç¥®ù ¤®¢¦¨¨ w. �ªé® á«®¢® w ¥¯®à®¦õ, ªãàá®à ¢ª §ãõ  
¯¥àè¨© §«÷¢  á¨¬¢®« ¢å÷¤®£® á«®¢ . ��- ¢â®¬ â ¯¥à¥¡ã¢ õ ¢ ®¤®¬ã
÷§ ¯®ç âª®¢¨å áâ ÷¢ q0 ∈ I, áâ¥ª ¯®à®¦÷©. �  ª®¦®¬ã ªà®æ÷ ��-
 ¢â®¬ â §  ¯®â®ç¨¬ áâ ®¬ q1 ∈ Q, ¯®â®ç¨¬ á¨¬¢®«®¬  ¡® ¯®à®¦-
÷¬ á«®¢®¬ x ∈ (T ∪ {e}) â  ¢¥àè¨®î áâ¥ªã a ∈ (Γ ∪ {e}) èãª õ
¯¥à¥å÷¤ ((q1, x, a), (q2, b)) ∈ ∆ (q2 ∈ Q, b ∈ Γ∗) ÷§ ¬®¦¨¨ ¯¥à¥å®¤÷¢
∆ ⊂ ((Q× (T ∪ {e})× (Γ ∪ {e}))× (Q× Γ∗)) ÷ ¢¨ª®ãõ â ª÷ ¤÷ù:

1) ¢¨¤ «ïõ ¯®â®ç¨© á¨¬¢®« (§ ¯¨áãõ ã ¯®â®çã ª®¬÷àªã ¯®à®¦÷©
á¨¬¢®« Λ) ÷ ¯¥à¥¬÷éãõ ªãàá®à   ®¤ã ª®¬÷àªã ¯à ¢®àãç; ïªé® x = e,
¢¨¤ «¥ï ¯®â®ç®£® á¨¬¢®«  â  ¯¥à¥¬÷é¥ï ªãàá®à  ¥ ¢÷¤¡ã¢ õâìáï {
â ª¨© ¯¥à¥å÷¤  §¨¢ îâì e-¯¥à¥å®¤®¬ §    «®£÷õî ¤® áª÷ç¥¨å  ¢â®-
¬ â÷¢ § e-¯¥à¥å®¤ ¬¨ (¤¨¢. ®§ ç¥ï 3.6);

2) §ç¨âãõ â  ®¤®ç á® ¢¨¤ «ïõ § ¢¥àè¨¨ áâ¥ªã á«®¢® a, ¯÷á«ï ç®£®
§ ¯¨áãõ ã áâ¥ª á«®¢® b (¯¥àè¨© á¨¬¢®« á«®¢  b áâ õ ¢¥àè¨®î áâ¥ªã);
§®ªà¥¬ , ã à §÷ a = e §ç¨âã¢ ï ¥¬ õ, ã à §÷ b = e § ¯¨áã ¥¬ õ, ã à §÷
a = b = e ¦®¤¨å ¤÷© §÷ áâ¥ª®¬ ¥¬ õ;

3) §¬÷îõ ¯®â®ç¨© áâ    áâ  q2 ∈ Q (¬®¦«¨¢¨© ¢¨¯ ¤®ª q2 = q1).
� ª¨¬ ç¨®¬, ��- ¢â®¬ â §ç¨âãõ §÷ áâ¥ªã ¥ ¡÷«ìè¥ ®¤®£® á¨¬¢®« ,

¯à®â¥ § ¯¨áãõ ã áâ¥ª á«®¢® ¤®¢÷«ì®ù ¤®¢¦¨¨. �ªé® ¤÷ù ��- ¢â®¬ â 
¢¨§ ç¥÷ ®¤®§ ç®, ÷ ¤® â®£® ¦ ��- ¢â®¬ â ¬ õ õ¤¨¨© ¯®ç âª®¢¨©
áâ  q0 ∈ I, ��- ¢â®¬ â  §¨¢ â¨¬¥¬® ¤¥â¥à¬÷®¢ ¨¬. ��- ¢â®¬ â
¡¥§ ®¡¬¥¦¥ì é®¤® ¤¥â¥à¬÷®¢ ®áâ÷  §¨¢ â¨¬¥¬® ¥¤¥â¥à¬÷®¢ ¨¬.1

�ªé® ¢å÷¤¥ á«®¢® ¯à®ç¨â ¥ ¯®¢÷áâî (¯®â®ç¨¬ á¨¬¢®«®¬ õ Λ),
��- ¢â®¬ â ¬®¦¥ ¢¨ª®ã¢ â¨ «¨è¥ e-¯¥à¥å®¤¨.

� ¤ ¬® ä®à¬ «ì¨© ®¯¨á  ¢â®¬ â  § ¬ £ §¨®î ¯ ¬'ïââî.

�§ ç¥ï 4.6. �¢â®¬ â®¬ § ¬ £ §¨®î ¯ ¬'ïââî  §¨¢ îâì ¢¯®-
àï¤ª®¢ ¨©  ¡÷à ⟨Q, T,Γ,∆, I, F ⟩, ¤¥ Q, T , Γ { áª÷ç¥÷ ¥¯®à®¦÷ ¬®-
¦¨¨, ∆ ⊂ ((Q× (T ∪{e})× (Γ∪{e}))× (Q×Γ∗)), I ⊂ Q, F ⊂ Q. �®¦¨-
ãQ  §¨¢ îâì ¬®¦¨®î áâ ÷¢, T { ¢å÷¤¨¬  «ä ¢÷â®¬, Γ {  «ä ¢÷â®¬

1�®à¬ «ì¥ ¢¨§ ç¥ï ¤¥â¥à¬÷®¢ ®£® ��- ¢â®¬ â  ¤¨¢.,  ¯à¨ª« ¤, ã [4,9,14].
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�®§¤÷« 4. � £ §¨÷  ¢â®¬ â¨ ÷ ª®â¥ªáâ®-¢÷«ì÷ £à ¬ â¨ª¨

¬ £ §¨®ù ¯ ¬'ïâ÷ (áâ¥ª®¢¨¬  «ä ¢÷â®¬), ∆ { ¢÷¤®è¥ï¬ (¬®¦¨®î)
¯¥à¥å®¤÷¢, I { ¬®¦¨®î ¯®ç âª®¢¨å áâ ÷¢, F { ¬®¦¨®î ¤®¯ãáª îç¨å
áâ ÷¢.

�®ä÷£ãà æ÷õî ��- ¢â®¬ â  ⟨Q, T,Γ,∆, I, F ⟩  §¨¢ îâì ¤®¢÷«ì¨©
 ¡÷à (q, w, g) ∈ (Q× T ∗ × Γ∗).

� ã¢ ¦¥ï 4.8. �®à®¦÷© á¨¬¢®« Λ ã ¥ä®à¬ «ì®¬ã ®¯¨á÷ ��-
 ¢â®¬ â  ¢¨ª®à¨áâ®¢ãîâì «¨è¥ ¤«ï ®¯¨á ï á¨âã æ÷ù, ª®«¨ ¢å÷¤¥ á«®-
¢® ¯à®ç¨â ¥ ¯®¢÷áâî, ÷ ªãàá®à ¢ª §ãõ á ¬¥   Λ. �«ï ä®à¬ «ì®£®
®¯¨á ï ��- ¢â®¬ â , é® ¥ ¯¥à¥¤¡ ç õ ¢¢¥¤¥ï áâà÷çª¨ â  ªãàá®à ,
¯®à®¦÷© á¨¬¢®« ¥ ¯®âà÷¡¨©.

�  ¬®¦¨÷ ª®ä÷£ãà æ÷© ��- ¢â®¬ â  M = ⟨Q, T,Γ,∆, I, F ⟩ ¢¨§ -
ç¨¬® ¡÷ à¥ ¢÷¤®è¥ï â ªâã à®¡®â¨ ýM⊢ þ:

((q1, w1, g1) M⊢ (q2, w2, g2)) ⇔


w1 = xw2, x ∈ (T ∪ {e});
g1 = ag, g2 = bg, a ∈ (Γ ∪ {e}), b ∈ Γ∗;

((q1, x, a), (q2, b)) ∈ ∆,

¤¥ q1, q2 ∈ Q, w1, w2 ∈ T ∗, g ∈ Γ∗. �®ä÷£ãà æ÷î c ∈ (Q×T ∗×Γ∗)  §¢¥¬®
âã¯¨ª®¢®î, ïªé® ¥ ÷áãõ ¦®¤®ù ª®ä÷£ãà æ÷ù c̃, â ª®ù, é® c M⊢ c̃.

� £ ¤ õ¬®, é® ý *
M⊢ þ { âà §¨â¨¢®-à¥ä«¥ªá¨¢¥ § ¬¨ª ï ¢÷¤®è¥-

ï ýM⊢ þ (¤¨¢. ®§ ç¥ï 1.4); ïªé® ÷§ ª®â¥ªáâã §à®§ã¬÷«®, é® ©¤¥âìáï
á ¬¥ ¯à® ��- ¢â®¬ â M , § ¬÷áâì ýM⊢ þ â  ý *

M⊢ þ ¯¨á â¨¬¥¬® ¢÷¤¯®¢÷¤®
ý⊢þ â  ý *⊢þ.

� ¦ãâì, é® ��- ¢â®¬ â M = ⟨Q, T,Γ,∆, I, F ⟩ ¤®¯ãáª õ (á¯à¨©¬ õ)
á«®¢® w ∈ T ∗, ïªé® (q0, w, e) *

M⊢ (q, e, e) ¤«ï ¤¥ïª¨å q0 ∈ I â  q ∈ F .
�¥ ®§ ç õ, é® ��- ¢â®¬ â ¬ õ ¯®¢÷áâî §ç¨â â¨ á«®¢® w, ®¯¨¨¢è¨áì
¢ ®¤®¬ã § ¤®¯ãáª îç¨å áâ ÷¢ ¯à¨ ¯®à®¦ì®¬ã áâ¥ªã. �®¦¨ã á«÷¢
L[M ], ïª÷ ¤®¯ãáª õ ��- ¢â®¬ â M ,  §¨¢ îâì ä®à¬ «ì®î ¬®¢®î, ïªã
¤®¯ãáª õ (á¯à¨©¬ õ) ��- ¢â®¬ â M . �ã¤¥ ¤®¢¥¤¥® (¯÷¤à®§¤. 4.4), é®
ª« á ¬®¢, ïª÷ ¤®¯ãáª îâì ��- ¢â®¬ â¨, §¡÷£ õâìáï § ª« á®¬ ��-¬®¢.

��- ¢â®¬ â¨ M1 â  M2  §¨¢ îâì ¥ª¢÷¢ «¥â¨¬¨, ïªé® M1 â  M2

§ ¤ ÷  ¤ á¯÷«ì¨¬ ¢å÷¤¨¬  «ä ¢÷â®¬ â  ¤®¯ãáª îâì âã á ¬ã ¬®¢ã:
(M1 ∼ M2) ⇔ (L[M1] = L[M2]).

� ã¢ ¦¥ï 4.9. ö®¤÷ ¢ «÷â¥à âãà÷ ( ¯à¨ª« ¤, [4, 11, 14]) ¯÷¤ ��-
 ¢â®¬ â®¬ à®§ã¬÷îâì  ¡÷à ⟨Q, T,Γ,∆, I, Z0, F ⟩, ¤¥ Z0 { ¯®ç âª®¢¨© á¨¬-
¢®«  ¡® ¬ àª¥à ¤  áâ¥ªã, ïª¨© ¯¥à¥¡ã¢ õ ã áâ¥ªã (¬ £ §¨÷)   ¯®ç âªã
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4.3. �¢â®¬ â¨ § ¬ £ §¨®î ¯ ¬'ïââî

à®¡®â¨, â®¡â® ã ¬®¬¥â ç áã t = 0. � ª¨© ¯÷¤å÷¤ ¥ª¢÷¢ «¥â¨© à®§£«ïã-
â®¬ã â  ¥ §¬÷îõ ¬®¦¨ã á«÷¢ L[M ], ïª÷ ¤®¯ãáª õ ��- ¢â®¬ â.

� ã¢ ¦¥ï 4.10. �®§£«ï¤ îâì ��- ¢â®¬ â¨, ïª÷ ¬ îâì ¢¨å÷¤¨© ¯®-
â÷ª (¯¥à¥â¢®àî¢ ç÷ § ¬ £ §¨®î ¯ ¬'ïââî), ¤¥â «ì÷è¥ ¤¨¢. [4, 23].

�  ��- ¢â®¬ â¨ ¯®è¨àîîâì â¥å÷ªã § ¤ ï §  ¤®¯®¬®£®î £à ä÷¢,
®¯¨á ã ¢ ¯÷¤à®§¤. 3.1.3: ¤«ï ª®¦®£® ¯¥à¥å®¤ã ((q1, x, a), (q2, b)) ∈ ∆
¤® ¢÷¤¯®¢÷¤®£® £à ä  ¢ª«îç îâì à¥¡à® § ¬÷âª®î x, a/b, é® ¢¥¤¥ ¢÷¤
¢¥àè¨¨ § ¬÷âª®î q1 ¤® ¢¥àè¨¨ § ¬÷âª®î q2.

�à¨ª« ¤ 4.13. � ¤ ¢å÷¤¨¬  «ä ¢÷â®¬ T = {a, b} à®§£«ï¥¬® ��-
 ¢â®¬ â ⟨Q, T,Γ,∆, I, F ⟩ ÷§ ¬®¦¨®î áâ ÷¢ Q = {q0, q1}, áâ¥ª®¢¨¬
 «ä ¢÷â®¬ Γ= {A}, ¬®¦¨®î ¯®ç âª®¢¨å áâ ÷¢ I = {q0}, ¬®¦¨®î ¤®-

q1
q0

a, /Aε b, A/ε

b, A/ε

�¨á. 4.11

¯ãáª îç¨å áâ ÷¢ F = {q0, q1} â  ¬®¦¨®î ¯¥à¥å®¤÷¢

∆ = {((q0, a, e), (q0, A)), ((q0, b, A), (q1, e)),
((q1, b, A), (q1, e))}.

�à ä ��- ¢â®¬ â  §®¡à ¦¥®   à¨á. 4.11.

�áª÷«ìª¨ e-¯¥à¥å®¤÷¢ ¥¬ õ, ��- ¢â®¬ â ®¡®¢'ï§ª®¢® ¬ õ §ç¨âã¢ -
â¨ ®¤¨ á¨¬¢®«   ª®¦®¬ã ªà®æ÷. �¥à¥¡ã¢ îç¨ ¢ ¯®ç âª®¢®¬ã áâ -
÷ q0, ��- ¢â®¬ â ¬®¦¥ §ç¨â â¨ ïª á¨¬¢®« a, ¢¨ª® ¢è¨ ¯¥à¥å÷¤
((q0, a, e), (q0, A)), § «¨è îç¨áì ã áâ ÷ q0 ÷ § ¯¨áãîç¨ ã áâ¥ª A, â ª ÷
á¨¬¢®« b, ¢¨ª® ¢è¨ ¯¥à¥å÷¤ ((q0, b, A), (q1, e)), ¯¥à¥å®¤ïç¨ ã áâ  q1 ÷ ¢¨-
¤ «ïîç¨ á¨¬¢®« A § ¢¥àè¨¨ áâ¥ªã. �¥à¥¡ã¢ îç¨ ã áâ ÷ q1, ��- ¢â®¬ â
¬®¦¥ §ç¨â â¨ «¨è¥ á¨¬¢®« b, ¢¨ª® ¢è¨ ¯¥à¥å÷¤ ((q1, b, A), (q1, e)), § -
«¨è îç¨áì ã áâ ÷ q1 ÷ ¢¨¤ «ïîç¨ á¨¬¢®« A § ¢¥àè¨¨ áâ¥ªã. �â¦¥,
��- ¢â®¬ â, ¯¥à¥¡ã¢ îç¨ ã áâ ÷ q0, §ç¨âãõ ¯®á«÷¤®¢÷áâì á¨¬¢®«÷¢ a,  
ª®¦®¬ã ªà®æ÷ § ¯¨áãîç¨ ã áâ¥ª A; § ¯®ï¢®î ¯¥àè®£® á¨¬¢®«  b, ��-
 ¢â®¬ â ¯¥à¥å®¤¨âì ÷  ¤ «÷ § «¨è õâìáï ã áâ ÷ q1, §ç¨âãõ ¯®á«÷¤®¢÷áâì
á¨¬¢®«÷¢ b,   ª®¦®¬ã ªà®æ÷ ¢¨¤ «ïîç¨ A § ¢¥àè¨¨ áâ¥ªã.

� ª¨¬ ç¨®¬, ��- ¢â®¬ â ¬®¦¥ §ç¨âã¢ â¨ ¢å÷¤÷ á«®¢  ¢¨£«ï¤ã anbm

(n > m > 0), § «¨è¨¢è¨ ã áâ¥ªã ¯÷á«ï §ç¨âã¢ ï n − m á¨¬¢®«÷¢
A, â®¡â®, ¢à å®¢ãîç¨, é® F = Q = {q0, q1}, ��- ¢â®¬ â ¤®¯ãáª õ ��-
¬®¢ã {anbn : n > 0}; § § ç¨¬®, é® ¥à¥£ã«ïà÷áâì æ÷õù ¬®¢¨ ¤®¢¥¤¥  ã
¯à¨ª« ¤ å 3.28 â  3.47.

�¥© ��- ¢â®¬ â õ ¤¥â¥à¬÷®¢ ¨¬, ®áª÷«ìª¨ ¬ õ ®¤¨ ¯®ç âª®¢¨©
áâ , ÷ ¤÷ù ��- ¢â®¬ â    ª®¦®¬ã ªà®æ÷ ¢¨§ ç¥÷ ®¤®§ ç®.
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�®§¤÷« 4. � £ §¨÷  ¢â®¬ â¨ ÷ ª®â¥ªáâ®-¢÷«ì÷ £à ¬ â¨ª¨

�à®¤¥¬®áâàãõ¬® à®¡®âã æì®£® ��- ¢â®¬ â  ã â¥à¬÷ å ¢÷¤®è¥ï
ý⊢þ ( £ ¤ õ¬®, é® ¢¥àè¨®î áâ¥ªã õ ¯¥àè¨© §«÷¢  á¨¬¢®«):

(q0, a
2b2, e) ⊢ (q0, ab

2, A) ⊢ (q0, b
2, A2) ⊢ (q1, b, A) ⊢ (q1, e, e);

(q0, a
2b3, e) ⊢ (q0, ab

3, A) ⊢ (q0, b
3, A2) ⊢ (q1, b

2, A) ⊢ (q1, b, e);

(q0, a
2b, e) ⊢ (q0, ab, A) ⊢ (q0, b, A

2) ⊢ (q1, e, A);

(q0, aba, e) ⊢ (q0, ba, A) ⊢ (q1, a, e).

�«®¢® a2b2 ��- ¢â®¬ â §ç¨â õ ¯®¢÷áâî ã ¤®¯ãáª îç®¬ã áâ ÷ q1 § ¯®-
à®¦÷¬ áâ¥ª®¬, â®¡â® ��- ¢â®¬ â ¤®¯ãáª õ á«®¢® a2b2. �«®¢® a2b3 ��-
 ¢â®¬ â ¥ §ç¨âãõ ¯®¢÷áâî, ®áª÷«ìª¨ ¤«ï ¯®â®ç®£® á¨¬¢®«  b ¥¬ õ
¢÷¤¯®¢÷¤®£® ¯¥à¥å®¤ã § ¯®â®ç¨¬ áâ ®¬ q1, ïª¨© ¥ §ç¨âãõ §÷ áâ¥ªã
¦®¤®£® á¨¬¢®« ; á«®¢® a2b ��- ¢â®¬ â §ç¨âãõ ¯®¢÷áâî â  ¯®âà ¯«ïõ ã
âã¯¨ª®¢ã ª®ä÷£ãà æ÷î ã ¤®¯ãáª îç®¬ã áâ ÷ q1,  «¥ áâ¥ª ¥¯®à®¦÷© {
¬÷áâ¨âì á¨¬¢®« A; á«®¢® aba ¥ ¡ã¤¥ §ç¨â ¥ ¯®¢÷áâî, ®áª÷«ìª¨ ¤«ï ¯®-
â®ç®£® á¨¬¢®«  a ¥¬ õ ¢÷¤¯®¢÷¤®£® ¯¥à¥å®¤ã § ¯®â®ç¨¬ áâ ®¬ q1.
�â¦¥, æ¥© ��- ¢â®¬ â ¥ ¤®¯ãáª õ á«®¢  a2b3, a2b â  aba.

�ªà¥¬® § § ç¨¬®, é® ��- ¢â®¬ â ¬®¦¥ § ¢¥àè¨â¨ à®¡®âã (¯®âà -
¯¨â¨ ¢ ®¤ã § âã¯¨ª®¢¨å ª®ä÷£ãà æ÷©) ã áâ ÷ q0, ïªé® ¢å÷¤¥ á«®¢®
¯®ç¨ õâìáï § b  ¡® õ ¯®à®¦÷¬. � ª, ��- ¢â®¬ â ¤®¯ãáª õ á«®¢® e â  ¥
¤®¯ãáª õ b2 (ïª ÷ ¡ã¤ì-ïª¥ á«®¢® § ¯¥àè¨¬ á¨¬¢®«®¬ b) { ¢ ®¡®å ¢¨¯ ¤ª å
��- ¢â®¬ â § «¨è õâìáï ¢ ¯®ç âª®¢®¬ã áâ ÷ q0, ¥ §à®¡¨¢è¨ ¦®¤®£®
â ªâã.

� ã¢ ¦¨¬®, é® ¬®¦  ¯®¡ã¤ã¢ â¨ ¥ª¢÷¢ «¥â¨© ��- ¢â®¬ â, ã¢÷¢-
è¨ ¤®¤ âª®¢¨© e-¯¥à¥å÷¤ ((q0, e, e), (q1, e)) â  § «¨è¨¢è¨ «¨è¥ ®¤¨ ¤®-

q1
q0

a, /Aε b, A/ε

b, A/ε

ε  ε ε, /

�¨á. 4.12

¯ãáª îç¨© áâ  q1:

⟨{q0, q1}, {a, b}, {A}, {((q0, a, e), (q0, A)), ((q0, b, A), (q1, e)),
((q0, e, e), (q1, e)), ((q1, b, A), (q1, e))}, {q0}, {q1}⟩,

£à ä æì®£® ��- ¢â®¬ â  §®¡à ¦¥®   à¨á. 4.12. � § -

ç¨¬®, é® æ¥© ��- ¢â®¬ â ¥¤¥â¥à¬÷®¢ ¨©. � ª, ¢å÷¤¨¬ á«®¢®¬ a2b2

÷§ q0 ¬®¦  ¯®âà ¯¨â¨ ã âà¨ à÷§÷ âã¯¨ª®¢÷ ª®ä÷£ãà æ÷ù:

(q0, a
2b2, e) ⊢ (q1, a

2b2, e);

(q0, a
2b2, e) ⊢ (q0, ab

2, A) ⊢ (q1, ab
2, A);
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(q0, a
2b2, e) ⊢ (q0, ab

2, A) ⊢ (q0, b
2, A2) ⊢ (q1, b, A) ⊢ (q1, e, e);

(q0, a
2b2, e) ⊢ (q0, ab

2, A) ⊢ (q0, b
2, A2) ⊢ (q1, b

2, A2) ⊢ (q1, b, A) ⊢ (q1, e, e).

�â¦¥, ��- ¢â®¬ â ¤®¯ãáª õ á«®¢® a2b2, ®áª÷«ìª¨ (q0, a
2b2, e) *⊢(q1, e, e), ¤¥

q0 ∈ I, q1 ∈ F .
��- ¢â®¬ â, £à ä ïª®£® §®¡à ¦¥®   à¨á. 4.12, ¬®¦-

  ¤¥é® á¯à®áâ¨â¨, ¢¨¤ «¨¢è¨ ¯¥à¥å÷¤ ((q0, b, A), (q1, e)),
¤÷î ïª®£® ¬®¦  § ¬÷¨â¨ ¤¢®¬  ¯®á«÷¤®¢¨¬¨ ¯¥à¥å®-
¤ ¬¨ ((q0, e, e), (q1, e)) ÷ ((q1, b, A), (q1, e)) (à¨á. 4.13). �ç¥-
¢¨¤®, æ¥ á¯à®é¥ï § «¨è õ ��- ¢â®¬ â ¥¤¥â¥à¬÷®-
¢ ¨¬.

q1
q0

a, /Aε b, A/ε

ε  ε ε, /

�¨á. 4.13

�à¨ª« ¤ 4.14. � ¤ ¢å÷¤¨¬  «ä ¢÷â®¬ T = {a, b} à®§£«ï¥¬® ��-
 ¢â®¬ â ⟨{q0, q1}, T, {A},∆, {q0}, {q1}⟩ ÷§ ¬®¦¨®î ¯¥à¥å®¤÷¢

∆ = {((q0, a, e), (q0, A)), ((q0, e, e), (q1, e)),
((q1, b, A), (q1, e)), ((q1, b, e), (q1, e))},

£à ä ��- ¢â®¬ â  §®¡à ¦¥®   à¨á. 4.14.
�¥© ��- ¢â®¬ â ¥¤¥â¥à¬÷®¢ ¨©, ®áª÷«ìª¨ ã

ª®ä÷£ãà æ÷ù § ¯®ç âª®¢¨¬ áâ ®¬ q0 â  ¯®â®ç¨¬ á¨¬-
¢®«®¬ a, ¥§ «¥¦® ¢÷¤ ¢¥àè¨¨ áâ¥ªã, ¬®¦¥ ¡ãâ¨ ¢¨-

q1q0

a, /Aε b, A/ε

ε  ε ε, /

b, /ε ε

�¨á. 4.14

ª® ¨© ïª e-¯¥à¥å÷¤ ((q0, e, e), (q1, e)), â ª ÷ ¯¥à¥å÷¤ ((q0, a, e), (q0, A)).
� «®£÷ç®, ã ª®ä÷£ãà æ÷ù § ¯®â®ç¨¬ áâ ®¬ q1, ¯®â®ç¨¬ á¨¬¢®«®¬ b
â  ¢¥àè¨®î áâ¥ªã A ¬®¦¥ ¡ãâ¨ ¢¨ª® ¨© ïª ¯¥à¥å÷¤ ((q1, b, e), (q1, e)),
â ª ÷ ¯¥à¥å÷¤ ((q1, b, A), (q1, e)).

�®ª¨ ��- ¢â®¬ â ¯¥à¥¡ã¢ õ ¢ q0, ¤® áâ¥ªã ¡ã¤¥ § ¯¨á ® áâ÷«ìª¨ á¨¬-
¢®«÷¢ A, áª÷«ìª¨ ¡ã¤¥ §ç¨â ® á¨¬¢®«÷¢ a; § ¯¥à¥å®¤®¬ ¢ q1 ¯à¨ §ç¨âã¢ ÷
á¨¬¢®«  b § ¢¥àè¨¨ áâ¥ªã ¬®¦¥ ¡ãâ¨ ¢¨¤ «¥¨© á¨¬¢®« A,  ¡® áâ¥ª ¬®-
¦¥ ¥ §¬÷¨â¨áì. �â¦¥, ¤«ï á¯®à®¦¥ï áâ¥ªã ��- ¢â®¬ â ¬ õ §ç¨â â¨
á¨¬¢®«÷¢ b ¥ ¬¥è¥ ÷¦ a, â®¡â® ¤®¯ãáª õ ¬®¢ã L = {ambn : n > m > 0}.
�®ª ¦¥¬® ¬®¦«¨¢÷ ¤÷ù ��- ¢â®¬ â  ¤«ï ¢å÷¤®£® á«®¢  ab2:

(q0, ab
2, e) ⊢ (q1, ab

2, e);

(q0, ab
2, e) ⊢ (q0, b

2, A) ⊢ (q1, b
2, A) ⊢ (q1, b, e) ⊢ (q1, e, e);

(q0, ab
2, e) ⊢ (q0, b

2, A) ⊢ (q1, b
2, A) ⊢ (q1, b, A) ⊢ (q1, e, e);

(q0, ab
2, e) ⊢ (q0, b

2, A) ⊢ (q1, b
2, A) ⊢ (q1, b, A) ⊢ (q1, e, A).
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� õ¬® âà¨ à÷§÷ âã¯¨ª®¢÷ ª®ä÷£ãà æ÷ù (q1, ab
2, e), (q1, e, e) â  (q1, e, A).

�â¦¥, ��- ¢â®¬ â ¤®¯ãáª õ á«®¢® ab2, ®áª÷«ìª¨ (q0, ab
2, e) *⊢ (q1, e, e), ¤¥

q0 ∈ I, q1 ∈ F .

� «®£÷ç® ¯à¨ª« ¤ã 4.13, ¬®¦  § ¬÷¨â¨ e-¯¥à¥å÷¤ ((q0, e, e), (q1, e))
  ¤¢  ¯¥à¥å®¤¨ ((q0, b, A), (q1, e)) ÷ ((q0, b, e), (q1, e)) â  §à®¡¨â¨ áâ  q0
¤®¯ãáª îç¨¬, ®¤ ª ®âà¨¬ ¨© ��- ¢â®¬ â â¥¦ õ ¥¤¥â¥à¬÷®¢ ¨¬.

�¯à ¢  4.11. �®¡ã¤ã¢ â¨ ¤«ï ¬®¢¨ § ¯à¨ª« ¤ã 4.14 ¯®à®¤¦ã¢ «ìã
��-£à ¬ â¨ªã â  ¯¥à¥¢÷à¨â¨ ùù   ®¤®§ ç÷áâì.

�à¨ª« ¤ 4.15. �®¡ã¤ãõ¬® ��- ¢â®¬ â, ïª¨© ¤®¯ãáª õ ä®à¬ «ìã
¬®¢ã L = {wwR : w ∈ T ∗}  ¤  «ä ¢÷â®¬ T = {a, b}. �ª ÷ ¢ ¯à¨ª« ¤ å 4.13
â  4.14, ��- ¢â®¬ â ¬ õ à®§¤÷«¨â¨ ¢å÷¤¥ á«®¢®   ¤¢÷ ç áâ¨¨, § ¥áâ¨ ã
áâ¥ª ¯¥¢ã ÷ä®à¬ æ÷î é®¤® ¯¥àè®ù ç áâ¨¨ â  ¯¥à¥¢÷à¨â¨ ¢÷¤¯®¢÷¤÷áâì
¤àã£®ù ç áâ¨¨ ¢å÷¤®£® á«®¢  ¤ ¨¬ ã áâ¥ªã.

�  ¢÷¤¬÷ã ¢÷¤ ��- ¢â®¬ â÷¢ ÷§ ¯à¨ª« ¤÷¢ 4.13 â  4.14, ã æì®¬ã ¢¨-
¯ ¤ªã ¥®¡å÷¤® § ¥áâ¨ ã áâ¥ª ¥ â÷«ìª¨ ª÷«ìª÷áâì á¨¬¢®«÷¢ a ç¨ b,   ©
¯®àï¤®ª ùå à®§¬÷é¥ï { ¯® áãâ÷, ¥®¡å÷¤® § ¯ ¬'ïâ â¨ ã áâ¥ªã á«®¢®
w. � ª¨¬ ç¨®¬, ¯÷¤ ç á §ç¨âã¢ ï á¨¬¢®«÷¢ a â  b ã ¯¥àè÷© ç áâ¨÷
¢å÷¤®£® á«®¢  ¥®¡å÷¤® § ¯¨áã¢ â¨ ã áâ¥ª à÷§÷ á¨¬¢®«¨, â®¡â® áâ¥ª®-
¢¨©  «ä ¢÷â ¬ õ ¬÷áâ¨â¨ ¯à¨ ©¬÷ ¤¢  á¨¬¢®«¨. �à÷¬ â®£®,   ¢÷¤¬÷-
ã ¢÷¤ ä®à¬ «ì¨å ¬®¢ ÷§ ¯à¨ª« ¤÷¢ 4.13 â  4.14, ã á«®¢÷ ¢¨£«ï¤ã wwR

(w ∈ T ∗) ¯÷¤ ç á §ç¨âã¢ ï §«÷¢   ¯à ¢® ¥¬®¦«¨¢® ¢¨§ ç¨â¨, ¤¥ § -
ª÷çãõâìáï ¯¥àè  ç áâ¨  ¢å÷¤®£® á«®¢ , ã æì®¬ã ¢¨¯ ¤ªã { á«®¢® w,
â®¡â® ¯®«®¢¨  ¢å÷¤®£® á«®¢  wwR. � ª¨¬ ç¨®¬, ¯¥à¥å÷¤ ã áâ  q1 ¤«ï
§ç¨âã¢ ï ¤àã£®ù ¯®«®¢¨¨ ¢å÷¤®£® á«®¢  ¥®¡å÷¤® §¤÷©áî¢ â¨, ¯¥-
à¥¤¡ ç¨¢è¨  «ìâ¥à â¨¢ã { § «¨è¨â¨áï ¢ q0 ÷ ¯à®¤®¢¦¨â¨ §ç¨âã¢ ï
¯¥àè®ù ¯®«®¢¨¨, { é® ¥áã¬÷á® § ¤¥â¥à¬÷®¢ ÷áâî. �    «®£÷õî ¤®
��- ¢â®¬ â÷¢ ÷§ ¯à¨ª« ¤÷¢ 4.13 â  4.14, ¯¥à¥å÷¤ ÷§ q0 ¢ q1  ©¯à®áâ÷è¥
§¤÷©á¨â¨ e-¯¥à¥å®¤®¬, ®âà¨¬ãîç¨ ¥¤¥â¥à¬÷®¢ ¨© ��- ¢â®¬ â.

�â¦¥, ¢¢®¤¨¬® ��- ¢â®¬ â ⟨{q0, q1}, T, {A,B},∆, {q0}, {q1}⟩ ÷§ ¬®-
¦¨®î ¯¥à¥å®¤÷¢

∆ = {((q0, a, e), (q0, A)), ((q0, b, e), (q0, B)), ((q0, e, e), (q1, e)),

((q1, a, A), (q1, e)), ((q1, b, B), (q1, e))},

£à ä ��- ¢â®¬ â  §®¡à ¦¥®   à¨á. 4.15.
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�¥à¥¡ã¢ îç¨ ã ¯®ç âª®¢®¬ã áâ ÷ q0, ��- ¢â®¬ â
¬ õ §ç¨âã¢ â¨ ¯¥àèã ¯®«®¢¨ã ¢å÷¤®£® á«®¢ ,  
ª®¦®¬ã ªà®æ÷ § ¯¨áãîç¨ ã áâ¥ª á¨¬¢®« A, §ç¨âã-
îç¨ ¯®â®ç¨© á¨¬¢®« a (¯¥à¥å÷¤ ((q0, a, e), (q0, A))),
 ¡® á¨¬¢®« B, §ç¨âãîç¨ ¯®â®ç¨© á¨¬¢®« b (¯¥à¥-
å÷¤ ((q0, b, e), (q0, B))). �¥à¥¡ã¢ îç¨ ¢ q0, ��- ¢â®¬ â
  ¡ã¤ì-ïª®¬ã ªà®æ÷, ¥§ «¥¦® ¢÷¤ ¯®â®ç®£® á¨¬-

q1q0

a, /Aε a, A/ε

ε  ε ε, /

b, B/ε

b, /Bε

�¨á. 4.15

¢®«ã ÷ ¢¥àè¨¨ áâ¥ªã, ¬®¦¥ ¢¨ª® â¨ e-¯¥à¥å÷¤ ((q0, e, e), (q1, e)), ¯¥à¥-
å®¤ïç¨ ã áâ  q1. �¥à¥¡ã¢ îç¨ ã áâ ÷ q1, ��- ¢â®¬ â ¬ õ §ç¨âã¢ â¨
¤àã£ã ¯®«®¢¨ã ¢å÷¤®£® á«®¢ ,   ª®¦®¬ã ªà®æ÷ ¢¨¤ «ïîç¨ §÷ áâ¥ªã
á¨¬¢®« A, §ç¨âãîç¨ ¯®â®ç¨© á¨¬¢®« a (¯¥à¥å÷¤ ((q1, a, A), (q1, e))),  ¡®
B, §ç¨âãîç¨ ¯®â®ç¨© á¨¬¢®« b (¯¥à¥å÷¤ ((q1, b, e), (q1, B))). � ª¨¬ ç¨®¬,
��- ¢â®¬ â ¬ õ §ç¨â â¨ ã áâ ÷ q0 ã â®ç®áâ÷ ¯¥àèã ¯®«®¢¨ã ¢å÷¤®£®
á«®¢  wwR, â®¡â® á«®¢® w, § ¯¨á ¢è¨ ã áâ¥ª |w| á¨¬¢®«÷¢,   ã áâ ÷ q1 {
ã â®ç®áâ÷ ¤àã£ã ¯®«®¢¨ã ¢å÷¤®£® á«®¢  wwR, â®¡â® á«®¢® wR, ¢¨¤ -
«¨¢è¨ §÷ áâ¥ªã |wR| = |w| á¨¬¢®«÷¢; «¨è¥ ¢ æì®¬ã ¢¨¯ ¤ªã ��- ¢â®¬ â
¯®¢÷áâî §ç¨â õ á«®¢® wwR, á¯®à®¦¨¢è¨ áâ¥ª   ®áâ ì®¬ã ªà®æ÷.

�®ª ¦¥¬® ¬®¦«¨¢÷ ¤÷ù ��- ¢â®¬ â  ¤«ï ¢å÷¤®£® á«®¢  abba ∈ L:

(q0, abba, e) ⊢ (q1, abba, e); (q0, abba, e) ⊢ (q0, bba, A) ⊢ (q1, bba, A);

(q0, abba, e) ⊢ (q0, bba, A) ⊢ (q0, ba, BA) ⊢ (q1, ba, BA) ⊢ (q1, a, A) ⊢ (q1, e, e);

(q0, abba, e) ⊢ (q0, bba, A) ⊢ (q0, ba, BA) ⊢ (q0, a, BBA) ⊢ (q1, a, BBA);

(q0, abba, e) ⊢ (q0, bba, A) ⊢ (q0, ba, BA) ⊢ (q0, a, BBA)⊢
⊢ (q0, e, ABBA) ⊢ (q1, e, ABBA).

� õ¬® ¯'ïâì à÷§¨å âã¯¨ª®¢¨å ª®ä÷£ãà æ÷©. ��- ¢â®¬ â ¤®¯ãáª õ á«®¢®
abba, ®áª÷«ìª¨ (q0, abba, e) *⊢ (q1, e, e), ¤¥ q0 ∈ I, q1 ∈ F . �÷¤ªà¥á«¨¬®: ïªé®
e-¯¥à¥å÷¤ ¢¨ª® ® ¤® â®£®, ïª §ç¨â   ¯¥àè  ¯®«®¢¨  ¢å÷¤®£® á«®¢ 
wwR (§  ¤â® à ®), ¢å÷¤¥ á«®¢® wwR ¥ ¡ã¤¥ §ç¨â ¥ ¯®¢÷áâî; ïªé®
e-¯¥à¥å÷¤ ¢¨ª® ® ¯÷á«ï â®£®, ïª ¡ã¢ §ç¨â ¨© å®ç  ¡ ®¤¨ á¨¬¢®« ¤àã£®ù
¯®«®¢¨¨ ¢å÷¤®£® á«®¢  wwR (§  ¤â® ¯÷§®), ã âã¯¨ª®¢÷© ª®ä÷£ãà æ÷ù
áâ¥ª ¢¨ï¢¨âìáï ¥¯®à®¦÷¬.

�®ª ¦¥¬® à®¡®âã ��- ¢â®¬ â  ¤«ï ¢å÷¤®£® á«®¢  ab2 /∈ L:

(q0, ab
2, e) ⊢ (q1, ab

2, e);

(q0, ab
2, e) ⊢ (q0, b

2, A) ⊢ (q1, b
2, A);
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(q0, ab
2, e) ⊢ (q0, b

2, A) ⊢ (q0, b, BA) ⊢ (q1, b, BA) ⊢ (q1, e, A);

(q0, ab
2, e) ⊢ (q0, b

2, A) ⊢ (q0, b, BA) ⊢ (q0, e, BBA) ⊢ (q1, e, BBA).

� õ¬® ç®â¨à¨ à÷§÷ âã¯¨ª®¢÷ ª®ä÷£ãà æ÷ù, á¥à¥¤ ïª¨å ¥¬ õ (q1, e, e);
®â¦¥, ��- ¢â®¬ â ¥ ¤®¯ãáª õ á«®¢® ab2.

� ã¢ ¦¥ï 4.11. �  ¢÷¤¬÷ã ¢÷¤ ¤¥â¥à¬÷®¢ ¨å áª÷ç¥¨å  ¢â®¬ -
â÷¢, ïª÷ ¤®¯ãáª îâì â®© á ¬¨© ª« á ¬®¢, é® © ¥¤¥â¥à¬÷®¢ ÷ (¤¨¢. â¥-
®à¥¬ã 3.1), ¤¥â¥à¬÷®¢ ÷ ��- ¢â®¬ â¨ ¤®¯ãáª îâì ¢ã¦ç¨© ª« á ¬®¢,
÷¦ ¥¤¥â¥à¬÷®¢ ÷. � ¯à¨ª« ¤, ¬®¢ã L = {wwR : w ∈ T ∗} ã à §÷ |T | > 2
(¤¨¢. ¯à¨ª« ¤ 4.15) á¯à ¢¤÷ ¥ ¬®¦¥ ¤®¯ãáâ¨â¨ ¦®¤¨© ¤¥â¥à¬÷®¢ ¨©
��- ¢â®¬ â { ¥®¡å÷¤÷ â¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷ ¤«ï ¤®¢¥¤¥ï ¥¤¥â¥à¬÷®-
¢ ®áâ÷ æ÷õù ¬®¢¨ ¤¨¢.,  ¯à¨ª« ¤, ã [13]; ¢« á¥ ¤®¢¥¤¥ï ¥¤¥â¥à¬÷®-
¢ ®áâ÷ ¬®¢¨ L = {wwR : w ∈ T ∗} â  ¤¥ïª¨å ÷è¨å ¬®¢  ¢â®à¨ § «¨è¨«¨
ïª ¢¯à ¢ã.

�¯à ¢  4.12. �®¡ã¤ã¢ â¨ ¤¥â¥à¬÷®¢ ¨© ��- ¢â®¬ â, ïª¨© ¤®¯ãá-
ª õ ¬®¢ã L = {wcwR : w ∈ {a, b}∗}  ¤  «ä ¢÷â®¬ T = {a, b, c}.

�¯à ¢  4.13. �®¡ã¤ã¢ â¨ ¤«ï ¬®¢ ÷§ ¯à¨ª« ¤ã 4.15 â  ¢¯à ¢¨ 4.12
¯®à®¤¦ã¢ «ì÷ ��-£à ¬ â¨ª¨ â  ¯¥à¥¢÷à¨â¨ ùå   ®¤®§ ç÷áâì.

�¯à ¢  4.14. �®¡ã¤ã¢ â¨ ��- ¢â®¬ â, ïª¨© ¤®¯ãáª õ ¬®¢ã �÷ª  §
n ¯ à ¬¨ ¤ã¦®ª (¤¨¢. ¯à¨ª« ¤ 4.6), â  ¯à®¤¥¬®áâàã¢ â¨ à®¡®âã æì®£®
��- ¢â®¬ â  ¤«ï ¢å÷¤¨å á«÷¢ a1a1b1b1a1b1a1b1 â  a3b3a1a2b2b1.

�ª §÷¢ª . �«ï n = 1 æ¥© ��- ¢â®¬ â ¬ õ ¢¨£«ï¤

⟨{q0}, {a, b}, {C}, {((q0, a, e), (q0, C)), ((q0, b, C), (q0, e))}, {q0}, {q0}⟩.

�¯à ¢  4.15. �®¡ã¤ã¢ â¨ ��- ¢â®¬ â, ïª¨© ¤®¯ãáª õ ¬®¢ã �ãª á¥-
¢¨ç  (¤¨¢. ¯à¨ª« ¤ 4.7).

�à¨ª« ¤ 4.16. �®¡ã¤ãõ¬® ��- ¢â®¬ â, ïª¨© ¤®¯ãáª õ ä®à¬ «ìã
¬®¢ã L = {w ∈ T ∗ : |w|a = |w|b}  ¤  «ä ¢÷â®¬ T = {a, b}, ¯®à®¤¦ã¢ «ì-
  £à ¬ â¨ª  ¤«ï ïª®ù à®§£«ïãâ  ã ¯à¨ª« ¤÷ 4.3 (¤¨¢. â ª®¦ ¢¯à ¢ã 4.1).
��- ¢â®¬ â ¬ õ ª®âà®«î¢ â¨ á¯÷¢¢÷¤®è¥ï ª÷«ìª®áâ÷ §ç¨â ¨å á¨¬-
¢®«÷¢ a â  ª÷«ìª®áâ÷ §ç¨â ¨å b { ¢å÷¤¥ á«®¢® ¬ õ ¡ãâ¨ ¤®¯ãé¥¨¬ â®¤÷
© â÷«ìª¨ â®¤÷, ª®«¨ § £ «ì  ª÷«ìª÷áâì §ç¨â ¨å á¨¬¢®«÷¢ a â  ª÷«ìª÷áâì
§ç¨â ¨å b §¡÷£ îâìáï. �ç¥¢¨¤®, é® ¤®áâ âì® ª®âà®«î¢ â¨ à÷§¨æî
¬÷¦ ª÷«ìª÷áâî §ç¨â ¨å á¨¬¢®«÷¢ a â  b, ÷ æ¥ á«÷¤ à®¡¨â¨ §  ¤®¯®¬®£®î
áâ¥ªã {  ¤¦¥ æï à÷§¨æï ¬®¦¥ ¡ãâ¨ ïª § ¢£®¤® ¢¥«¨ª®î,   ª÷«ìª÷áâì
áâ ÷¢ ��- ¢â®¬ â  áª÷ç¥  ÷ ä÷ªá®¢  .

130
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�ç¥¢¨¤®, à÷§¨æï ¬÷¦ ª÷«ìª÷áâî §ç¨â ¨å á¨¬¢®«÷¢ a â  b ¬®¦¥ ¡ãâ¨
ïª ¤®¤ â , â ª ÷ ¢÷¤'õ¬ . �«ï §¡¥à÷£ ï ÷ä®à¬ æ÷ù ¯à® § ª ¤®áâ â-
ì® ¯¥à¥¤¡ ç¨â¨ ¤¢  à÷§÷ á¨¬¢®«¨ áâ¥ª®¢®£®  «ä ¢÷âã: ¤®¤ âã à÷§¨æî
§¡¥à÷£ â¨ ã áâ¥ªã ïª ª÷«ìª÷áâì á¨¬¢®«÷¢ A, ¢÷¤'õ¬ã { ïª ª÷«ìª÷áâì B. � 
¯®ç âªã à®¡®â¨ ã ¬®¬¥â t = 0 à÷§¨æï ¬÷¦ ª÷«ìª÷áâî §ç¨â ¨å á¨¬-
¢®«÷¢ a â  b ¤®à÷¢îõ ã«î. �ªé®   ¯®â®ç®¬ã ªà®æ÷ §ç¨â ® á¨¬¢®«
a, ¤® ¯®¯¥à¥¤ì®£® § ç¥ï à÷§¨æ÷ ¤®¤ õ¬® ®¤¨¨æî, ïªé® á¨¬¢®« b
{ ¢÷¤÷¬ õ¬® ®¤¨¨æî. �ªé®   ¢¥àè¨÷ áâ¥ªã ¬÷áâ¨âìáï A, ¤®¤ ¢ ï
®¤¨¨æ÷ (§ç¨â ® a) ®§ ç õ § ¯¨á A ã áâ¥ª, ¢÷¤÷¬ ï ®¤¨¨æ÷ (§ç¨â ®
b) ®§ ç õ ¢¨¤ «¥ï A §÷ áâ¥ªã. �ªé®   ¢¥àè¨÷ áâ¥ªã ¬÷áâ¨âìáï B,
¤®¤ ¢ ï ®¤¨¨æ÷ (§ç¨â ® a) ®§ ç õ ¢¨¤ «¥ï B §÷ áâ¥ªã, ¢÷¤÷¬ ï
®¤¨¨æ÷ (§ç¨â ® b) ®§ ç õ § ¯¨á B ã áâ¥ª. �ªé® áâ¥ª   ¯®â®ç®¬ã ªà®-
æ÷ ¯®à®¦÷©, ¤®¤ ¢ ï â  ¢÷¤÷¬ ï ®¤¨¨æ÷ ¬®¦  à¥ «÷§ã¢ â¨ â÷«ìª¨
§ ¯¨á®¬ ã áâ¥ª ¢÷¤¯®¢÷¤® A  ¡® B. �â¦¥, ¬®¢ã L ¤®¯ãáâ¨âì,  ¯à¨ª« ¤,
â ª¨© ��- ¢â®¬ â M § ®¤¨¬ áâ ®¬:

M = ⟨{q0}, T, {A,B},∆, {q0}, {q0}⟩,
∆ = {((q0, a, e), (q0, A)), ((q0, a, B), (q0, e)),

((q0, b, A), (q0, e)), ((q0, b, e), (q0, B))}.

�à ä ��- ¢â®¬ â  M §®¡à ¦¥®   à¨á. 4.16.

q0

a, /Aε

a, B/εb, A/ε

b, /Bε

�¨á. 4.16

��- ¢â®¬ â M ¥¤¥â¥à¬÷®¢ ¨©. �¯à ¢¤÷, ¤«ï ¢å÷¤®£® á«®¢  abba
¬®¦«¨¢÷ â ª÷ ¤÷ù:

(q0, abba, e) ⊢ (q0, bba, A) ⊢ (q0, ba, e) ⊢ (q0, a, B) ⊢ (q0, e, e);

(q0, abba, e) ⊢ (q0, bba, A) ⊢ (q0, ba, e) ⊢ (q0, a, B) ⊢ (q0, e, AB);

(q0, abba, e) ⊢ (q0, bba, A) ⊢ (q0, ba, BA) ⊢ (q0, a, BBA) ⊢ (q0, e, BA);

(q0, abba, e) ⊢ (q0, bba, A) ⊢ (q0, ba, BA) ⊢ (q0, a, BBA) ⊢ (q0, e, ABBA).

� õ¬® ç®â¨à¨ à÷§÷ âã¯¨ª®¢÷ ª®ä÷£ãà æ÷ù, á¥à¥¤ ïª¨å õ (q0, e, e), â®¡â®
��- ¢â®¬ â á¯à ¢¤÷ ¤®¯ãáª õ á«®¢® abba.

�¯à ¢  4.16. �¨ª®à¨áâ®¢ãîç¨ ¯÷¤å÷¤, ¢¨ª« ¤¥¨© ã ¯à¨ª« ¤÷ 4.16,
¯®¡ã¤ã¢ â¨ ��- ¢â®¬ â¨, ïª÷ ¤®¯ãáª îâì ä®à¬ «ì÷ ¬®¢¨  ¤  «ä ¢÷-
â®¬ T = {a, b}:
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1) {w ∈ T ∗ : |w|a > |w|b};
2) {w ∈ T ∗ : |w|a < |w|b};
3) {w ∈ T ∗ : |w|a > |w|b};

4) {w ∈ T ∗ : |w|a 6 |w|b};
5) {w ∈ T ∗ : |w|a ̸= |w|b};
6) {w ∈ T ∗ : 2|w|a = 3|w|b}.

�¯à ¢  4.17. �®¡ã¤ã¢ â¨ ¤«ï ¬®¢ ÷§ ¢¯à ¢¨ 4.16 ¯®à®¤¦ã¢ «ì÷ ��-
£à ¬ â¨ª¨ â  ¯¥à¥¢÷à¨â¨ ùå   ®¤®§ ç÷áâì.

�¯à ¢  4.18. �®¡ã¤ã¢ â¨ ¤¥â¥à¬÷®¢ ¨© ��- ¢â®¬ â, ïª¨© ¤®¯ãá-
ª õ ä®à¬ «ìã ¬®¢ã {w ∈ T ∗ : |w|a = |w|b}  ¤  «ä ¢÷â®¬ T = {a, b}.

�¯à ¢  4.19. �®¡ã¤ã¢ â¨ ��- ¢â®¬ â, ïª¨© ¤®¯ãáª õ ä®à¬ «ìã
¬®¢ã ÷§ ¯à¨ª« ¤ã 3.48, â  ¯¥à¥¢÷à¨â¨ ©®£®   ¤¥â¥à¬÷®¢ ÷áâì.

4.4. � à ªâ¥à¨§ æ÷ï ª« áã

ª®â¥ªáâ®-¢÷«ì¨å ¬®¢

ç¥à¥§ ��- ¢â®¬ â¨

�®¢¥¤¥¬®, é® ª« á ¬®¢, ïª÷ ¤®¯ãáª îâì  ¢â®¬ â¨ § ¬ £ §¨®î
¯ ¬'ïââî, §¡÷£ õâìáï § ª« á®¬ ª®â¥ªáâ®-¢÷«ì¨å ¬®¢.

4.4.1. �®¡ã¤®¢  ��- ¢â®¬ â  §  ��-£à ¬ â¨ª®î

�¥®à¥¬  4.3. �¥å © L { ª®â¥ªáâ®-¢÷«ì  ¬®¢ . �®¤÷ ÷áãõ ��-
 ¢â®¬ â M , ïª¨© ¤®¯ãáª õ ¬®¢ã L.

�®¢¥¤¥ï. �¥å © ¬®¢ã L ¯®à®¤¦ãõ ��-£à ¬ â¨ª  G = ⟨V, T, P, S⟩.
� ®£«ï¤ã   â¥®à¥¬ã 4.2 ¬®¦  ¢¢ ¦ â¨, é® G õ £à ¬ â¨ª®î ã ®à-
¬ «ì÷© ä®à¬÷ �®¬áìª®£®, â®¡â® ¬÷áâ¨âì «¨è¥ ¯à®¤ãªæ÷ù ¢¨£«ï¤ã S → e,
A → a â  A → BC, ¤¥ A ∈ V , a ∈ T , B ∈ V \ {S}, C ∈ V \ {S} (¤¨¢.
®§ ç¥ï 4.5). �¨§ ç¨¬® èãª ¨© (¢§ £ «÷ ª ¦ãç¨, ¥¤¥â¥à¬÷®¢ ¨©)
��- ¢â®¬ â M = ⟨Q, T,Γ,∆, I, F ⟩:

1) ¬®¦¨  áâ ÷¢ Q = {q0, q1};
2)  «ä ¢÷â ¬ £ §¨®ù ¯ ¬'ïâ÷ Γ = V ;
3) ¬®¦¨  ¯¥à¥å®¤÷¢

∆ = {((q0, e, e), (q1, S))} ∪ {((q1, e, A), (q1, BC)) : (A → BC) ∈ P}∪
∪{((q1, a, A), (q1, e)) : (A → a) ∈ P} ∪ {((q1, e, S), (q1, e)) : (S → e) ∈ P};

4) ¬®¦¨  ¯®ç âª®¢¨å áâ ÷¢ I = {q0};
5) ¬®¦¨  ¤®¯ãáª îç¨å áâ ÷¢ F = {q1}.
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�®¢¥¤¥¬®, é® ¯®¡ã¤®¢ ¨© ��- ¢â®¬ â M á¯à ¢¤÷ ¤®¯ãáª õ á«®¢®
w ∈ T ∗ â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ ÷áãõ «÷¢®áâ®à®õ ¢¨¢¥¤¥ï S

∗⇒
G

w.

�¢ ¦ îç¨   ¢¨£«ï¤ ¯à®¤ãªæ÷© ¤«ï £à ¬ â¨ª¨ ã ®à¬ «ì÷© ä®à¬÷
�®¬áìª®£®, «¥£ª® §à®§ã¬÷â¨, é® «÷¢®áâ®à®÷¬¨ ¢¨¢¥¤¥ï¬¨ ÷§ ¤¦¥à¥« 
S ¬®¦  ®âà¨¬ â¨ «¨è¥ á«®¢  ¢¨£«ï¤ã ua, ¤¥ u ∈ T ∗, a ∈ V ∗. � ª®¦
§ § ç¨¬®, é® ¬®¦¨  ¯¥à¥å®¤÷¢ ∆ ¯®¡ã¤®¢ ®£® ��- ¢â®¬ â  § ¤ õ
¢÷¤¯®¢÷¤÷áâì ¬÷¦ ¯à®¤ãªæ÷ï¬¨ £à ¬ â¨ª¨ G â  ¯¥à¥å®¤ ¬¨ ��- ¢â®¬ -
â  M ; ¤«ï §àãç®áâ÷ §¢¥¤¥¬® æî ¢÷¤¯®¢÷¤÷áâì ã â ¡«¨æî 4.1.

� ¡«¨æï 4.1

�à®¤ãªæ÷ï �¥à¥å÷¤ � áâ®áã¢ ï � ªâ à®¡®â¨

£à ¬ â¨ª¨ ��- ¢â®¬ â  ¯à®¤ãªæ÷ù ��- ¢â®¬ â 

S → e ((q1, e, S), (q1, e)) uSa ⇒
G

ua (q1, v, Sa) M⊢ (q1, v, a)

A → a ((q1, a, A), (q1, e)) uAa ⇒
G

uaa (q1, av, Aa) M⊢ (q1, v, a)

A → BC ((q1, e, A), (q1, BC)) uAa ⇒
G

uBCa (q1, v, Aa) M⊢ (q1, v, BCa)

I. �¥å © w ∈ T ∗ â  S
∗⇒
G

w. �®¢¥¤¥¬®, é® M ¤®¯ãáª õ á«®¢® w ∈ T ∗.

� ä÷ªáãõ¬® «÷¢®áâ®à®õ ¢¨¢¥¤¥ï

S = u1a1 ⇒
G

u2a2 ⇒
G

· · · ⇒
G

unan = w, (4.7)

¤¥ uk ∈ T ∗, ak ∈ V ∗, k = 1, 2, . . . , n; §®ªà¥¬ , § ¯¥àè®£® â  ®áâ ì®£®
ªà®ªã ¢¨¢¥¤¥ï (4.7) ¢¨¤®, é® u1 = e, a1 = S, un = w, an = e. ö¤ãªæ÷õî
§  k = 1, 2, . . . , n ¤®¢¥¤¥¬®, é® (q0, w, e) *

M⊢ (q1, vk, ak), ¤¥ á«®¢® vk ∈ T ∗

¢¨§ ç¥¥ á¯÷¢¢÷¤®è¥ï¬ ukvk = w.
1. � §  ÷¤ãªæ÷ù. �¥å © k = 1. �®¤÷ §  ¯®¡ã¤®¢®î u1 = e, v1 = w,

a1 = S. �  ¯®ç âªã à®¡®â¨ õ¤¨® ¬®¦«¨¢¨¬ ¤«ï ¢¨ª® ï õ e-¯¥à¥å÷¤
((q0, e, e), (q1, S)) { ��- ¢â®¬ â ¬ õ ¯¥à¥©â¨ § ¯®ç âª®¢®£® áâ ã q0 ã
¤®¯ãáª îç¨© áâ  q1, § ¯¨á ¢è¨ ã áâ¥ª á¨¬¢®« S. �â¦¥,

(q0, w, e) = (q0, v1, e) M⊢ (q1, v1, S) = (q1, v1, a1).

2. �à¨¯ãé¥ï ÷¤ãªæ÷ù. �¥å © â¢¥à¤¦¥ï ÷¤ãªæ÷ù ¢¨ª®ãõâìáï ¤«ï
k = m: (q0, w, e) *

M⊢ (q1, vm, am), ¤¥ á«®¢® vm ∈ T ∗ ¢¨§ ç¥¥ á¯÷¢¢÷¤®è¥-
ï¬ umvm = w.
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3. �à®ª ÷¤ãªæ÷ù. �¥å © k = m + 1. � ¢¨¢¥¤¥÷ (4.7)   ªà®æ÷
umam ⇒

G
um+1am+1 ¬®¦ãâì ¡ãâ¨ § áâ®á®¢ ÷ â ª÷ ¯à®¤ãªæ÷ù (â ¡«. 4.1):

• S → e, ïªé® um = um+1, am = Sãm, am+1 = ãm (ãm ∈ V ∗);

• A → a, ïªé® um+1 = uma, am = Aãm, am+1 = ãm (ãm ∈ V ∗);

• A → BC, ïªé® um = um+1, am = Aãm, am+1 = BCãm (ãm ∈ V ∗),

¤¥ A ∈ V , B ∈ V \ {S}, C ∈ V \ {S}, a ∈ T . � ª¨¬ ç¨®¬, ã ª®¦®¬ã §
æ¨å ¢¨¯ ¤ª÷¢ ¤«ï ��- ¢â®¬ â  M ã ª®ä÷£ãà æ÷ù (q1, vm, am) ¬®¦¥ ¡ãâ¨
¢¨ª® ® ¢÷¤¯®¢÷¤® ®¤¨ § â ª¨å ¯¥à¥å®¤÷¢ (â ¡«. 4.1):

• ((q1, e, S), (q1, e)), vm = vm+1, am = Sãm, am+1 = ãm (ãm ∈ V ∗);

• ((q1, a, A), (q1, e)), vm = avm+1, am = Aãm, am+1 = ãm (ãm ∈ V ∗);

• ((q1, e, A), (q1, BC)), vm = vm+1, am = Aãm, am+1 = BCãm (ãm ∈ V ∗).

� ãá÷å âàì®å ¢¨¯ ¤ª å § ãà åã¢ ï¬ ¯à¨¯ãé¥ï ÷¤ãªæ÷ù ®âà¨-
¬ãõ¬®: um+1vm+1 = umvm = w, é® ¤®¢®¤¨âì â¢¥à¤¦¥ï ÷¤ãªæ÷ù ¤«ï
k = m+ 1:

(q0, w, e) *
M⊢ (q1, vm, am) M⊢ (q1, vm+1, am+1),

¤¥ á«®¢® vm+1 ∈ T ∗ ¢¨§ ç¥¥ á¯÷¢¢÷¤®è¥ï¬ um+1vm+1 = w.
�â¦¥, â¢¥à¤¦¥ï ÷¤ãªæ÷ù ¤®¢¥¤¥®, §¢÷¤ª¨ §  k = n ®âà¨¬ãõ¬®:

(q0, w, e) *
M⊢ (q1, vn, an) = (q1, e, e), â®¡â® ��- ¢â®¬ â M ¤®¯ãáª õ á«®¢® w.

II. �¥å © M ¤®¯ãáª õ á«®¢® w ∈ T ∗, â®¡â® (q0, w, e) *
M⊢ (q1, e, e). �®¢¥-

¤¥¬®, é® S
∗⇒
G

w. �ª ¢¦¥ § § ç «®áï ¢ ¯. I,   ¯®ç âªã à®¡®â¨ õ¤¨®

¬®¦«¨¢¨¬ ¤«ï ¢¨ª® ï õ e-¯¥à¥å÷¤ ((q0, e, e), (q1, S)) { ��- ¢â®¬ â ¬ õ
¯¥à¥©â¨ § ¯®ç âª®¢®£® áâ ã q0 ã ¤®¯ãáª îç¨© áâ  q1, § ¯¨á ¢è¨ ã áâ¥ª
á¨¬¢®« S. � ¤ «÷, ®áª÷«ìª¨ ¦®¤¨© ¯¥à¥å÷¤ ¥ ¯¥à¥¤¡ ç õ ¯®¢¥à¥ï
¢ q0, ��- ¢â®¬ â ¤® ª÷æï à®¡®â¨ § «¨è õâìáï ã áâ ÷ q1. � ä÷ªáãõ¬®
¯®á«÷¤®¢÷áâì ª®ä÷£ãà æ÷©, é® ¤®§¢®«ïõ ¯¥à¥¢¥áâ¨ ��- ¢â®¬ â ÷§ ¯®-
ç âª®¢®ù ª®ä÷£ãà æ÷ù (q0, w, e) ã ª®ä÷£ãà æ÷î (q1, e, e):

(q0, w, e) M⊢ (q1, w, S) = (q1, v1, a1) M⊢ (q1, v2, a2) M⊢ · · · M⊢ (q1, vn, an) = (q1, e, e),
(4.8)

¤¥ vk ∈ T ∗, ak ∈ V ∗, k = 1, 2, . . . , n. ö¤ãªæ÷õî §  k = 1, 2, . . . , n ¤®¢¥¤¥¬®,
é® S

∗⇒
G

ukak, ¤¥ á«®¢® uk ∈ T ∗ ¢¨§ ç¥¥ á¯÷¢¢÷¤®è¥ï¬ ukvk = w.

1. � §  ÷¤ãªæ÷ù. �¥å © k = 1. �ç¥¢¨¤®, v1 = w, a1 = S, u1 = e, ÷
â¢¥à¤¦¥ï S

∗⇒
G

u1a1 = S ¢¨ª®ãõâìáï.
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2. �à¨¯ãé¥ï ÷¤ãªæ÷ù. �¥å © â¢¥à¤¦¥ï ÷¤ãªæ÷ù ¢¨ª®ãõâìáï ¤«ï
k =m: S

∗⇒
G
umam, ¤¥ á«®¢® um ∈ T ∗ ¢¨§ ç¥¥ á¯÷¢¢÷¤®è¥ï¬ umvm =w.

3. �à®ª ÷¤ãªæ÷ù. �¥å © k = m + 1. �¢ ¦ îç¨   ¢¬÷áâ ¬®¦¨¨
¯¥à¥å®¤÷¢ ∆,   â ªâ÷ (q1, vm, am) M⊢ (q1, vm+1, am+1) ã ¯®á«÷¤®¢®áâ÷ (4.8)
¬®¦¥ ¡ãâ¨ ¢¨ª® ® â ª÷ ¯¥à¥å®¤¨ (â ¡«. 4.1):

• ((q1, e, S), (q1, e)), ïªé® vm = vm+1, am = Sãm, am+1 = ãm (ãm ∈ V ∗);

• ((q1, a, A), (q1, e)), ïªé® vm = avm+1, am = Aãm, am+1 = ãm
(ãm ∈ V ∗);

• ((q1, e, A), (q1, BC)), ïªé® vm = vm+1, am = Aãm, am+1 = BCãm
(ãm ∈ V ∗),

¤¥ A ∈ V , B ∈ V \ {S}, C ∈ V \ {S}, a ∈ T . � ª¨¬ ç¨®¬, ã ª®¦®¬ã
÷§ æ¨å ¢¨¯ ¤ª÷¢ ã ¢¨¢¥¤¥÷ ¢ ��-£à ¬ â¨æ÷ G ¤® á«®¢  umam ¬®¦¥ ¡ãâ¨
§ áâ®á®¢   ¢÷¤¯®¢÷¤® ®¤  § â ª¨å ¯à®¤ãªæ÷© (â ¡«. 4.1):

• S → e, um = um+1, am = Sãm, am+1 = ãm (ãm ∈ V ∗);

• A → a, um+1 = uma, am = Aãm, am+1 = ãm (ãm ∈ V ∗);

• A → BC, um = um+1, am = Aãm, am+1 = BCãm (ãm ∈ V ∗).

� ãá÷å âàì®å ¢¨¯ ¤ª å § ãà åã¢ ï¬ ¯à¨¯ãé¥ï ÷¤ãªæ÷ù ®âà¨¬ãõ¬®:
um+1vm+1 = umvm = w, é® ¤®¢®¤¨âì â¢¥à¤¦¥ï ÷¤ãªæ÷ù ¤«ï k = m+ 1:
S

∗⇒
G

um+1am+1, ¤¥ um+1 ∈ T ∗ ¢¨§ ç¥¥ á¯÷¢¢÷¤®è¥ï¬ um+1vm+1 = w.

�â¦¥, â¢¥à¤¦¥ï ÷¤ãªæ÷ù ¤®¢¥¤¥®, §¢÷¤ª¨ §  k = n ®âà¨¬ãõ¬® ¢¨-
¢¥¤¥ï S

∗⇒
G

unan = w, â®¡â® ��-£à ¬ â¨ª  G ¯®à®¤¦ãõ á«®¢® w.

� ª¨¬ ç¨®¬, ¤«ï ¡ã¤ì-ïª®£® w ∈ T ∗ â¢¥à¤¦¥ï (q0, w, e) *
M⊢ (q1, e, e)

â  S
∗⇒
G

w ¥ª¢÷¢ «¥â÷, â®¡â® ��- ¢â®¬ â M ¤®¯ãáª õ w â®¤÷ © â÷«ìª¨

â®¤÷, ª®«¨ w ¬®¦  ®âà¨¬ â¨ ÷§ ¤¦¥à¥«  S ¯à®¤ãªæ÷ï¬¨ ¬®¦¨¨ P
£à ¬ â¨ª¨ G. �¥®à¥¬ã ¯®¢÷áâî ¤®¢¥¤¥®.

� ã¢ ¦¥ï 4.12. �®¢¥¤¥ï â¥®à¥¬¨ 4.3 ª®áâàãªâ¨¢¥, â®¡â®  ¤ õ
ª®ªà¥â¨© ¬¥â®¤ ¯®¡ã¤®¢¨ ¢÷¤¯®¢÷¤®£® ��- ¢â®¬ â  §  § ¤ ®î ��-
£à ¬ â¨ª®î, ®¤ ª æ¥© ¬¥â®¤ ¯®âà¥¡ãõ §¢¥¤¥ï £à ¬ â¨ª¨ G ¤® ®à-
¬ «ì®ù ä®à¬¨ �®¬áìª®£®, é® ã ¯à ªâ¨ç¨å ¢¨¯ ¤ª å ¬®¦¥ ¡ãâ¨ ®¡âï¦-
«¨¢¨¬. � ¢¥¤¥¬® ¡¥§ ¤®¢¥¤¥ï ÷è¨© ¢ à÷ â ¯®¡ã¤®¢¨ ��- ¢â®¬ â  § 
¤®¢÷«ì®î ��-£à ¬ â¨ª®î G = ⟨V, T, P, S⟩, ïª¨© ¬®¤¥«îõ «÷¢®áâ®à®÷

¢¨¢¥¤¥ï S
∗⇒
G

w (¤¥â «ì÷è¥ ¤¨¢. [4, 9, 11,14]):
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M = ⟨{q0, q1}, T, V ∪ T,∆, {q0}, {q1}⟩,
∆ = {((q0, e, e), (q1, S))} ∪ {((q1, a, a), (q1, e)) : a ∈ T}∪

∪{((q1, e, A), (q1, b)) : (A → b) ∈ P}.

�à¨ª« ¤ 4.17. �®¡ã¤ãõ¬® ��- ¢â®¬ â, ïª¨© ¤®¯ãáª õ ��-¬®¢ã
L = {anbn : n > 0}, ¢¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.3.
�®à®¤¦ã¢ «ì  ��-£à ¬ â¨ª  G ã ®à¬ «ì÷© ä®à¬÷ �®¬áìª®£® ¬ õ
¢¨£«ï¤ (¤¨¢. ¯à¨ª« ¤¨ 4.10 â  4.11)

G = ⟨{S, S0, Ta, Tb, C}, {a, b}, P, S⟩,
P = {S → TaC|TaTb|e, S0 → TaC|TaTb, C → S0Tb, Ta → a, Tb → b}.

�ãª ¨© ��- ¢â®¬ â ¬ õ ¢¨£«ï¤

M = ⟨{q0, q1}, {a, b}, {S, S0, Ta, Tb, C},∆, {q0}, {q1}⟩,
∆ = {((q0, e, e), (q1, S)), ((q1, e, S), (q1, TaC)), ((q1, e, S), (q1, TaTb)),

((q1, e, S), (q1, e)), ((q1, e, S0), (q1, TaC)), ((q1, e, S0), (q1, TaTb)),

((q1, e, C), (q1, TaTb)), ((q1, a, Ta), (q1, e)), ((q1, b, Tb), (q1, e))}.

�®ç  ��- ¢â®¬ â M ¤®¯ãáª õ ¬®¢ã L, ÷áãõ ¥ª¢÷¢ «¥â¨© ¯à®áâ÷-
è¨© ¤¥â¥à¬÷®¢ ¨© ��- ¢â®¬ â, ïª¨©  ¢¥¤¥® ã ¯à¨ª« ¤÷ 4.13. �®¡â®
§ §¢¨ç © ã ¯à ªâ¨ç¨å ¢¨¯ ¤ª å ¤«ï ��-¬®¢¨ L ¬®¦   ¢¥áâ¨ ��-
 ¢â®¬ â, ¯à®áâ÷è¨© §  ��- ¢â®¬ â, ¯®¡ã¤®¢ ¨© §  ¬¥â®¤®¬ â¥®à¥¬¨ 4.3.

�¯à ¢  4.20. �®¡ã¤ã¢ â¨ ��- ¢â®¬ â, ïª¨© ¤®¯ãáª õ ��-¬®¢ã
L = {anbn : n > 0}, ¢¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ § ã¢ ¦¥ï 4.12. �®à÷¢ï-
â¨ § ��- ¢â®¬ â ¬¨ ¯à¨ª« ¤÷¢ 4.17 â  4.13, ¯®ª § â¨ ¬®¦«¨¢÷ ¤÷ù ��-
 ¢â®¬ â  ¤«ï ¢å÷¤¨å á«÷¢ a2b2, a2b3, a2b, aba.

�¯à ¢  4.21. �®¡ã¤ã¢ â¨ ��- ¢â®¬ â¨, ïª÷ ¤®¯ãáª îâì ¬®¢¨ ÷§ ¯à¨-
ª« ¤÷¢ 4.4{4.7.

4.4.2. �®¡ã¤®¢  ��-£à ¬ â¨ª¨ §  ��- ¢â®¬ â®¬

�¥¬  4.1. �ã¤ì-ïª¨© ��- ¢â®¬ â M = ⟨Q, T,Γ,∆, I, F ⟩ ¥ª¢÷¢ -
«¥â¨© ¤¥ïª®¬ã ��- ¢â®¬ âã M ′ = ⟨Q′, T,Γ,∆′, I, F ⟩, â ª®¬ã, é®
¤«ï ª®¦®£® ¯¥à¥å®¤ã ((q1, x, a), (q2, b)) ∈ ∆′ á¯à ¢¤¦ãõâìáï ¥à÷¢÷áâì
|a|+ |b| 6 1.
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�®¢¥¤¥ï. �«ï ª®¦®£® ¯¥à¥å®¤ã d = ((q1, x, a), (q2, b1b2 . . . bn)) ∈ ∆,
a ∈ (Γ∪{e}), bj ∈ Γ (j = 1, 2, . . . , n), â ª®£®, é® |a|+ |b| > 1, ¢¢¥¤¥¬® ®¢÷

áâ ¨ q1d /∈ Q, q2d /∈ Q,. . . , qnd /∈ Q â  § ¬÷¨¬® ¯¥à¥å÷¤ d   n+1 ¯¥à¥å®¤÷¢

((q1, x, a), (q
1
d , e)), ((q

1
d , e, e), (q

2
d , b1)), ((q

2
d , e, e), (q

3
d , b2)), . . . ,

((qn−1
d , e, e), (qnd , bn−1)), ((q

n
d , e, e), (q2, bn)).

�ç¥¢¨¤®, â ª¥ ¯¥à¥â¢®à¥ï ¥ §¬÷îõ ¬®¦¨ã á«÷¢, ïª÷ ¤®¯ãáª õ ��-
 ¢â®¬ â,   ®â¦¥ L[M ] = L[M ′].

�¥¬  4.2. �ã¤ì-ïª¨© ��- ¢â®¬ â M = ⟨Q, T,Γ,∆, I, F ⟩ ¥ª¢÷¢ -
«¥â¨© ¤¥ïª®¬ã ��- ¢â®¬ âã M ′ = ⟨Q′, T,Γ,∆′, {q0}, {qf}⟩, ïª¨© ¬÷á-
â¨âì ã â®ç®áâ÷ ®¤¨ ¯®ç âª®¢¨© áâ  q0 â  ã â®ç®áâ÷ ®¤¨ ¤®¯ãá-
ª îç¨© áâ  qf .

�®¢¥¤¥ï. ��- ¢â®¬ â M ¥ª¢÷¢ «¥â¨© ��- ¢â®¬ âã

M ′ = ⟨Q ∪ {q0, qf}, T,Γ,∆′, {q0}, {qf}⟩,
∆′ = ∆ ∪ {((q0, e, e), (p0, e)) : p0 ∈ I} ∪ {((pf , e, e), (qf , e)) : pf ∈ F},

¤¥ q0, qf /∈ Q.

�¥¬  4.3. �ã¤ì-ïª¨© ��- ¢â®¬ â M = ⟨Q, T,Γ,∆, I, F ⟩ ¥ª¢÷¢ -
«¥â¨© ¤¥ïª®¬ã ��- ¢â®¬ âã M ′ = ⟨Q′, T,Γ′,∆′, {q0}, {qf}⟩, ïª¨©
¬÷áâ¨âì ã â®ç®áâ÷ ®¤¨ ¯®ç âª®¢¨© áâ  q0, ã â®ç®áâ÷ ®¤¨ ¤®¯ãá-
ª îç¨© áâ  qf , â  ¤«ï ª®¦®£® ¯¥à¥å®¤ã ((q1, x, a), (q2, b)) ∈ ∆′ á¯à ¢-
¤¦ãõâìáï à÷¢÷áâì |a|+ |b| = 1.

�®¢¥¤¥ï. � ãà åã¢ ï¬ «¥¬ 4.1 â  4.2 ¬®¦  ¡¥§ ¢âà â¨ § £ «ì-
®áâ÷ ¢¢ ¦ â¨, é® ��- ¢â®¬ â M ¬÷áâ¨âì ã â®ç®áâ÷ ®¤¨ ¯®ç âª®¢¨©
áâ  q0, ã â®ç®áâ÷ ®¤¨ ¤®¯ãáª îç¨© áâ  qf , â  ¤«ï ª®¦®£® ¯¥à¥å®¤ã
((q1, x, a), (q2, b)) ∈ ∆ á¯à ¢¤¦ãõâìáï à÷¢÷áâì |a| + |b| 6 1. �«ï ª®¦®£®
¯¥à¥å®¤ã d = ((q1, x, e), (q2, e)) ∈ ∆ (¢¨¯ ¤®ª |a| + |b| = 0) ¢¢¥¤¥¬® ®¢¨©
áâ  qd /∈ Q ÷ ®¢¨© á¨¬¢®«  «ä ¢÷âã ¬ £ §¨®ù ¯ ¬'ïâ÷ gd /∈ Γ, © § ¬÷-
¨¬® ¯¥à¥å÷¤ d ¤¢®¬  ¯¥à¥å®¤ ¬¨ ((q1, x, e), (qd, gd)) â  ((qd, e, gd), (q2, e)).
�ç¥¢¨¤®, â ª¥ ¯¥à¥â¢®à¥ï ¥ §¬÷îõ ¬®¦¨ã á«÷¢, ïª÷ ¤®¯ãáª õ ��-
 ¢â®¬ â,   ®â¦¥ L[M ] = L[M ′].

�¥®à¥¬  4.4. �¥å © ä®à¬ «ìã ¬®¢ã L  ¤ ¢å÷¤¨¬  «ä ¢÷â®¬ T
¤®¯ãáª õ ¤¥ïª¨© ��- ¢â®¬ â. �®¤÷ ¬®¢  L õ ª®â¥ªáâ®-¢÷«ì®î.
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�®¢¥¤¥ï. �¥å © ä®à¬ «ìã ¬®¢ã L ⊂ T ∗ ¤®¯ãáª õ ��- ¢â®¬ â
M = ⟨Q, T,Γ,∆, I, F ⟩. � ãà åã¢ ï¬ «¥¬¨ 4.3 ¬®¦  ¢¢ ¦ â¨, é®:

1) I = {q0}, F = {qf};
2) ¤«ï ª®¦®£® ¯¥à¥å®¤ã ((q1, x, a), (q2, b)) ∈ ∆ á¯à ¢¤¦ãõâìáï à÷¢÷áâì

|a|+ |b| = 1.
�¨§ ç¨¬® èãª ã ��-£à ¬ â¨ªã G = ⟨V, T, P, S⟩:

• V = {Ap,q : p, q ∈ Q};
• P = {Ap,q → x1Ap2,q1x2Aq2,q :

((p, x1, e), (p2, a)), ((q1, x2, a), (q2, e)) ∈ ∆, q ∈ Q}∪
∪ {Aq,q → e : q ∈ Q};

• S = Aq0,qf .

�®¢¥¤¥¬®, é® ¤«ï ¡ã¤ì-ïª®£® á«®¢  w ∈ T ∗ ¢¨¢¥¤¥ï S
∗⇒
G

w ÷áãõ â®¤÷

© â÷«ìª¨ â®¤÷, ª®«¨ ��- ¢â®¬ â M ¤®¯ãáª õ w.
�¥å © u ∈ T ∗, p, q ∈ Q. �®¢¥¤¥¬® ¥ª¢÷¢ «¥â÷áâì â¢¥à¤¦¥ì

(p, u, e) *
M⊢ (q, e, e) â  Ap,q

∗⇒
G

u.

I. �«ï ª®¦¨å u ∈ T ∗, p, q ∈ Q, â ª¨å, é® (p, u, e) *M⊢ (q, e, e), ÷áãõ ¤¥ïª 
¯®á«÷¤®¢÷áâì ª®ä÷£ãà æ÷©, é® ¯¥à¥¢®¤¨âì ��- ¢â®¬ â ÷§ ª®ä÷£ãà æ÷ù
(p, u, e) ã ª®ä÷£ãà æ÷î (q, e, e):

(p, u, e) = (r1, u1, a1) M⊢ (r2, u2, a2) M⊢ · · ·
· · · M⊢ (rnu,p,q−1, unu,p,q−1, anu,p,q−1) M⊢ (rnu,p,q , unu,p,q , anu,p,q) = (q, e, e), (4.9)

¤¥ rk ∈ Q, uk ∈ T ∗, ak ∈ Γ∗, k = 1, 2, . . . , nu,p,q. ö¤ãªæ÷õî §  ª÷«ìª÷áâî ª®-
ä÷£ãà æ÷© nu,p,q > 1 ã ¯®á«÷¤®¢®áâ÷ (4.9) ¤®¢¥¤¥¬®: ïªé® (p, u, e) *M⊢ (q, e, e),

â® Ap,q
∗⇒
G

u.

1. � §  ÷¤ãªæ÷ù. �¥å © nu,p,q = 1. �®¤÷, ®ç¥¢¨¤®, p = r1 = q â 
u = u1 = e, §¢÷¤ª¨ (Ap,q → u) = (Aq,q → e) ∈ P .

2. �à¨¯ãé¥ï ÷¤ãªæ÷ù. �¥å © Ap,q
∗⇒
G

u, ïªé® (p, u, e) *
M⊢ (q, e, e) â 

nu,p,q 6 m.
3. �à®ª ÷¤ãªæ÷ù. �¥å © (p, u, e) *

M⊢ (q, e, e) â  nu,p,q = m+ 1:

(p, u, e) = (r1, u1, a1) M⊢ (r2, u2, a2) M⊢ . . .

. . . M⊢ (rm, um, am) M⊢ (rm+1, um+1, am+1) = (q, e, e). (4.10)
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�áª÷«ìª¨ |a| + |b| = 1 ¤«ï ª®¦®£® ¯¥à¥å®¤ã ((q1, x1, a), (q2, b)) ∈ ∆,
â  a1 = e,   ¯¥àè®¬ã â ªâ÷ ¬ õ ¡ãâ¨ ¢¨ª® ® ¯¥à¥å÷¤ ¢¨£«ï¤ã
((p, x1, e), (r2, A)) ∈ ∆, ¤¥ A = a2 ∈ Γ, x1 ∈ (T ∪ {e}), u1 = x1u2. � «÷,
®áª÷«ìª¨ am+1 = e, áâ¥ª ¯÷á«ï ¤àã£®£® â ªâã ¯à¨ ©¬÷ ®¤¨ à § áâ õ
¯®à®¦÷¬. �¥å © k = min

36i6m+1
{ai = e}. �£÷¤® § ¯à¨æ¨¯®¬ ý®áâ ÷¬ § -

©è®¢, ¯¥àè¨¬ ¢¨©è®¢þ,   â ªâ÷ (rk−1, uk−1, ak−1) M⊢ (rk, uk, ak) ¬ õ ¡ãâ¨
¢¨ª® ® ¯¥à¥å÷¤ ((rk−1, x2, A), (rk, e)). �â¦¥, uk−1 = x2uk (x2 ∈ (T ∪{e})),
ak−1 = A, ak = e, ÷ ¯®á«÷¤®¢÷áâì (4.10) ¬®¦  ¯®¤ â¨ ã ¢¨£«ï¤÷

(p, u, e) = (r1, x1u2, e) M⊢ (r2, u2, A) *
M⊢ (rk−1, x2uk, A) M⊢ (rk, uk, e) *M⊢

*
M⊢ (rm, um, am) M⊢ (rm+1, um+1, am+1) = (q, e, e).

�áª÷«ìª¨ ∆ ¬÷áâ¨âì ¯¥à¥å®¤¨ ((p, x1, e), (r2, A)) ÷ ((rk−1, x2, A), (rk, e)),
P ¬÷áâ¨âì ¯à®¤ãªæ÷î Ap,q → x1Ar2,rk−1

x2Ark,q. � «÷ ÷§ ¢¨¡®àã ®¬¥à 
k = min

36i6m+1
{ai = e} ¢¨¯«¨¢ õ, é® ai = Aãi (ãi ∈ Γ∗) ¤«ï ¢á÷å 2 6 i 6 k−1,

â®¡â® ¬÷¦ â ªâ ¬¨ 2 â  k − 1 ý  ¤÷þ áâ¥ªã ¬÷áâ¨âìáï á¨¬¢®« A. �¢÷¤-
á¨ § ãà åã¢ ï¬ (r2, u2, A) = (r2, u2,kx2uk, A) *

M⊢ (rk−1, x2uk, A) ®âà¨¬ãõ¬®
¢¨¢¥¤¥ï

(r2, u2,k, e) *
M⊢ (rk−1, e, e), (4.11)

¤¥ á«®¢® u2,k ∈ T ∗ ¢¨§ ç¥¥ á¯÷¢¢÷¤®è¥ï¬ u2,kx2uk = u2. ö§ ¢¨¢¥¤¥-
ï (4.11) § ãà åã¢ ï¬ ¯à¨¯ãé¥ï ÷¤ãªæ÷ù ¢¨¯«¨¢ õ ÷áã¢ ï ¢¨¢¥-

¤¥ï Ar2,rk−1

∗⇒
G

u2,k. �à÷¬ â®£®, ÷§ (rk, uk, e) *
M⊢ (q, e, e) § ãà åã¢ ï¬

¯à¨¯ãé¥ï ÷¤ãªæ÷ù ¢¨¯«¨¢ õ ÷áã¢ ï ¢¨¢¥¤¥ï Ark,q
∗⇒
G

uk. � à¥è-

â÷, ÷§  ï¢®áâ÷ ¯à®¤ãªæ÷ù Ap,q → x1Ar2,rk−1
x2Ark,q â  ÷áã¢ ï ¢¨¢¥¤¥ì

Ar2,rk−1

∗⇒
G

u2,k ÷ Ark,q
∗⇒
G

uk ¢¨¯«¨¢ õ ÷áã¢ ï ¢¨¢¥¤¥ï

Ap,q ⇒
G

x1Ar2,rk−1
x2Ark,q

∗⇒
G

x1u2,kx2uk = x1u2 = u1 = u.

�â¦¥, â¢¥à¤¦¥ï ÷¤ãªæ÷ù ¤«ï nu,p,q = m + 1 ¤®¢¥¤¥®. � ª¨¬ ç¨®¬,

¤®¢¥¤¥® ÷áã¢ ï ¢¨¢¥¤¥ï Ap,q
∗⇒
G

u, ïªé® (p, u, e) *
M⊢ (q, e, e).

II. �«ï ª®¦¨å u ∈ T ∗, p, q ∈ Q, â ª¨å, é® Ap,q
∗⇒
G

u, ÷áãõ ¤¥ïª¥
¢¨¢¥¤¥ï

Ap,q = a0 ⇒
G

a1 ⇒
G

· · · ⇒
G

anu,p,q = u. (4.12)
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ö¤ãªæ÷õî §  ª÷«ìª÷áâî § áâ®áã¢ ì ¯à®¤ãªæ÷© nu,p,q > 1 ã ¯®á«÷¤®¢®áâ÷

(4.12) ¤®¢¥¤¥¬®: ïªé® Ap,q
∗⇒
G

u, â® (p, u, e) *
M⊢ (q, e, e).

1. � §  ÷¤ãªæ÷ù. �¥å © nu,p,q = 1. �®¤÷, ®ç¥¢¨¤®, Ap,q ⇒
G

u, é®, §¢ ¦ -

îç¨   áâàãªâãàã ¬®¦¨¨ ¯à®¤ãªæ÷© P , ¬®¦«¨¢® «¨è¥ ã ¢¨¯ ¤ªã p = q
â  u = e ÷§ § áâ®áã¢ ï¬ ¯à®¤ãªæ÷ù Aq,q → e, §¢÷¤ª¨ ¬ õ¬® ¢¨¢¥¤¥ï
(p, u, e) = (q, e, e) *

M⊢ (q, e, e).

2. �à¨¯ãé¥ï ÷¤ãªæ÷ù. �¥å © (p, u, e) *
M⊢ (q, e, e), ïªé® Ap,q

∗⇒
G

u â 

nu,p,q 6 m.

3. �à®ª ÷¤ãªæ÷ù. �¥å © Ap,q
∗⇒
G

u â  nu,p,q = m + 1. �áª÷«ìª¨

nu,p,q = m+ 1 > 2, á«®¢® a1 ¬ õ ¬÷áâ¨â¨ ¯à¨ ©¬÷ ®¤¨ ¥â¥à¬÷ «ì¨©
á¨¬¢®«. �â¦¥,   ¯¥àè®¬ã ªà®æ÷ ¬ õ ¡ãâ¨ § áâ®á®¢   ¯à®¤ãªæ÷ï ¢¨£«ï-
¤ã Ap,q → x1Ap2,q1x2Aq2,q (x1, x2 ∈ (T ∪ {e}), Ap2,q1 , Aq2,q ∈ V ), é® ¤®§¢®«ïõ
¯®¤ â¨ ¢¨¢¥¤¥ï (4.12) ã ¢¨£«ï¤÷

Ap,q = a0 ⇒
G

x1Ap2,q1x2Aq2,q
∗⇒
G

u = x1up2,q1x2uq2,q,

¤¥ Ap2,q1 â  Aq2,q à®§£®àâ îâìáï ã á«®¢  up2,q1 ∈ T ∗ â  uq2,q ∈ T ∗ ¢÷¤¯®¢÷¤-

®. �â¦¥, ÷áãîâì ¢¨¢¥¤¥ï Ap2,q1
∗⇒
G

up2,q1 â  Aq2,q
∗⇒
G

uq2,q, ÷, ¤® â®£® ¦,

nup2,q1 ,p2,q1
+ nuq2,q ,q2,q

= m. �¢÷¤á¨, ¢à å®¢ãîç¨ ¯à¨¯ãé¥ï ÷¤ãªæ÷ù, ®â-
à¨¬ãõ¬®:

(p2, up2,q1 , e) *
M⊢ (q1, e, e); (q2, uq2,q, e) *

M⊢ (q, e, e). (4.13)

� «÷, ®áª÷«ìª¨ P ¬÷áâ¨âì ¯à®¤ãªæ÷î Ap,q → x1Ap2,q1x2Aq2,q, ∆ ¬÷áâ¨âì
¯¥à¥å®¤¨ ((p, x1, e), (p2, g)) â  ((q1, x2, g), (q2, e)), ¤¥ g ∈ Γ. �â¦¥, § ãà åã-
¢ ï¬ (4.13) ®âà¨¬ãõ¬®:

(p, u, e) = (p, x1up2,q1x2uq2,q, e) M⊢ (p2, up2,q1x2uq2,q, g) *M⊢
*
M⊢ (q1, x2uq2,q, g) M⊢ (q2, uq2,q, e) *

M⊢ (q, e, e).

�â¦¥, â¢¥à¤¦¥ï ÷¤ãªæ÷ù ¤«ï nu,p,q = m + 1 ¤®¢¥¤¥®. � ª¨¬ ç¨®¬,

¤®¢¥¤¥®: (p, u, e) *
M⊢ (q, e, e), ïªé® ÷áãõ ¢¨¢¥¤¥ï Ap,q

∗⇒
G

u.

�à å®¢ãîç¨ ¤®¢¥¤¥¥ ã ¯. I â  II, ®âà¨¬ãõ¬® ¥ª¢÷¢ «¥â÷áâì â¢¥à-
¤¦¥ì (p, u, e) *

M⊢ (q, e, e) â  Ap,q
∗⇒
G

u. �¢÷¤á¨ ®áâ â®ç® ®âà¨¬ãõ¬®: ¤«ï

¡ã¤ì-ïª®£® á«®¢  w ∈ T ∗ ¢¨¢¥¤¥ï S = Aq0,qf

∗⇒
G

w ÷áãõ â®¤÷ © â÷«ìª¨

â®¤÷, ª®«¨ ��- ¢â®¬ â M ¤®¯ãáª õ w. �¥®à¥¬ã ¯®¢÷áâî ¤®¢¥¤¥®.
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4.4. � à ªâ¥à¨§ æ÷ï ª« áã ª®â¥ªáâ®-¢÷«ì¨å ¬®¢ ç¥à¥§ ��- ¢â®¬ â¨

� ã¢ ¦¥ï 4.13. �®¢¥¤¥ï â¥®à¥¬¨ 4.4 ª®áâàãªâ¨¢¥, â®¡â® ¤ õ
ª®ªà¥â¨© ¬¥â®¤ ¯®¡ã¤®¢¨ ¯®à®¤¦ã¢ «ì®ù ��-£à ¬ â¨ª¨ §  § ¤ ¨¬
��- ¢â®¬ â®¬. �¤ ª ¯®¡ã¤®¢   ��-£à ¬ â¨ª  ã ¡÷«ìè®áâ÷ ¢¨¯ ¤ª÷¢
õ §  ¤â® áª« ¤®î, §®ªà¥¬  ¬÷áâ¨âì § çã ª÷«ìª÷áâì ý§ ©¢¨åþ ¥â¥à-
¬÷ «ì¨å á¨¬¢®«÷¢. � ª, ïªé® ��- ¢â®¬ â ¬÷áâ¨âì 5 áâ ÷¢, ¯®¡ã¤®¢  
§  ®¯¨á ¨¬ ¬¥â®¤®¬ ��-£à ¬ â¨ª  ¬÷áâ¨âì 25 ¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢
÷, ©¬®¢÷à®, ¤®¯ãáª õ § ç¥ á¯à®é¥ï. �à÷¬ â®£®, æ¥© ¬¥â®¤ ¢¨¬ £ õ,
é®¡ ãá÷ ¯¥à¥å®¤¨ ��- ¢â®¬ â  § ¤®¢®«ìï«¨ ã¬®¢¨, ïª÷  ¤ õ «¥¬  4.3,
é® ¯®âà¥¡ãõ ¯¥à¥â¢®à¥ì §  ¬¥â®¤®¬ ¤®¢¥¤¥ì «¥¬ 4.1{4.3 ÷ ¢ à §÷ § -
áâ®áã¢ ï §¡÷«ìèãõ ª÷«ìª÷áâì áâ ÷¢ ÷ ¯¥à¥å®¤÷¢ ��- ¢â®¬ â  â , ïª à¥-
§ã«ìâ â, áãââõ¢® ãáª« ¤îõ èãª ã ��-£à ¬ â¨ªã.

�à¨ª« ¤ 4.18. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.4, ¯®-
¡ã¤ãõ¬® ¯®à®¤¦ã¢ «ìã ��-£à ¬ â¨ªã ¤«ï ¬®¢¨ L = {wwR : w ∈ {a, b}∗}.
��- ¢â®¬ â, é® ¤®¯ãáª õ L, ¯®¡ã¤®¢ ® ã ¯à¨ª« ¤÷ 4.15:

M = ⟨{q0, q1}, {a, b}, {A,B},∆, {q0}, {q1}⟩,
∆ = {((q0, a, e), (q0, A)), ((q0, b, e), (q0, B)), ((q0, e, e), (q1, e)),

((q1, a, A), (q1, e)), ((q1, b, B), (q1, e))}.
�áª÷«ìª¨ ��- ¢â®¬ â M ¬÷áâ¨âì ¯¥à¥å÷¤ ((q0, e, e), (q1, e)), ïª¨© ¥

§ ¤®¢®«ìïõ ®¤ã § ã¬®¢, é®  ¤ õ «¥¬  4.3 (  á ¬¥ |e| + |e| = 0 ̸= 1),
¯à®¢¥¤¥¬® ¢÷¤¯®¢÷¤÷ ¯¥à¥â¢®à¥ï, ¢¢÷¢è¨ ®¢¨© áâ  qc, ®¢¨© á¨¬-
¢®« ¬ £ §¨®ù ¯ ¬'ïâ÷ C â  § ¬÷¨¢è¨ ¯¥à¥å÷¤ ((q0, e, e), (q1, e)) ¤¢®¬ 
¯¥à¥å®¤ ¬¨ ((q0, e, e), (qc, C)) ÷ ((qc, e, C), (q1, e)), ®âà¨¬ãîç¨ â ª¨© ��-
 ¢â®¬ â:

M ′ = ⟨{q0, q1, qc}, {a, b}, {A,B,C},∆′, {q0}, {q1}⟩,
∆′ = {((q0, a, e), (q0, A)), ((q0, b, e), (q0, B)), ((q0, e, e), (qc, C)),

((qc, e, C), (q1, e)), ((q1, a, A), (q1, e)), ((q1, b, B), (q1, e))}.

� «÷, ª®à¨áâãîç¨áì ¬¥â®¤®¬ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.4, ®âà¨¬ãõ¬® ��-
£à ¬ â¨ªã ⟨V, {a, b}, P, S⟩:

• V = {Aq0,q0 , Aq0,q1 , Aq0,qc , Aq1,q0 , Aq1,q1 , Aq1,qc , Aqc,q0 , Aqc,q1 , Aqc,qc};
• P = {Aq0,q → aAq0,q1aAq1,q, Aq0,q → bAq0,q1bAq1,q, Aq0,q → Aqc,qcAq1,q :

q ∈ {q0, q1, qc}} ∪ {Aq,q → e : q ∈ {q0, q1, qc}};
• S = Aq0,q1 .
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�®§¤÷« 4. � £ §¨÷  ¢â®¬ â¨ ÷ ª®â¥ªáâ®-¢÷«ì÷ £à ¬ â¨ª¨

�ç¥¢¨¤®, é® § 9 ¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢ «¨è¥ 4 ¯®à®¤¦ãîâì á«®¢ 
 ¤ â¥à¬÷ «ì¨¬  «ä ¢÷â®¬ T = {a, b}: Aq0,q0 , Aq0,q1 , Aq1,q1 , Aqc,qc . �¤ ª
÷§ ¤¦¥à¥«  Aq0,q1 ¥¬®¦«¨¢® ¢¨¢¥áâ¨ ¦®¤®£® á«®¢ , é® ¬÷áâ¨âì á¨¬¢®«
Aq0,q0 , ®â¦¥ á¨¬¢®« Aq0,q0 â ª®¦ õ ý§ ©¢¨¬þ. �¨¤ «¨¢è¨ ý§ ©¢÷þ ¥â¥à¬÷-
 «ì÷ á¨¬¢®«¨ â  ¯à®¤ãªæ÷ù, ïª÷ ¬÷áâïâì â ª÷ á¨¬¢®«¨ ¢ «÷¢÷©  ¡® ¯à ¢÷©
ç áâ¨÷, ®âà¨¬ãõ¬® ¥ª¢÷¢ «¥âã £à ¬ â¨ªã ⟨V ′, {a, b}, P ′, S⟩:

• V ′ = {Aq0,q1 , Aq1,q1 , Aqc,qc};
• P ′ = {Aq0,q1 → aAq0,q1aAq1,q1 , Aq0,q1 → bAq0,q1bAq1,q1 ,

Aq0,q1 → Aqc,qcAq1,q1 , Aq1,q1 → e, Aqc,qc → e};
• S = Aq0,q1 .

�¥£ª® §à®§ã¬÷â¨, é® ¯®¡ã¤®¢   £à ¬ â¨ª  á¯à ¢¤÷ ¯®à®¤¦ãõ ä®à-
¬ «ìã ¬®¢ã L = {wwR : w ∈ {a, b}∗}. �à®â¥ æî £à ¬ â¨ªã â ª®¦ ¬®¦ 
¤¥é® á¯à®áâ¨â¨: ¥â¥à¬÷ «ì¨© á¨¬¢®« Aq1,q1 ¬÷áâ¨âìáï ã «÷¢÷© ç áâ¨÷
«¨è¥ ®¤÷õù ¯à®¤ãªæ÷ù { Aq1,q1 → e,   ®â¦¥ ¢á÷ ©®£® ¢å®¤¦¥ï ¬®¦-
  § ¬÷¨â¨   e;   «®£÷ç®, Aqc,qc ¬÷áâ¨âìáï ã «÷¢÷© ç áâ¨÷ «¨è¥ ®¤-
÷õù ¯à®¤ãªæ÷ù { Aqc,qc → e, ÷ ¢á÷ ©®£® ¢å®¤¦¥ï â ª®¦ ¬®¦  § ¬÷¨â¨
  e. �¥¯¥à á¨¬¢®«¨ Aqc,qc â  Aq1,q1 ¬®¦  ¢¨¤ «¨â¨ à §®¬ ÷§ ¯à®¤ãª-
æ÷ï¬¨ Aqc,qc → e â  Aq1,q1 → e, ®âà¨¬ãîç¨ ¡÷«ìè ¯à®áâã ¥ª¢÷¢ «¥âã
£à ¬ â¨ªã ⟨V ′′, {a, b}, P ′′, S⟩:

• V ′′ = {Aq0,q1};
• P ′′ = {Aq0,q1 → aAq0,q1a, Aq0,q1 → bAq0,q1b, Aq0,q1 → e};
• S = Aq0,q1 .

� à¥èâ÷, § «¨è¨¢è¨ ¤«ï õ¤¨®£® ¥â¥à¬÷ «ì®£® á¨¬¢®«  âà ¤¨æ÷©¥
¤«ï ¤¦¥à¥«  ¯®§ ç¥ï S, § ¯¨è¥¬® ®âà¨¬ ã £à ¬ â¨ªã ã ¢¨£«ï¤÷

⟨{S}, {a, b}, {S → aSa|bSb|e}, S⟩. (4.14)

�à¨ª« ¤ 4.19. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.4, ¯®-
¡ã¤ãõ¬® ¯®à®¤¦ã¢ «ìã ��-£à ¬ â¨ªã ¤«ï ¬®¢¨ L ⊂ {a, b}∗, é® ¤®¯ãá-
ª õ â ª¨© ��- ¢â®¬ â:

M = ⟨{q0}, {a, b}, {A,B},∆, {q0}, {q0}⟩,
∆ = {((q0, a, e), (q0, A)), ((q0, b, A), (q0, e)), ((q0, b, e), (q0, B)),

((q0, a, B), (q0, e)), ((q0, e, A), (q0, e))}.
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4.5. �« áâ¨¢®áâ÷ § ¬ª¥®áâ÷ ª« áã ª®â¥ªáâ®-¢÷«ì¨å ¬®¢

�¬®¢¨, é®  ¤ õ «¥¬  4.3, ¤«ï  ¢¥¤¥®£® ��- ¢â®¬ â  ¢¨ª®ãîâì-
áï. �®à¨áâãîç¨áì ¬¥â®¤®¬ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.4 ÷ § «¨è¨¢è¨ ¤«ï
õ¤¨®£® ¥â¥à¬÷ «ì®£® á¨¬¢®«  Aq0,q0 âà ¤¨æ÷©¥ ¤«ï ¤¦¥à¥«  ¯®§ -
ç¥ï S, ®âà¨¬ãõ¬® ��-£à ¬ â¨ªã ⟨V, {a, b}, P, S⟩:

• V = {Aq0,q0} = {S};
• P = {S → aSbS, S → bSaS, S → aSS, S → e}.

�®¦  ¤®¢¥áâ¨ (¤¨¢. ¯à¨ª« ¤ 4.3 ÷ ¢¯à ¢ã 4.1,   â ª®¦ ¯à¨ª« ¤ 4.16
÷ ¢¯à ¢ã 4.16), é® ®âà¨¬   £à ¬ â¨ª  ¯®à®¤¦ãõ âã á ¬ã ¬®¢ã, ïªã ¤®-
¯ãáª õ ¢¨å÷¤¨© ��- ¢â®¬ â,   á ¬¥ ¬®¢ã {w ∈ {a, b}∗ : |w|a > |w|b}.

� ã¢ ¦¥ï 4.14. öáãõ §¢'ï§®ª ¬÷¦ ®¤®§ ç¨¬¨ ��-£à ¬ â¨ª ¬¨
â  ¤¥â¥à¬÷®¢ ¨¬¨ ��- ¢â®¬ â ¬¨. �«ï ¬®¢¨, ïªã ¤®¯ãáª õ ¤¥â¥à¬÷-
®¢ ¨© ��- ¢â®¬ â, ÷áãõ ¯®à®¤¦ã¢ «ì  ®¤®§ ç  ��-£à ¬ â¨ª 
(¤¥â «ì÷è¥ ¤¨¢.,  ¯à¨ª« ¤, [14]). � §¢®à®â¨© ¡÷ª  á«÷¤ªã ¥¬ õ:
 ¯à¨ª« ¤, ¬®¢ã {wwR : w ∈ {a, b}∗} ¯®à®¤¦ãõ ®¤®§ ç  ��-
£à ¬ â¨ª  (4.14), ¯à®â¥ ùù ¥ ¤®¯ãáª õ ¦®¤¨© ¤¥â¥à¬÷®¢ ¨© ��-
 ¢â®¬ â (¤¨¢. ¯à¨ª« ¤ 4.15 â  § ã¢ ¦¥ï 4.11).

�¯à ¢  4.22. �¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.4, ¯®-
¡ã¤ã¢ â¨ ¯®à®¤¦ã¢ «ì÷ ��-£à ¬ â¨ª¨ ¤«ï ¬®¢ ÷§ ¯à¨ª« ¤÷¢ 4.13, 4.14
â  ¢¯à ¢ 4.12, 4.14.

4.5. �« áâ¨¢®áâ÷ § ¬ª¥®áâ÷ ª« áã

ª®â¥ªáâ®-¢÷«ì¨å ¬®¢

�¥®à¥¬  4.5. �¥å © L1 â  L2 { ª®â¥ªáâ®-¢÷«ì÷ ¬®¢¨  ¤  «-
ä ¢÷â®¬ T . �®¤÷ L1 ∪ L2, L1 · L2, L

∗
1 â  LR

1 { ª®â¥ªáâ®-¢÷«ì÷ ¬®¢¨
 ¤  «ä ¢÷â®¬ T . (�« á ª®â¥ªáâ®-¢÷«ì¨å ¬®¢ § ¬ª¥¨© ¢÷¤®á®
®¯¥à æ÷© ®¡'õ¤ ï, ª®ª â¥ æ÷ù, § ¬¨ª ï �«÷÷ â  ®¡¥àâ ï.)

�®¢¥¤¥ï. �¡'õ¤ ï. �¥å © ä®à¬ «ì÷ ¬®¢¨ L1 â  L2 ¯®à®-
¤¦ãîâìáï ��-£à ¬ â¨ª ¬¨ ⟨V1, T, P1, S1⟩ â  ⟨V2, T, P2, S2⟩ ¢÷¤¯®¢÷¤®, â 
V1 ∩ V2 = ∅. �¨¡¥à¥¬® S /∈ (V1 ∪ V2). �®¤÷ ¬®¢ã L1 ∪ L2 ¯®à®¤¦ãõ â ª 
��-£à ¬ â¨ª  (  «®£÷çã â¥å÷ªã  ¢¥¤¥® ¢ ¯à¨ª« ¤÷ 1.13, ¯. 4):

⟨V1 ∪ V2 ∪ {S}, T, P1 ∪ P2 ∪ {S → S1|S2}, S⟩.
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�®§¤÷« 4. � £ §¨÷  ¢â®¬ â¨ ÷ ª®â¥ªáâ®-¢÷«ì÷ £à ¬ â¨ª¨

�®ª â¥ æ÷ï. �¥å © ä®à¬ «ì÷ ¬®¢¨ L1 â  L2 ¯®à®¤¦ãîâìáï ��-
£à ¬ â¨ª ¬¨ ⟨V1, T, P1, S1⟩ â  ⟨V2, T, P2, S2⟩ ¢÷¤¯®¢÷¤®, â  V1 ∩ V2 = ∅.
�¨¡¥à¥¬® S /∈ (V1 ∪ V2). �®¤÷ ¬®¢ã L1 · L2 ¯®à®¤¦ãõ â ª  ��-£à ¬ â¨ª 
(¤¨¢. â ª®¦ ¯à¨ª« ¤ 1.13, ¯. 5):

⟨V1 ∪ V2 ∪ {S}, T, P1 ∪ P2 ∪ {S → S1S2}, S⟩.

� ¬¨ª ï �«÷÷. �¥å © ä®à¬ «ì  ¬®¢  L1 ¯®à®¤¦ãõâìáï ��-
£à ¬ â¨ª®î ⟨V1, T, P1, S1⟩. �¨¡¥à¥¬® S /∈ V1. �®¤÷ ¬®¢ã L∗

1 ¯®à®¤¦ãõ â ª 
��-£à ¬ â¨ª  (¤¨¢. â ª®¦ ¯à¨ª« ¤ 1.13, ¯. 6):

⟨V1 ∪ {S}, T, P1 ∪ {S → S1S|e}, S⟩.

�¡¥àâ ï. �¥å © ä®à¬ «ì  ¬®¢  L1 ¯®à®¤¦ãõâìáï ��-£à ¬ â¨-
ª®î ⟨V1, T, P1, S1⟩. �®¤÷ ¬®¢ã LR

1 ¯®à®¤¦ãõ â ª  ��-£à ¬ â¨ª :

⟨V1, T, {A → aR : A ∈ V, a ∈ (V ∪T )∗, (A → a) ∈ P1}, S1⟩.

� ¯à¨ª« ¤÷ 1.13 ¯à®¤¥¬®áâà®¢ ® § áâ®áã¢ ï â¥å÷ª¨ § ¤®¢¥¤¥ï
â¥®à¥¬¨ 4.5 ¤«ï ¯®¡ã¤®¢¨ ��-£à ¬ â¨ª, ïª÷ ¯®à®¤¦ãîâì ®¡'õ¤ ï, ª®-
ª â¥ æ÷î â  § ¬¨ª ï �«÷÷ ¬®¢, ¯®à®¤¦¥¨å § ¤ ¨¬¨ ��-£à ¬ â¨-
ª ¬¨.

�à¨ª« ¤ 4.20. �®à¬ «ìã ¬®¢ã L = {anbn : n > 0} ¯®à®¤¦ãõ ��-
£à ¬ â¨ª  ⟨{S}, {a, b}, {S → aSb|e}, S⟩. � áâ®á®¢ãîç¨ â¥å÷ªã § ¤®¢¥¤¥-
ï â¥®à¥¬¨ 4.5 ¤«ï ®¯¥à æ÷ù ®¡¥àâ ï, ®âà¨¬ãõ¬® ��-£à ¬ â¨ªã, é®
¯®à®¤¦ãõ ¬®¢ã LR = {bnan : n > 0}: ⟨{S}, {a, b}, {S → bSa|e}, S⟩.

� § ç¨¬®, é® ª« á ��-¬®¢ ¥§ ¬ª¥¨© ¢÷¤®á® ®¯¥à æ÷ù ¯¥à¥â¨ã.
�à¨ª« ¤ 4.21. �®à¬ «ì÷ ¬®¢¨ L1 = {ambmcn : m,n > 0} â 

L2 = {ambncn : m,n > 0} õ ª®â¥ªáâ®-¢÷«ì¨¬¨ (¤¨¢. ¯à¨ª« ¤ 4.8). �«¥
¬®¢  L1 ∩ L2 = {anbncn : n > 0} ¥ ª®â¥ªáâ®-¢÷«ì , é® ¬®¦  ¤®¢¥áâ¨
«¥¬®î ¯à® à®§à®áâ ï (¤¨¢. ¯à¨ª« ¤ 4.24 ¤«ï ¬®¢¨ {anbncn : n > 1}).

�¯à ¢  4.23. �®¢¥áâ¨, é® ª« á ª®â¥ªáâ®-¢÷«ì¨å ¬®¢ ¥§ ¬ª¥¨©
¢÷¤®á® ®¯¥à æ÷ù ¤®¯®¢¥ï.

�ª §÷¢ª . �ª®à¨áâ ¢è¨áì § ª®®¬ ¤¥ �®à£   (¤¨¢.,  ¯à¨ª« ¤,
[7, 8]), ®âà¨¬ â¨ áã¯¥à¥ç÷áâì ÷§ ¥§ ¬ª¥÷áâî ª« áã ��-¬®¢ ¢÷¤®á®
®¯¥à æ÷ù ¯¥à¥â¨ã.

�¥®à¥¬  4.6. �¥å © L1 { ª®â¥ªáâ®-¢÷«ì  ¬®¢   ¤  «ä ¢÷â®¬ T ,
L2 { à¥£ã«ïà  ¬®¢   ¤  «ä ¢÷â®¬ T . �®¤÷ ¬®¢  L1 ∩L2 { ª®â¥ªáâ®-
¢÷«ì  ¬®¢   ¤  «ä ¢÷â®¬ T .
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4.5. �« áâ¨¢®áâ÷ § ¬ª¥®áâ÷ ª« áã ª®â¥ªáâ®-¢÷«ì¨å ¬®¢

�®¢¥¤¥ï. �«ï ¤®¢¥¤¥ï â¥®à¥¬¨ § áâ®áãõ¬® â¥å÷ªã ÷§ § ã¢ ¦¥-
ï 3.19. �¥å © ¬®¢ã L1 ¤®¯ãáª õ  ¢â®¬ â § ¬ £ §¨®î ¯ ¬'ïââî
M1 = ⟨Q1, T,Γ,∆1, I1, F1⟩,   ¬®¢ã L2 ¤®¯ãáª õ áª÷ç¥¨©  ¢â®¬ â
M2 = ⟨Q2, T,∆2, I2, F2⟩ ¡¥§ e-¯¥à¥å®¤÷¢. �®¤÷ ¬®¢ã L1 ∩ L2 ¤®¯ãáª õ
��- ¢â®¬ â M3 = ⟨Q1 ×Q2, T,Γ,∆

′ ∪∆′′, I1 × I2, F1 × F2⟩, ¤¥

∆′ = {(((p1, p2), a, a), ((q1, q2), b)) : ((p1, a, a), (q1, b)) ∈ ∆1, (p2, a, q2) ∈ ∆2},
∆′′ = {(((p1, p2), e, a), ((q1, p2), b)) : ((p1, e, a), (q1, b)) ∈ ∆1}.

�¥à¥å®¤¨ ÷§ ¬®¦¨¨ ∆′ ¢÷¤¯®¢÷¤ îâì á¨åà®÷© à®¡®â÷  ¢â®¬ â÷¢ M1

â  M2 ¤«ï ¯®â®ç®£® á¨¬¢®«  a ∈ T . �¥à¥å®¤¨ ÷§ ¬®¦¨¨ ∆′′ ¢÷¤¯®¢÷-
¤ îâì ¢¨ª® î ��- ¢â®¬ â®¬ M1 e-¯¥à¥å®¤ã ((p1, e, a), (q1, b)) ∈ ∆1

(§ç¨âã¢ ï ¯®â®ç®£® á¨¬¢®«  ¥¬ õ, ¯à®â¥ ¤÷ù §÷ áâ¥ª®¬ ¢ § £ «ì®-
¬ã ¢¨¯ ¤ªã ¬®¦ãâì ¯à®¢®¤¨â¨áì); áª÷ç¥¨©  ¢â®¬ â M2   ¯®â®ç®¬ã
ªà®æ÷ § «¨è õâìáï ã áâ ÷ p2.

�à¨ª« ¤ 4.22. �¥å © L1 = {wwR : w ∈ {a, b}∗} (¯®à®¤¦ã¢ «ìã
��-£à ¬ â¨ªã ¤¨¢. ã ¯à¨ª« ¤÷ 4.18), L2 = {aibjak : i, j, k > 0} = L[a∗b∗a∗].
�â¦¥, L1 â  L2 { ¢÷¤¯®¢÷¤® ª®â¥ªáâ®-¢÷«ì  â  à¥£ã«ïà  ¬®¢¨  ¤
 «ä ¢÷â®¬ {a, b}. �®¢ã L1 ¤®¯ãáª õ ��- ¢â®¬ â

M1 = ⟨{q0, q1}, {a, b}, {A,B},∆1, {q0}, {q1}⟩,
∆1 = {((q0, a, e), (q0, A)), ((q0, b, e), (q0, B)), ((q0, e, e), (q1, e)),

((q1, a, A), (q1, e)), ((q1, b, B), (q1, e))}

(¤¨¢. ¯à¨ª« ¤ 4.15), ¬®¢ã L2 ¤®¯ãáª õ áª÷ç¥¨©  ¢â®¬ â

M2 = ⟨{p0, p1, p2}, {a, b},∆2, {p0}, {p0, p1, p2}⟩,
∆2 = {(p0, a, p0), (p0, b, p1), (p1, a, p2),

(p1, b, p1), (p2, a, p2)}

¡¥§ e-¯¥à¥å®¤÷¢, £à ä ïª®£® ¯®ª § ®   à¨á. 4.17.

p1 p2p0

a b

b a

a

�¨á. 4.17

�®¤÷ §  ¬¥â®¤®¬ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 4.6 ¯®¡ã¤ãõ¬® ��- ¢â®¬ â, é®
¤®¯ãáª õ ¬®¢ã L1 ∩ L2 (¤¨¢. à¨á. 4.18):

M3 = ⟨{(q0, p0), (q0, p1), (q0, p2), (q1, p0), (q1, p1), (q1, p2)}, {a, b},
{A,B},∆′ ∪∆′′, {(q0, p0)}, {(q1, p0), (q1, p1), (q1, p2)}⟩.

�¥£ª® ¯¥à¥ª® â¨áì, é® ¯®¡ã¤®¢ ¨© ��- ¢â®¬ â M3 á¯à ¢¤÷ ¤®¯ãáª õ
¬®¢ã L1 ∩ L2 = {aib2mai : i,m > 0}.
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( )q ,p0 0

a, /Aε

( )q ,p1 0

( )q ,p0 1

b B, /ε

b B, /ε
( )q ,p0 2

a A, /ε

a A, /ε

a, A/ε

ε ε ε, /

( )q ,p1 1

b  B, /ε

ε ε ε, /

( )q ,p1 2

a, A/ε

ε ε ε, /

b  B, /ε a  A, /ε

�¨á. 4.18

�¯à ¢  4.24. �«ï ��- ¢â®¬ â  M3 §
¯à¨ª« ¤ã 4.22 ¯¥à¥¢÷à¨â¨:

((q0, p0), a
2i, e) *⊢ ((q1, p0), e, e) (i > 0),

((q0, p0), b
2m, e) *⊢ ((q1, p1), e, e) (m > 1),

((q0, p0), a
ib2mai, e) *⊢ ((q1, p2), e, e)

(i,m > 1).

�®ª § â¨ ¬®¦«¨¢÷ ¤÷ù ��- ¢â®¬ â  M3

¤«ï ¢å÷¤¨å á«÷¢ a6, b6 â  a2b4a2.

� ã¢ ¦¥ï 4.15. �¥®à¥¬ã 4.6 â ª®¦ ¬®¦  ¤®¢®¤¨â¨, ¯®¡ã¤ã¢ ¢è¨
¢÷¤¯®¢÷¤ã ¯®à®¤¦ã¢ «ìã ��-£à ¬ â¨ªã (¤¨¢.,  ¯à¨ª« ¤, [9]).

� ã¢ ¦¥ï 4.16. �¥®à¥¬  �®¬áìª®£®{�îâæ¥¡¥à¦¥1  ¤ õ ¬®¦«¨-
¢÷áâì §®¡à ¦ã¢ â¨ ¤®¢÷«ìã ��-¬®¢ã ïª £®¬®¬®àä¨© ®¡à § ¯¥à¥â¨ã
¤¥ïª®ù ¬®¢¨ �÷ª  (¤¨¢. ¯à¨ª« ¤ 4.6) â  ¤¥ïª®ù à¥£ã«ïà®ù ¬®¢¨ (â®ç¥
ä®à¬ã«î¢ ï â  ¤®¢¥¤¥ï â¥®à¥¬¨  ¢¥¤¥®,  ¯à¨ª« ¤, ã [9, 23], ¤¥-
â «ì÷è¥ ¯à® £®¬®¬®àä÷§¬  «£¥¡à¨ç¨å áâàãªâãà ¤¨¢.,  ¯à¨ª« ¤, [7,9]).

4.6. �¥¬  ¯à® à®§à®áâ ï

¤«ï ª®â¥ªáâ®-¢÷«ì¨å ¬®¢

� £ ¤ õ¬® ¤¥ïª÷ ¯®ïââï, ¯®¢'ï§ ÷ § ª®à¥¥¢¨¬¨ ¤¥à¥¢ ¬¨ (¤¥â «ì-
÷è¥ ¤¨¢.,  ¯à¨ª« ¤ [7,8]):

• £÷«ª  { è«ïå ¡¥§ ¯®¢â®à¥ì ¢¥àè¨, é® §'õ¤ãõ ª®à÷ì ¤¥à¥¢  § ®¤-
¨¬ ÷§ «¨áâ÷¢;

• ¤®¢¦¨  £÷«ª¨ { ª÷«ìª÷áâì à¥¡¥à, ïª÷ ¬÷áâ¨âì £÷«ª ;
• ¢¨á®â  ¤¥à¥¢  { ¤®¢¦¨   ©¡÷«ìè®ù £÷«ª¨.

�¥¬  4.4. �¥å © G = ⟨V, T, P, S⟩ { ��-£à ¬ â¨ª  ã ®à¬ «ì÷© ä®à-
¬÷ �®¬áìª®£®, D { ¤¥à¥¢® à®§¡®àã ¤«ï ¤¥ïª®£® ¢¨¢¥¤¥ï A

∗⇒
G

w (A ∈ V ,

w ∈ T+), hD { ¢¨á®â  D, nD { ª÷«ìª÷áâì «¨áâ÷¢ ã D. �®¤÷ á¯à ¢¤¦ã-
õâìáï ¥à÷¢÷áâì nD 6 2hD−1.

1�îâæ¥¡¥à¦¥ � àá¥«ì-�®«ì (1920{1996) { ¢¨¤ â¨© äà æã§áìª¨© ¢ç¥¨©, ®â-
à¨¬ ¢ ¢ ¦«¨¢÷ à¥§ã«ìâ â¨ ã £ «ã§ïå ä®à¬ «ì®ù «÷£¢÷áâ¨ª¨ â  ª®¬¡÷ â®à¨ª¨.
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�®¢¥¤¥ï. �¢¥à¤¦¥ï «¥¬¨ ¤®¢¥¤¥¬® ÷¤ãªæ÷õî §  hD > 1.
1. � §  ÷¤ãªæ÷ù. �¥å © hD = 1. �®¤÷ § ãà åã¢ ï¬ ¢¨¤ã ¯à®¤ãªæ÷©

¤«ï ��-£à ¬ â¨ª¨ ã ®à¬ «ì÷© ä®à¬÷ �®¬áìª®£® ¢¨¢¥¤¥ï A
∗⇒
G

w ¬ õ

¢¨£«ï¤ A ⇒
G

w = a ∈ T ÷§ § áâ®áã¢ ï¬ õ¤¨®ù ¯à®¤ãªæ÷ù A → a. � ª¨¬

ç¨®¬, nD = 1 6 2hD−1 = 1.
2. �à¨¯ãé¥ï ÷¤ãªæ÷ù. �¥å © nD 6 2hD−1, ïªé® hD 6 m.
3. �à®ª ÷¤ãªæ÷ù. �¥å © hD = m+1. �®¤÷ § ãà åã¢ ï¬ ¢¨¤ã ¯à®¤ãª-

æ÷© ¤«ï ��-£à ¬ â¨ª¨ ã ®à¬ «ì÷© ä®à¬÷ �®¬áìª®£® ¢¨¢¥¤¥ï A
∗⇒
G

w

¬ õ ¢¨£«ï¤ A ⇒
G

BC
∗⇒
G

w ÷§ § áâ®áã¢ ï¬   ¯¥àè®¬ã ªà®æ÷ ¯à®¤ãª-

æ÷ù A → BC (B,C ∈ V \ {S}). �â¦¥, ª®à÷ì ¤¥à¥¢  D ¬ õ ¤¢®å ¡¥§-
¯®á¥à¥¤÷å  é ¤ª÷¢ vB â  vC § ¬÷âª ¬¨ B â  C ¢÷¤¯®¢÷¤®. �®§£«ï-
¥¬® ¯÷¤¤¥à¥¢  DB â  DC § ª®à¥ï¬¨ vB â  vC ¢÷¤¯®¢÷¤®. �ç¥¢¨¤®,
max{hDB

, hDC
} 6 hD−1 = m. � «÷, ¬®¦¨  «¨áâ÷¢ ¤¥à¥¢ D áª« ¤ õâìáï

§ «¨áâ÷¢ ¯÷¤¤¥à¥¢ DB â  DC , â®¡â® nD = nDB
+nDC

. �â¦¥, § ãà åã¢ ï¬
¯à¨¯ãé¥ï ÷¤ãªæ÷ù, ®âà¨¬ãõ¬®:

nD = nDB
+ nDC

6 2hDB
−1 + 2hDC

−1 6 2 · 2m−1 = 2m.

� ª¨¬ ç¨®¬, â¢¥à¤¦¥ï ÷¤ãªæ÷ù ¤«ï hD = m+1 ¤®¢¥¤¥®, é® § ¢¥àèãõ
¤®¢¥¤¥ï «¥¬¨.

� á«÷¤®ª. �¥å © G = ⟨V, T, P, S⟩ { ��-£à ¬ â¨ª  ã ®à¬ «ì÷©
ä®à¬÷ �®¬áìª®£®, w ∈ L[G], D { ¤¥à¥¢® à®§¡®àã ¤«ï ¤¥ïª®£® ¢¨¢¥¤¥ï

S
∗⇒
G

w, hD { ¢¨á®â  D. �®¤÷ á¯à ¢¤¦ãõâìáï ¥à÷¢÷áâì |w| 6 2hD−1.

�®¢¥¤¥ï. �®áâ âì® § § ç¨â¨, é® ã ¢¨¯ ¤ªã w ̸= e ª®¦¨© «¨áâ
¤¥à¥¢  à®§¡®àã D ¢§ õ¬® ®¤®§ ç® ¢÷¤¯®¢÷¤ õ ¤¥ïª®¬ã á¨¬¢®«ã ã
áª« ¤÷ w,   ®â¦¥ D ¬÷áâ¨âì ã â®ç®áâ÷ |w| «¨áâ÷¢. �¨¯ ¤®ª w = e õ âà¨-
¢÷ «ì¨¬, ®áª÷«ìª¨ |e| = 0.

�¥®à¥¬  4.7 (�¥¬  ¯à® à®§à®áâ ï ¤«ï ��-¬®¢). �¥å © L { ¤®-
¢÷«ì  ��-¬®¢   ¤  «ä ¢÷â®¬ T . �®¤÷ ÷áãõ â ª  ª®áâ â  n > 1,
é® ¡ã¤ì-ïª¥ á«®¢® w ∈ L ¤®¢¦¨®î |w| > n ¬®¦  §®¡à §¨â¨ ã ¢¨£«ï¤÷
w = xuyvz, ¤¥ x, y, z, u, v ∈ T ∗, |u| + |v| > 1, |uyv| 6 n, â ª, é® ¤«ï ¢á÷å
i > 0 ¢¨ª®ãõâìáï ã¬®¢  xuiyviz ∈ L .

�®¢¥¤¥ï. � ãà åã¢ ï¬ â¥®à¥¬¨ 4.2 ¢¢ ¦ â¨¬¥¬®, é® ��-¬®¢ 
L ⊂ T ∗ ¯®à®¤¦¥  ��-£à ¬ â¨ª®î ⟨V, T, P, S⟩ ã ®à¬ «ì÷© ä®à¬÷ �®¬-
áìª®£®.
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� ä÷ªáãõ¬® n = 2|V |, á«®¢® w ∈ L ¤®¢¦¨®î |w| > n, ¤¥ïª¥ ¢¨¢¥¤¥-

ï S
∗⇒
G

w â  ¢÷¤¯®¢÷¤¥ ¤¥à¥¢® à®§¡®àã D ¢¨á®â®î hD. � ãà åã¢ ï¬

 á«÷¤ªã § «¥¬¨ 4.4 ®âà¨¬ãõ¬® ¥à÷¢÷áâì

2hD−1 > |w| > n = 2|V |. (4.15)

ö§ (4.15) ®âà¨¬ãõ¬® ®æ÷ªã   ¢¨á®âã ¤¥à¥¢  à®§¡®àã: hD > |V |. �â¦¥,
¤¥à¥¢® à®§¡®àã D ¬÷áâ¨âì ¯à¨ ©¬÷ ®¤ã £÷«ªã B ¯à¨ ©¬÷ § |V | + 1
à¥¡à ¬¨,  ¡®, é® â¥ ¦ á ¬¥, § |V | + 2 ¢¥àè¨ ¬¨. �ç¥¢¨¤®, é® á¥à¥¤
¢¥àè¨ ¡ã¤ì-ïª®ù £÷«ª¨ ¤¥à¥¢  à®§¡®àã D ã â®ç®áâ÷ ®¤  ¢¥àè¨  («¨áâ)
¯®¬÷ç¥  â¥à¬÷ «ì¨¬ á¨¬¢®«®¬ { ¬÷âª  e ã æì®¬ã à §÷ ¥¬®¦«¨¢ , ®á-
ª÷«ìª¨ w ̸= e, ÷ ¤¦¥à¥«® S ¥ ¢å®¤¨âì ¤® ¯à ¢¨å ç áâ¨ ¦®¤®ù ¯à®¤ãªæ÷ù.
� ª¨¬ ç¨®¬, £÷«ª  B ¬÷áâ¨âì ¯à¨ ©¬÷ |V |+1 ¢¥àè¨, ïª÷ ¯®¬÷ç¥÷ ¥-
â¥à¬÷ «ì¨¬¨ á¨¬¢®« ¬¨, â®¡â® ¯à¨ ©¬÷ ¤¢÷ ¢¥àè¨¨ v1 â  v2 á¥à¥¤
®áâ ÷å |V |+ 1 ¢¥àè¨ (¯®ç¨ îç¨ ¢÷¤ ª®à¥ï) ¬ îâì ®¤ ª®¢ã ¬÷âªã,
ïªã ¯®§ ç¨¬® ç¥à¥§ A ∈ V . � ãà åã¢ ï¬ ¯®¢â®à¥ï A   £÷«æ÷ B,
¤¥à¥¢ã à®§¡®àã D ¯®áâ ¢¨¬® ã ¢÷¤¯®¢÷¤÷áâì ¢¨¢¥¤¥ï

S
∗⇒
G

xAz
∗⇒
G

xuAvz
∗⇒
G

xuyvz, (4.16)

¤¥ x, y, z, u, v ∈ T ∗, ÷ ¢¨¢¥¤¥ï xAz
∗⇒
G

xuAvz, ïª ç áâ¨  ¢¨¢¥¤¥-

ï (4.16), ¬ õ ¬÷áâ¨â¨ § áâ®áã¢ ï ¯à¨ ©¬÷ ®¤÷õù ¯à®¤ãªæ÷ù. � § ç¨-
¬®, é® ¢¨¢¥¤¥ï (4.16) ¬®¦¥ ¢÷¤à÷§ïâ¨áï ¢÷¤ ¢¨-

å÷¤®£® ¢¨¢¥¤¥ï S
∗⇒
G

w,  «¥ ®¡®¬ æ¨¬ ¢¨¢¥¤¥-

ï¬ ¢÷¤¯®¢÷¤ õ ®¤¥ ¤¥à¥¢® à®§¡®àã D. � ãà åã¢ -
ï¬ ¢¨£«ï¤ã ¯à®¤ãªæ÷© ¤«ï £à ¬ â¨ª¨ ã ®à¬ «ì-
÷© ä®à¬÷ �®¬áìª®£® ¯¥àè®î ¯à®¤ãªæ÷õî ã ¢¨¢¥-
¤¥÷ xAz

∗⇒
G

xuAvz ¬ õ ¡ãâ¨ ¯à®¤ãªæ÷ï ¢¨£«ï¤ã

A → BC (B,C ∈ V \{S}), §¢÷¤ª¨ ®âà¨¬ãõ¬®, é® u
â  v ¥ ¬®¦ãâì ¡ãâ¨ ¯®à®¦÷¬¨ ®¤®ç á®: uv ̸= e,
 ¡® |u| + |v| > 1. �å¥¬ â¨ç¥ §®¡à ¦¥ï ¤¥à¥¢ 
à®§¡®àã ¤«ï ¢¨¢¥¤¥ï (4.16) ¤¨¢.   à¨á. 4.19.

v1

v2

{{ { {

x u y v z

{

A

S

A

�¨á. 4.19

�áª÷«ìª¨ § áâ®áã¢ ï ¯à®¤ãªæ÷© ¯à¨ ¢¨¢¥¤¥÷ ã ��-£à ¬ â¨ª å
¥ § «¥¦¨âì ¢÷¤ ª®â¥ªáâã, ÷áã¢ ï ¢¨¢¥¤¥ï xAz

∗⇒
G

xuAvz ®§ -

ç õ  ï¢÷áâì ¢¨¢¥¤¥ï A
∗⇒
G

uAv. � «®£÷ç®, ÷áã¢ ï ¢¨¢¥¤¥ï
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xuAvz
∗⇒
G

xuyvz ®§ ç õ  ï¢÷áâì ¢¨¢¥¤¥ï A
∗⇒
G

y. �®¢â®àîîç¨ ¢¨¢¥-

¤¥ï A
∗⇒
G

uAv (ïª à¥ «÷§ æ÷î ¢¨¢¥¤¥ï xAz
∗⇒
G

xuAvz ã áª« ¤÷ (4.16))

i > 0 à §÷¢, ®âà¨¬ãõ¬®:

S
∗⇒
G

xAz
∗⇒
G

xuAvz
∗⇒
G

xu2Av2z
∗⇒
G

. . .
∗⇒
G

xuiAviz
∗⇒
G

xuiyviz. (4.17)

� § ç¨¬®, é® ã ¢¨¯ ¤ªã i = 0 ¢¨¢¥¤¥ï (4.17)  ¡ã¢ õ ¢¨£«ï¤ã

S
∗⇒
G

xAz
∗⇒
G

xyz.

� à¥èâ÷, § áâ®áã¢ ¢è¨ «¥¬ã 4.4 ¤® ¯÷¤¤¥à¥¢  Dv1 § ª®à¥¥¬ v1,

ïª¥ õ ¤¥à¥¢®¬ à®§¡®àã ¤«ï ¢¨¢¥¤¥ï A
∗⇒
G

uyv, ®âà¨¬ãõ¬® ¥à÷¢÷áâì

|uyv| 6 2hDv1
−1, ¤¥ hDv1

{ ¢¨á®â  ¤¥à¥¢  Dv1 . �¥àè¨¨ v1 â  v2 ¢¨¡à ÷

â ª, é® hDv1
6 |V | + 1, §¢÷¤ª¨ |uyv| 6 2|V | = n, é® § ¢¥àèãõ ¤®¢¥¤¥ï

â¥®à¥¬¨.

�à¨ª« ¤ 4.23. �¥å © L { ¤®¢÷«ì  áª÷ç¥  ¬®¢ . �áª÷«ìª¨ ¡ã¤ì-
ïª  áª÷ç¥  ¬®¢  õ à¥£ã«ïà®î (¤¨¢. ¢¯à ¢ã 1.3),   ®â¦¥ © ª®â¥ªáâ®-
¢÷«ì®î, ¤«ï ä®à¬ «ì®ù ¬®¢¨ L ¬ õ ¢¨ª®ã¢ â¨áï â¢¥à¤¦¥ï â¥®à¥-
¬¨ 4.7. �¯à ¢¤÷, ïª ÷ ã ¯à¨ª« ¤÷ 3.46, ¢¨¡¥à¥¬® n = max{|w| : w ∈ L}+ 1
â  ®âà¨¬ãõ¬® ¯à ¢¤¨¢÷áâì â¢¥à¤¦¥ï â¥®à¥¬¨ § ¢¤ïª¨ ¢÷¤áãâ®áâ÷ á«÷¢
w ∈ L ¤®¢¦¨®î |w| > n.

� «®£÷ç® «¥¬÷ ¯à® à®§à®áâ ï ¤«ï à¥£ã«ïà¨å ¬®¢ (â¥®à¥¬  3.12),
®¤¥ § ®á®¢¨å § áâ®áã¢ ì «¥¬¨ ¯à® à®§à®áâ ï ¤«ï ��-¬®¢ { ¤®¢¥-
¤¥ï â®£®, é® § ¤   ¬®¢  ¥ õ ª®â¥ªáâ®-¢÷«ì®î.

�à¨ª« ¤ 4.24. �®¢¥¤¥¬®, é® ¬®¢  L = {ambmcm : m > 1} ¥
õ ª®â¥ªáâ®-¢÷«ì®î. �à¨¯ãáâ¨¬®, é® L ª®â¥ªáâ®-¢÷«ì , ÷ n { ¤®-
¤ â  ª®áâ â , ÷áã¢ ï ïª®ù ¯®áâã«îõâìáï «¥¬®î ¯à® à®§à®áâ ï
¤«ï ��-¬®¢. �®¤÷ ¤«ï á«®¢  w = anbncn ¬ îâì ÷áã¢ â¨ â ª÷ á«®¢ 
x, y, z, u, v ∈ {a, b, c}∗, |u|+ |v| > 1, é® w = xuyvz, w̃ = xu2yv2z ∈ L.

�®¢¥¤¥¬®, é® á«®¢  u â  v ¥ ¬÷áâïâì  ÷ ab,  ÷ bc. �¯à ¢¤÷, ïª-
é® u (  «®£÷ç® { v) ¬÷áâ¨âì ab, â®¡â® u = ai+1bj+1ck (i, j, k > 0), â®-
¤÷ á«®¢® u2 = ai+1bj+1ckai+1bj+1ck ¬÷áâ¨âì ba  ¡® ca, ÷ w̃ /∈ L; ïªé® u
(  «®£÷ç® { v) ¬÷áâ¨âì bc, â®¡â® u = aibj+1ck+1 (i, j, k > 0), â®¤÷ á«®¢®
u2 = aibj+1ck+1aibj+1ck+1 ¬÷áâ¨âì ca  ¡® cb, ÷ w̃ /∈ L. �â¦¥, ª®¦¥ §÷ á«÷¢
u â  v ¬÷áâïâì  ¡® â÷«ìª¨ a,  ¡® â÷«ìª¨ b,  ¡® â÷«ìª¨ c, â®¡â® ¯à¨ ©¬÷
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®¤  § «÷â¥à a, b ç¨ c ¥ ¢å®¤¨âì  ÷ ¤® u,  ÷ ¤® v: |u|a + |v|a = 0,  ¡®
|u|b + |v|b = 0,  ¡® |u|c + |v|c = 0.

� ¬÷¦ â¨¬ |w|a = |w|b = |w|c â  |w̃|a = |w̃|b = |w̃|c, â®¡â®

|x|a + |u|a + |y|a + |v|a + |z|a = |x|b + |u|b + |y|b + |v|b + |z|b =
= |x|c + |u|c + |y|c + |v|c + |z|c;

|x|a + 2|u|a + |y|a + 2|v|a + |z|a = |x|b + 2|u|b + |y|b + 2|v|b + |z|b =
= |x|c + 2|u|c + |y|c + 2|v|c + |z|c,

§¢÷¤ª¨ |u|a + |v|a = |u|b + |v|b = |u|c + |v|c.
� ª¨¬ ç¨®¬, |u|a+|v|a = |u|b+|v|b = |u|c+|v|c = 0, â®¡â® |u| = |v| = 0,

é® áã¯¥à¥ç¨âì ã¬®¢÷ |u| + |v| > 1. �âà¨¬   áã¯¥à¥ç÷áâì ¤®¢®¤¨âì, é®
¬®¢  L ¥ õ ª®â¥ªáâ®-¢÷«ì®î.

�à¨ª« ¤ 4.25. �®¢¥¤¥¬®, é® ¬®¢  L = {w2
0 : w0 ∈ {a, b}+} ¥

õ ª®â¥ªáâ®-¢÷«ì®î. �à¨¯ãáâ¨¬®, é® L ª®â¥ªáâ®-¢÷«ì , ÷ n { ¤®-
¤ â  ª®áâ â , ÷áã¢ ï ïª®ù ¯®áâã«îõâìáï «¥¬®î ¯à® à®§à®áâ ï
¤«ï ��-¬®¢. �®¤÷ ¤«ï á«®¢  w = an+1bn+1an+1bn+1 ¬ îâì ÷áã¢ â¨ â -
ª÷ á«®¢  x, y, z, u, v ∈ {a, b}∗, |u| + |v| > 1, |uyv| 6 n, é® w = xuyvz,
w̃ = xu0yv0z = xyz ∈ L. ö§ ¥à÷¢®áâ÷ |uyv| 6 n ¢¨¯«¨¢ õ, é®
w̃ = an1bn2an3bn4 (n1, n2, n3, n4 > 1). �áª÷«ìª¨ w = aw1b (w1 ∈ {a, b}∗),
¤«ï w̃ ∈ L ®âà¨¬ãõ¬®: w̃ = xyz = w̃0w̃0, w̃0 = aw̃1b (w̃1 ∈ {a, b}∗). �à å®-
¢ãîç¨ ã¬®¢ã |uyv| 6 n, ¬ õ¬® â ª÷ ¢¨¯ ¤ª¨:

• xyz = aibjan+1bn+1 (i, j > 1), w̃0 = aibj = an+1bn+1;

• xyz = an+1bjaibn+1 (i, j > 1), w̃0 = an+1bj = aibn+1;

• xyz = an+1bn+1aibj (i, j > 1), w̃0 = an+1bn+1 = aibj.

�â¦¥, ¢ ãá÷å âàì®å ¢¨¯ ¤ª å xyz = an+1bn+1an+1bn+1 = xuyvz, §¢÷¤ª¨
u = v = e, é® áã¯¥à¥ç¨âì ã¬®¢÷ |u| + |v| > 1. �âà¨¬   áã¯¥à¥ç÷áâì
¤®¢®¤¨âì, é® ¬®¢  L ¥ õ ª®â¥ªáâ®-¢÷«ì®î.

�÷¤ªà¥á«¨¬®, é® «¥¬  ¯à® à®§à®áâ ï ¤«ï ��-¬®¢  ¤ õ «¨è¥ ¥-
®¡å÷¤ã,  «¥ ¥ ¤®áâ âî ã¬®¢ã, é® § ¤   ¬®¢  õ ª®â¥ªáâ®-¢÷«ì®î,
â®¡â® â¢¥à¤¦¥ï â¥®à¥¬¨ 4.7 ¬®¦¥ ¢¨ª®ã¢ â¨áï © ¤«ï ¬®¢, ïª÷ ¥ ª®-
â¥ªáâ®-¢÷«ì÷.

�à¨ª« ¤ 4.26. �«ï ä®à¬ «ì®ù ¬®¢¨

L = {ajbmcmdm : j,m > 1} ∪ {bm1cm2dm3 : m1,m2,m3 > 0}
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� ¯¨â ï â  § ¢¤ ï ¤«ï á ¬®ª®âà®«î

¬®¦  ¢¨¡à â¨ ª®áâ âã n = 1, ÷ ¤®¢÷«ì¥ w ∈ L ¤®¢¦¨®î |w| > 1 ¬ õ
¢¨£«ï¤ aajbmcmdm (j > 0,m > 1),  ¡® bm1cm2dm3 (m1 > 0,m2 > 0,m3 > 0).
� ãá÷å ¢¨¯ ¤ª å ¬®¦  ¢¨ª®à¨áâ â¨ à®§ª« ¤ w = xuyvz ÷§ x = y = v = e,
|u| = 1, â®¡â® §  u ¢§ïâ¨ ¯¥àè¨© á¨¬¢®« á«®¢  w. �¥£ª® ¯¥à¥¢÷à¨â¨, é®
æ¥© à®§ª« ¤ ¢ ãá÷å ¢¨¯ ¤ª å ¢÷¤¯®¢÷¤ õ â¢¥à¤¦¥î â¥®à¥¬¨ 4.7:

1) ïªé® w = aajbmcmdm = e · a · e · e · ajbmcmdm, â® ¤«ï ¢á÷å i > 0
¢¨ª®ãõâìáï ã¬®¢  e · ai · e · e · ajbmcmdm ∈ L;

2) ¥å © w = bm1cm2dm3 ; ïªé® m1 > 1, â® w = e · b · e · e · bm1−1cm2dm3 , ÷
¤«ï ¢á÷å i > 0 ¢¨ª®ãõâìáï ã¬®¢  e ·bi ·e ·e ·bm1−1cm2dm3 ∈ L; ïªé® m1 = 0,
m2 > 1, â® w = e · c · e · e · cm2−1dm3 , ÷ ¤«ï ¢á÷å i > 0 ¢¨ª®ãõâìáï ã¬®¢ 
e · ci · e · e · cm2−1dm3 ∈ L; ïªé® m1 = m2 = 0, â® w = e · d · e · e · dm3−1, ÷ ¤«ï
¢á÷å i > 0 ¢¨ª®ãõâìáï ã¬®¢  e · di · e · e · dm3−1 ∈ L.

�â¦¥, § ¤   ¬®¢  L § ¤®¢®«ìïõ â¢¥à¤¦¥ï «¥¬¨ ¯à® à®§à®áâ ï
¤«ï ��-¬®¢, ®¤ ª æï ¬®¢  ¥ ª®â¥ªáâ®-¢÷«ì . �¯à ¢¤÷, ïªé® ¡ L
¡ã«  ª®â¥ªáâ®-¢÷«ì®î, â®, ®áª÷«ìª¨ ¬®¢  {abm1cm2dm3 : m1,m2,m3 > 1}
à¥£ã«ïà , ¬®¢  L ∩ {abm1cm2dm3 : m1,m2,m3 > 1} = {abmcmdm : m > 1}
§£÷¤® § â¥®à¥¬®î 4.6 ¡ã«  ¡ ª®â¥ªáâ®-¢÷«ì®î. �¤ ª ä®à¬ «ì  ¬®¢ 
{abmcmdm : m > 1} ¥ õ ª®â¥ªáâ®-¢÷«ì®î, é® ¥¢ ¦ª® ¢áâ ®¢¨â¨
«¥¬®î ¯à® à®§à®áâ ï,   «®£÷ç® ¢¨¯ ¤ªã ¬®¢¨ {ambmcm : m > 1}
(¤¨¢. ¯à¨ª« ¤ 4.24).

� ã¢ ¦¥ï 4.17. � ¯à¨ª« ¤ å 3.49 â  3.50 ¡ã«® ¤®¢¥¤¥® ¥à¥£ã«ïà-
÷áâì ¬®¢ {aq : q { ¯à®áâ¥ ç¨á«®} â  {am2

: m > 1} ¢÷¤¯®¢÷¤®. �¤ ª æ÷
¬®¢¨ â ª®¦ ¥ ª®â¥ªáâ®-¢÷«ì÷, ®áª÷«ìª¨ ª®¦  ��-¬®¢   ¤ ®¤®á¨¬-
¢®«ì¨¬  «ä ¢÷â®¬ õ à¥£ã«ïà®î (¤¨¢.,  ¯à¨ª« ¤, [9]).

� ¯¨â ï â  § ¢¤ ï

¤«ï á ¬®ª®âà®«î

1. � ¢¥áâ¨ ®§ ç¥ï ª®â¥ªáâ®-¢÷«ì®ù ä®à¬ «ì®ù £à ¬ â¨ª¨ â 
ª®â¥ªáâ®-¢÷«ì®ù ä®à¬ «ì®ù ¬®¢¨.

2. � ¢¥áâ¨ ®§ ç¥ï ¤¥à¥¢  à®§¡®àã á«®¢ , ïª¥ ¢÷¤¯®¢÷¤ õ ¢¨¢¥¤¥î.
3. �ª¥ ¢¨¢¥¤¥ï  §¨¢ îâì «÷¢®áâ®à®÷¬ (¯à ¢®áâ®à®÷¬)?
4. � ¢¥áâ¨ ®§ ç¥ï ®¤®§ ç®ù ª®â¥ªáâ®-¢÷«ì®ù £à ¬ â¨ª¨, ®¤-

®§ ç®ù ª®â¥ªáâ®-¢÷«ì®ù ¬®¢¨ â  áãââõ¢® ¥®¤®§ ç®ù ª®â¥ªáâ®-
¢÷«ì®ù ¬®¢¨,  ¢¥áâ¨ ¢÷¤¯®¢÷¤÷ ¯à¨ª« ¤¨.
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�®§¤÷« 4. � £ §¨÷  ¢â®¬ â¨ ÷ ª®â¥ªáâ®-¢÷«ì÷ £à ¬ â¨ª¨

5. �ªã ä®à¬ «ìã ¬®¢ã  §¨¢ îâì ¬®¢®î �÷ª ?
6. �ªã ä®à¬ «ìã ¬®¢ã  §¨¢ îâì ¬®¢®î �ãª á¥¢¨ç ?
7. � ¢¥áâ¨ ®§ ç¥ï ®à¬ «ì®ù ä®à¬¨ �®¬áìª®£® â  ®¯¨á â¨ ¬¥â®¤

§¢¥¤¥ï ª®â¥ªáâ®-¢÷«ì®ù £à ¬ â¨ª¨ ¤® ®à¬ «ì®ù ä®à¬¨ �®¬áìª®£®.
8. � ¢¥áâ¨ ¥ä®à¬ «ì¨© ®¯¨á â  ¯à¨æ¨¯ à®¡®â¨  ¢â®¬ â  § ¬ £ -

§¨®î ¯ ¬'ïââî (��- ¢â®¬ â ). �ª÷ ¤÷ù ¢¨ª®ãõ ��- ¢â®¬ â ¤«ï ¯¥à¥-
å®¤ã ((q1, x, a), (q2, b))?

9. � ¢¥áâ¨ ä®à¬ «ì¥ ®§ ç¥ï ��- ¢â®¬ â .
10. �ª÷ ��- ¢â®¬ â¨  §¨¢ îâì ¤¥â¥à¬÷®¢ ¨¬¨? �ª ,   ¢ èã ¤ã¬-

ªã, ¯¥à¥¢ £  â ª¨å  ¢â®¬ â÷¢ ¯®à÷¢ï® § ¥¤¥â¥à¬÷®¢ ¨¬¨, ÷  ¢¯ ª¨?
11. � ¢¥¤÷âì ®§ ç¥ï ª®ä÷£ãà æ÷ù â  â ªâã à®¡®â¨ ��- ¢â®¬ â .

�ª ¢¢®¤ïâì ¢÷¤®è¥ï ý *
M⊢ þ? �ªã ª®ä÷£ãà æ÷î  §¨¢ îâì âã¯¨ª®¢®î?

12. � â¨ ¢¨§ ç¥ï ¯®ïââî ý��- ¢â®¬ â ¤®¯ãáª õ ä®à¬ «ìã ¬®-
¢ãþ. �ª÷ ��- ¢â®¬ â¨  §¨¢ îâì ¥ª¢÷¢ «¥â¨¬¨?

13. �¨ ¤®¯ãáª îâì ¤¥â¥à¬÷®¢ ÷ ��- ¢â®¬ â¨ â  ¥¤¥â¥à¬÷®¢ ÷
��- ¢â®¬ â¨ â®© á ¬¨© ª« á ¬®¢? �ªé® ÷,  ¢¥áâ¨ ¢÷¤¯®¢÷¤¨© ¯à¨-
ª« ¤.

14. �ä®à¬ã«î¢ â¨ ¢« áâ¨¢®áâ÷ § ¬ª¥®áâ÷ ª« áã ��-¬®¢,  ¢¥áâ¨
¬¥â®¤¨ ¯®¡ã¤®¢¨ ¢÷¤¯®¢÷¤¨å £à ¬ â¨ª.

15. � ¢¥áâ¨ áå¥¬ã ¯®¡ã¤®¢¨ ��- ¢â®¬ â , ïª¨© ¤®¯ãáª õ ¯¥à¥â¨
ª®â¥ªáâ®-¢÷«ì®ù â  à¥£ã«ïà®ù ¬®¢.

16. �ä®à¬ã«î¢ â¨ «¥¬ã ¯à® à®§à®áâ ï ¤«ï ��-¬®¢.
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�®§¤÷« 5

�÷÷©® ®¡¬¥¦¥÷ ¬ è¨¨

�ìîà÷£ 

â  ª®â¥ªáâ®-§ «¥¦÷

£à ¬ â¨ª¨

5.1. �¥¢ª®à®çã¢ «ì÷ £à ¬ â¨ª¨

� £ ¤ õ¬®, é® ä®à¬ «ìã £à ¬ â¨ªã G = ⟨V, T, P, S⟩  §¨¢ îâì
ª®â¥ªáâ®-§ «¥¦®î (��-£à ¬ â¨ª®î)  ¡® £à ¬ â¨ª®î â¨¯ã 1, ïªé®
¬®¦¨  P ¬÷áâ¨âì «¨è¥ ¯à®¤ãªæ÷ù ¢¨£«ï¤ã g1Ag2 → g1ag2, ¤¥ A ∈ V ;
a ∈ (V ∪ T )+; g1, g2 ∈ (V ∪ T )∗ (¤¨¢. ¯÷¤à®§¤. 1.4). ö®¤÷ ¤®§¢®«ïîâì ¯®-
ï¢ã ®¤÷õù ε-¯à®¤ãªæ÷ù S → ε, ¤¥ S { ¤¦¥à¥«®, §  ã¬®¢¨, é® á¨¬¢®« S ¥
¬÷áâ¨âìáï ã ¯à ¢÷© ç áâ¨÷ ¦®¤®ù ¯à®¤ãªæ÷ù (¤¨¢. § ã¢ ¦¥ï 1.6).

�§ ç¥ï 5.1. �à ¬ â¨ªã G = ⟨V, T, P, S⟩  §¨¢ îâì ý¥¢ª®à®çã-
¢ «ì®îþ, ïªé® ¤«ï ª®¦®ù ¯à®¤ãªæ÷ù ¢¨£«ï¤ã p = (a → b) ∈ P á¯à ¢¤-
¦ãõâìáï ¥à÷¢÷áâì |a| 6 |b|.

� ã¢ ¦¨¬®, é® £à ¬ â¨ª¨ § ¯à¨ª« ¤ã 1.13, ¯. 3 â  ¯à¨ª« ¤ã 1.15
õ ¥¢ª®à®çã¢ «ì¨¬¨. �à®¤ãªæ÷ù ��-£à ¬ â¨ª ¥ §¬¥èãîâì ¤®¢¦¨ã
¯®â®ç®£® á«®¢ , ®â¦¥, ª®¦  ��-£à ¬ â¨ª  õ ¥¢ª®à®çã¢ «ì®î. �¨-
ï¢«ïõâìáï, é® ª« á ¬®¢, ¯®à®¤¦¥¨å ¥¢ª®à®çã¢ «ì¨¬¨ £à ¬ â¨ª ¬¨,
¯®¢÷áâî ¢¨ç¥à¯ãõâìáï ��-¬®¢ ¬¨.
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�®§¤÷« 5. �÷÷©® ®¡¬¥¦¥÷ ¬ è¨¨ �ìîà÷£  â  ��-£à ¬ â¨ª¨

�¥®à¥¬  5.1. �¥å © ä®à¬ «ì  ¬®¢  L ¯®à®¤¦¥  ¥¢ª®à®çã¢ «ì-
®î £à ¬ â¨ª®î G = ⟨V, T, P, S⟩. �®¤÷ L õ ��-¬®¢®î.

�®¢¥¤¥ï. �«ï ª®¦®£® â¥à¬÷ «ì®£® á¨¬¢®«  a ∈ T , ïª¨© ¬÷áâ¨âì-
áï ¢ «÷¢÷© ç áâ¨÷ å®ç  ¡ ®¤÷õù ¯à®¤ãªæ÷ù, ¢¢¥¤¥¬® ®¢¨© ¥â¥à¬÷ «ì¨©
á¨¬¢®« Ta /∈ V , § ¬÷¨¬® ãá÷ ¢å®¤¦¥ï á¨¬¢®«  a ¢ ãá÷å ¯à®¤ãªæ÷ïå  
Ta â  ¢¢¥¤¥¬® ®¢ã ¯à®¤ãªæ÷î Ta → a. � ª¨¬ ç¨®¬ ¯®§¡ã¢ õ¬®áì â¥à-
¬÷ «ì¨å á¨¬¢®«÷¢ ã «÷¢¨å ç áâ¨ å ¯à®¤ãªæ÷©. �®¡ã¤®¢   £à ¬ â¨ª 
G1 ¥ª¢÷¢ «¥â  £à ¬ â¨æ÷ G.

� «÷ ¤«ï ª®¦®ù ¯à®¤ãªæ÷ù pi = (A1A2 . . . Am → b1b2 . . . bn) ∈ P
(n > m > 2) ¥ ¤®§¢®«¥®£® ¤«ï ��-£à ¬ â¨ª ¢¨£«ï¤ã ¢¢¥¤¥¬® ®¢÷
¥â¥à¬÷ «ì÷ á¨¬¢®«¨ X i

k /∈ V (1 6 k 6 m). � ¬÷¨¬® ª®¦ã ¯à®¤ãªæ÷î
pi á¥à÷õî ¯à®¤ãªæ÷© ¤®§¢®«¥®£® ¢¨£«ï¤ã:

A1A2A3 . . . Am−1Am → X i
1A2A3 . . . Am−1Am,

X i
1A2A3 . . . Am−1Am → X i

1X
i
2A3 . . . Am−1Am,

...

X i
1X

i
2X

i
3 . . . X

i
m−1Am → X i

1X
i
2X

i
3 . . . X

i
m−1X

i
m,

X i
1X

i
2X

i
3 . . . X

i
m−1X

i
m → b1X

i
2X

i
3 . . . X

i
m−1X

i
m,

b1X
i
2X

i
3 . . . X

i
m−1X

i
m → b1b2X

i
3 . . . X

i
m−1X

i
m,

...

b1b2 . . . bm−2X
i
m−1X

i
m → b1b2 . . . bm−1X

i
m,

b1b2b3 . . . bm−1X
i
m → b1b2b3 . . . bm−1bmbm+1 . . . bn.

� § ç¨¬®, é® á¨¬¢®«¨ Aj ¬®¦ãâì ¬÷áâ¨â¨áì ã à÷§¨å ¯à®¤ãªæ÷ïå, ®¤-
 ª ã÷ª «ì÷áâì á¨¬¢®«÷¢ X i

k â  ª®â¥ªáâ÷áâì § ¬÷ £ à âãõ ¥¬®¦«¨-
¢÷áâì § áâ®áã¢ ï  ¢¥¤¥¨å ¯à®¤ãªæ÷© ÷ ªè¥, ÷¦ ¤«ï § ¬÷¨ á«®¢ 
A1A2 . . . Am   b1b2 . . . bn. � ª®¦ § § ç¨¬®, é® ¯à®¤ãªæ÷ï ε → ε ¥-
¢ª®à®çã¢ «ì®ù £à ¬ â¨ª¨ ¥ §¬÷îõ ¬®¢ã, ¯®à®¤¦¥ã £à ¬ â¨ª®î,  
¯à®¤ãªæ÷î ε → b (|b| > 1) ¬®¦  § ¬÷¨â¨ §£÷¤® ÷§ § ã¢ ¦¥ï¬ 1.5.
�®¡ã¤®¢   £à ¬ â¨ª  G2 ¥ª¢÷¢ «¥â  £à ¬ â¨æ÷ G1,   â®¬ã © G.

� ã¢ ¦¥ï 5.1. �ªé® â¥à¬÷ «ì¨© á¨¬¢®« a ∈ T ¬÷áâ¨âìáï ¢ «÷¢÷©
ç áâ¨÷ ¤¥ïª¨å ¯à®¤ãªæ÷©,  «¥ ¢á÷ â ª÷ ¯à®¤ãªæ÷ù ¤®§¢®«¥®£® ¢¨£«ï¤ã, â®
§ §¢¨ç © ã ¯à ªâ¨ç¨å ¢¨¯ ¤ª å ¬®¦  ¥ ¢¢®¤¨â¨ ¢÷¤¯®¢÷¤¨© ¥â¥à-
¬÷ «ì¨© á¨¬¢®« Ta.
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5.1. �¥¢ª®à®çã¢ «ì÷ £à ¬ â¨ª¨

� ã¢ ¦¥ï 5.2. ö®¤÷ ¢ «÷â¥à âãà÷ (¤¨¢.,  ¯à¨ª« ¤, [4]) ¯÷¤ ��-£à -
¬ â¨ª®î à®§ã¬÷îâì £à ¬ â¨ªã, ïª  § ¤®¢®«ìïõ ®§ ç¥ï 5.1.

�à¨ª« ¤ 5.1. �®§£«ï¥¬® £à ¬ â¨ªã

G = ⟨{S,B,C}, {a, b, c}, {S → aSBC|aBC,

CB → BC, aB → ab, bB → bb, bC → bc, cC → cc}, S⟩,

ïª  ¯®à®¤¦ãõ ¬®¢ã L = {anbncn : n > 1}: «¥£ª® ¯¥à¥¢÷à¨â¨, é® G ¯®à®¤-
¦ãõ â÷ © â÷«ìª¨ â÷ á«®¢ , ïª÷  «¥¦ âì L. � ¯à¨ª« ¤, á«®¢® a2b2c2 ∈ L
¬®¦  ®âà¨¬ â¨ ¯à®¤ãªæ÷ï¬¨ ÷§ G ¤¢®¬  à÷§¨¬¨ ¢¨¢¥¤¥ï¬¨:

S ⇒ aSBC ⇒ a2(BC)2 ⇒ a2B2C2 ⇒ a2bBC2 ⇒ a2b2C2 ⇒ a2b2cC ⇒ a2b2c2,

S ⇒ aSBC ⇒ a2(BC)2 ⇒ a2bCBC ⇒ a2bBC2 ⇒ a2b2C2 ⇒ a2b2cC ⇒ a2b2c2.

�à ¬ â¨ª  G ¥¢ª®à®çã¢ «ì , ®â¦¥, §  â¥®à¥¬®î 5.1 ¬®¢  L = L[G]
ª®â¥ªáâ®-§ «¥¦ . �÷¦ â¨¬ ¬®¢  L ¥ ª®â¥ªáâ®-¢÷«ì  §£÷¤® § «¥-
¬®î ¯à® à®§à®áâ ï ¤«ï ��-¬®¢ (¤¨¢. ¯à¨ª« ¤ 4.24). �®¡ã¤ãõ¬® ¥ª¢÷-
¢ «¥âã ��-£à ¬ â¨ªã §  ¬¥â®¤®¬ ÷§ ¤®¢¥¤¥ï â¥®à¥¬¨ 5.1. �£÷¤® ÷§
§ ã¢ ¦¥ï¬ 5.1 ¯®§¡ã¢ â¨áì â¥à¬÷ «ì¨å á¨¬¢®«÷¢ ã «÷¢¨å ç áâ¨ å
¯à®¤ãªæ÷© ¥ ¯®âà÷¡®, ®áª÷«ìª¨ ¢á÷ â ª÷ ¯à®¤ãªæ÷ù ¤®§¢®«¥®£® ¢¨£«ï¤ã.
ô¤¨ã ¯à®¤ãªæ÷î CB → BC ¥¤®§¢®«¥®£® ¢¨£«ï¤ã § ¬÷¨¬® ç®â¨à¬ 
¯à®¤ãªæ÷ï¬¨

CB → X1B, X1B → X1X2, X1X2 → BX2, BX2 → BC,

®âà¨¬ãîç¨ â ª¨¬ ç¨®¬ £à ¬ â¨ªã

⟨{S,B,C,X1, X2}, {a, b, c}, {S → aSBC|aBC,CB → X1B,X1B → X1X2,

X1X2 → BX2, BX2 → BC, aB → ab, bB → bb, bC → bc, cC → cc}, S⟩.

� ã¢ ¦¥ï 5.3. �÷¤®¬® (¤¨¢. [9,10]), é® ª« á ��-¬®¢ § ¬ª¥¨© ¢÷¤-
®á® ®¯¥à æ÷© ®¡'õ¤ ï, ¯¥à¥â¨ã, ª®ª â¥ æ÷ù, ¤®¯®¢¥ï, ®¡¥àâ -
ï â  § ¬¨ª ï �«÷÷.

�¯à ¢  5.1. �®¢¥áâ¨, é® ä®à¬ «ì÷ ¬®¢¨ ÷§ ¯à¨ª« ¤÷¢ 4.25 ÷ 4.26 ª®-
â¥ªáâ®-§ «¥¦÷, ¯®¡ã¤ã¢ ¢è¨ ¢÷¤¯®¢÷¤÷ ¥¢ª®à®çã¢ «ì÷ £à ¬ â¨ª¨.

�§ ç¥ï 5.2. �®â¥ªáâ®-§ «¥¦ã £à ¬ â¨ªã G = ⟨V, T, P, S⟩  -
§¨¢ îâì £à ¬ â¨ª®î ã ®à¬ «ì÷© ä®à¬÷ �ãà®¤¨1, ïªé® P ¬÷áâ¨âì «¨è¥

1�ãà®¤  �÷£¥îª÷ (1934{2009) { ï¯®áìª¨© â   ¬¥à¨ª áìª¨© ¢ç¥¨©, á¯¥æ÷ «÷áâ
ã ¬ â¥¬ â¨ç÷© «÷£¢÷áâ¨æ÷.
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¯à®¤ãªæ÷ù ¢¨£«ï¤ã A → a, A → B, A → BC, AB → CD, ¤¥ A ∈ V , B ∈ V ,
C ∈ V , D ∈ V , a ∈ T .

�ç¥¢¨¤®, é® ª®¦  £à ¬ â¨ª  ã ä®à¬÷ �ãà®¤¨ õ ¥¢ª®à®çã¢ «ì®î
£à ¬ â¨ª®î,   ®â¦¥ §£÷¤® § â¥®à¥¬®î 5.1 ¯®à®¤¦ãõ ��-¬®¢ã. �¯à ¢¤-
¦ãõâìáï â ª®¦ ÷ §¢®à®â¨© ä ªâ: ª®¦  ��-¬®¢ , ïª  ¥ ¬÷áâ¨âì e, ¬®-
¦¥ ¡ãâ¨ ¯®à®¤¦¥  £à ¬ â¨ª®î ã ®à¬ «ì÷© ä®à¬÷ �ãà®¤¨ (¤®¢¥¤¥ï
¤¨¢. [28]).

�à¨ª« ¤ 5.2. �®ª ¦¥¬® §¢¥¤¥ï £à ¬ â¨ª¨ § ¯à¨ª« ¤ã 5.1 ¤® ®à-
¬ «ì®ù ä®à¬¨ �ãà®¤¨, ¥ ¢ª §ãîç¨ § £ «ì¨©  «£®à¨â¬ â ª®£® §¢¥¤¥-
ï. �¢¥¤¥¬® ®¢÷ ¥â¥à¬÷ «ì÷ á¨¬¢®«¨ Ta, Tb ÷ Tc, § ¬÷¨¬® ã ¯à ¢÷©
ç áâ¨÷ ª®¦®ù ¯à®¤ãªæ÷ù ¢á÷ ¢å®¤¦¥ï a   Ta, b   Tb ÷ c   Tc â 
¤®¤ ¬® ¤® ¬®¦¨¨ P ¯à®¤ãªæ÷ù Ta → a, Tb → b ÷ Tc → c. �âà¨¬ãõ¬®
¥ª¢÷¢ «¥âã £à ¬ â¨ªã ¡¥§ â¥à¬÷ «ì¨å á¨¬¢®«÷¢ ã ¯à ¢¨å ç áâ¨ å
¯à®¤ãªæ÷©, ®ªà÷¬ Ta → a, Tb → b ÷ Tc → c:

⟨{S,B,C, Ta, Tb, Tc}, {a, b, c}, {S → TaSBC|TaBC,CB → BC, TaB → TaTb,

TbB → TbTb, TbC → TbTc, TcC → TcTc, Ta → a, Tb → b, Tc → c}, S⟩.

� «÷ ¤¢÷ ¯à®¤ãªæ÷ù S → TaSBC ÷ S → TaBC ¥¤®§¢®«¥®£® ¢¨£«ï¤ã § -
¬÷¨¬® ç®â¨à¬  ¯à®¤ãªæ÷ï¬¨

S → TaD1, D1 → SD2, D2 → BC, S → TaD2,

®âà¨¬ãîç¨ â ª¨¬ ç¨®¬ £à ¬ â¨ªã

⟨{S,B,C, Ta, Tb, Tc, D1, D2}, {a, b, c}, {S → TaD1|TaD2,

D1 → SD2, D2 → BC,CB → BC, TaB → TaTb, TbB → TbTb,

TbC → TbTc, TcC → TcTc, Ta → a, Tb → b, Tc → c}, S⟩.

5.2. �÷÷©® ®¡¬¥¦¥÷ ¬ è¨¨ �ìîà÷£ 

�÷÷©® ®¡¬¥¦¥÷ ¬ è¨¨ �ìîà÷£  (÷è¨© â¥à¬÷ «÷÷©® ®¡¬¥¦¥-
÷  ¢â®¬ â¨) ¯®à÷¢ï® § ¬ è¨ ¬¨ �ìîà÷£  (¤¨¢. ¯÷¤à®§¤. 2.1) ¬ îâì
®¡¬¥¦¥ï   ¤®¢¦¨ã áâà÷çª¨: ä ªâ¨ç® ¬®¦  ¢¨ª®à¨áâ®¢ã¢ â¨ «¨-
è¥ âã ç áâ¨ã áâà÷çª¨, ïª  § ©ïâ  ¢å÷¤¨¬ á«®¢®¬. � £ ¤ õ¬®: à®¡®-
ç¨¬  «ä ¢÷â®¬ X  §¨¢ îâì ¬®¦¨ã â¨å á¨¬¢®«÷¢, ïª÷ ¬®¦ãâì ¬÷áâ¨â¨
ª®¬÷àª¨ áâà÷çª¨,   ¢å÷¤¥ á«®¢® áª« ¤ õâìáï ÷§ á¨¬¢®«÷¢ §®¢÷èì®£®  «-
ä ¢÷âã T ⊂ X.
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�§ ç¥ï 5.3. � è¨ã �ìîà÷£ M = ⟨Q,X, T,Λ,∆, I, F ⟩ (¢§ £ «÷
ª ¦ãç¨, ¥¤¥â¥à¬÷®¢ ã)  §¨¢ îâì «÷÷©® ®¡¬¥¦¥®î, ïªé® á¨áâ¥¬ 
ª®¬ ¤ ¥ ¬÷áâ¨âì ¦®¤®ù ª®¬ ¤¨ ¢¨£«ï¤ã ((q1,Λ), (q2, a, d)), ¤¥ a ̸= Λ,
d ∈ {l, r, s}.

�®ªà¥¬ , ¬ è¨  �ìîà÷£  § ¯à¨ª« ¤ã 2.3 ¥ õ «÷÷©® ®¡¬¥¦¥®î.

� ã¢ ¦¥ï 5.4. ö®¤÷ ¢ «÷â¥à âãà÷ «÷÷©ã ®¡¬¥¦¥÷áâì ¬ è¨¨ �ìî-
à÷£  ¢¨§ ç îâì §  ¤®¯®¬®£®î ¬ àª¥à÷¢ (¤¨¢.,  ¯à¨ª« ¤, [10]). �å÷¤¥
á«®¢® ®¡¬¥¦ãîâì §«÷¢  â  á¯à ¢  ¬ àª¥à®¬ { á¨¬¢®«®¬ ý#þ,   ªãàá®à
¬ è¨¨ �ìîà÷£  ⟨Q,X, T,Λ,#,∆, I, F ⟩ ã ¯à®æ¥á÷ à®¡®â¨ ¥ ¢¨å®¤¨âì § 
¬¥¦÷, ¢¨§ ç¥÷ ¬ àª¥à ¬¨. � ª®¦ õ ¢ à÷ â ®¡¬¥¦¥ï ¢å÷¤®£® á«®-
¢  §«÷¢  ¬ àª¥à®¬ ý#lþ,   á¯à ¢  { ý#rþ, â®¤÷ ¬ è¨ã �ìîà÷£  ¬®¦ 
§ ¯¨á â¨ ã ¢¨£«ï¤÷ ⟨Q,X, T,Λ,#l,#r,∆, I, F ⟩ (¤¨¢.,  ¯à¨ª« ¤, [29]).

� ã¢ ¦¥ï 5.5. �÷÷©  ®¡¬¥¦¥÷áâì ¬ è¨¨ M ¥ª¢÷¢ «¥â  ÷áã-
¢ î ¤¥ïª®ù ª®áâ â¨ k = k(M) ∈ N, ïª  § «¥¦¨âì «¨è¥ ¢÷¤ ¬ è¨¨
M â  ¥ § «¥¦¨âì ¢÷¤ ¢å÷¤®£® á«®¢  w, â ª®ù, é® ¬ è¨  ¬®¦¥ ¢¨ª®-
à¨áâ®¢ã¢ â¨ «¨è¥ k|w| ª®¬÷à®ª áâà÷çª¨. � ªã ¬ è¨ã ¬®¦  à®§£«ï¤ â¨
¢ ª®â¥ªáâ÷ ®§ ç¥ï 5.3, à®§è¨àîîç¨  «ä ¢÷â:  ¯à¨ª« ¤, ã ¢¨¯ ¤ªã
k = 2 â  à®¡®ç®¬ã  «ä ¢÷â÷ {a, b,Λ} ¬®¦  ¯¥à¥©â¨ ¤® à®¡®ç®£®  «ä -
¢÷âã {tΛΛ, tΛa, tΛb, taΛ, taa, tab, tbΛ, tba, tbb} © ¬®¤¨ä÷ªã¢ â¨ ¬®¦¨ã áâ ÷¢
÷ ª®¬ ¤ ¤«ï ¬®¤¥«î¢ ï ªãàá®à .

� ¦ãâì, é® ¬ è¨  M ¤®¯ãáª õ (á¯à¨©¬ õ) á«®¢® w ∈ T+, ïªé®
(ε, q0, w) *

M⊢ (Λk, q,Λm) ¤«ï ¤¥ïª®£® ¯®ç âª®¢®£® áâ ã q0 ∈ I, ¤¥ïª®£®
§ ª«îç®£® áâ ã q ∈ F , k > 0, m > 0 (¤¨¢. â ª®¦ ®§ ç¥ï 2.5).
�®¦¨ã á«÷¢ w ∈ T+, ïªã ¤®¯ãáª õ ¬ è¨  M ,  §¨¢ îâì ¬®¢®î, ïªã
¤®¯ãáª õ (á¯à¨©¬ õ)M . �¢ ¦ â¨¬¥¬® §  ¢¨§ ç¥ï¬ é® ¯®à®¦õ á«®¢®
w = ε ¥ ¬®¦¥ á¯à¨©¬ â¨áï «÷÷©® ®¡¬¥¦¥®î ¬ è¨®î �ìîà÷£ .

�à¨ª« ¤ 5.3. � ¢¥¤¥¬® ¤¥â¥à¬÷®¢ ã «÷÷©® ®¡¬¥¦¥ã ¬ è¨ã
�ìîà÷£  ⟨Q,X, T,Λ,∆, {q0}, {qa}⟩, ïª  ¤®¯ãáª õ ¬®¢ã {anbncn : n ∈ N}.
�¥å © Q = {q0, q1, q2, q3, q4, qa}, X = {a, b, c,Λ}, T = {a, b, c}, ¬®¦¨  ∆
¬÷áâ¨âì â ª÷ ¯¥à¥å®¤¨:

((q0, a), (q1, ∗, r)), ((q1, a), (q1, a, r)), ((q1, b), (q2, ∗, r)), ((q1, ∗), (q1, ∗, r)),
((q2, b), (q2, b, r)), ((q2, c), (q3, ∗, l)), ((q2, ∗), (q2, ∗, r)), ((q3, b), (q3, b, l)),

((q3, ∗), (q3, ∗, l)), ((q3, a), (q1, ∗, r)), ((q3,Λ), (q4,Λ, r)), ((q4, ∗), (q4,Λ, r)),
((q4,Λ), (qa,Λ, l)).
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� â¥à¬÷ å ¥ä®à¬ «ì®£® ¢¨§ ç¥ï æï ¬ è¨  §ã¯¨ïõâìáï ¢ § -
ª«îç®¬ã áâ ÷ qa § ®ç¨é¥ï¬ áâà÷çª¨ ¤«ï ¢å÷¤¨å á«÷¢ w ∈ L. � -
ã¢ ¦¨¬®, é® ¬ è¨¨ �ìîà÷£  § ¯à¨ª« ¤÷¢ 2.4 â  2.5 â ª®¦ «÷÷©® ®¡-
¬¥¦¥÷,  «¥ ¢®¨ ¤®¯ãáª îâì ¯®à®¦õ á«®¢®,   ¢÷¤¬÷ã ¢÷¤ æ÷õù ¬ è¨¨.

�¥®à¥¬  5.2. �«ï ¤®¢÷«ì®ù ª®â¥ªáâ®-§ «¥¦®ù ä®à¬ «ì®ù ¬®¢¨
L ÷áãõ (¢§ £ «÷ ª ¦ãç¨, ¥¤¥â¥à¬÷®¢  ) «÷÷©® ®¡¬¥¦¥  ¬ è¨ 
�ìîà÷£  M , ïª  ¤®¯ãáª õ ¬®¢ã L.

�®¢¥¤¥ï. �¥å © ¬®¢  L = L[G] ¯®à®¤¦¥  ª®â¥ªáâ®-§ «¥¦®î,
  ®â¦¥, ¥¢ª®à®çã¢ «ì®î £à ¬ â¨ª®î G = ⟨V, T, P, S⟩. �¥å © ý∗þ {
¤¥ïª¨© á¨¬¢®«, ïª¨© ¥ ¬÷áâ¨âìáï ã ¬®¦¨ å T â  V . �«ï ª®¦®ù ¯à®-
¤ãªæ÷ù pj = (a1a2 . . . am → b1b2 . . . bn) ∈ P (n > m > 1) ¢¢¥¤¥¬® ¯¥à¥å®¤¨,
ïª÷ § ¬÷îîâì ®¤¥ ÷§ ¢å®¤¦¥ì á«®¢  b1b2 . . . bn   a1a2 . . . am∗n−m:

((q0, b1), (q
2
j , a1, r)),

((qkj , bk), (q
k+1
j , ak, r)) (2 6 k 6 m),

((qkj , bk), (q
k+1
j , ∗, r)) (m+ 1 6 k 6 n− 1),

((qnj , bn), (q0, ∗, s));

ã ¢¨¯ ¤ªã n = m > 2 ¢¢¥¤¥¬® ¯¥à¥å®¤¨:

((q0, b1), (q
2
j , a1, r)),

((qkj , bk), (q
k+1
j , ak, r)) (2 6 k 6 n− 1),

((qnj , bn), (q0, an, s));

ã ¢¨¯ ¤ªã m = n = 1  ¢¥¤¥÷ ¯¥à¥å®¤¨ § ¬÷îîâìáï   ®¤¨ ¯¥à¥-
å÷¤ ((q0, b1), (q0, a1, s)). � ª®¦ ¢¢¥¤¥¬® ª®¬ ¤¨ ¯¥à¥áã¢ ï ªãàá®à , ïª÷
§ ¡¥§¯¥çãîâì ý÷£®àã¢ ïþ ¬ è¨®î á¨¬¢®«÷¢ ý∗þ: ((qkj , ∗), (qkj , ∗, r))
(2 6 k 6 n− 1). �ª ÷ ¯à¨ ¤®¢¥¤¥÷ â¥®à¥¬¨ 5.1 § § ç¨¬®, é® ¯à®¤ãªæ÷ï
ε → ε ¥¢ª®à®çã¢ «ì®ù £à ¬ â¨ª¨ G ¥ §¬÷îõ ¬®¢ã, ¯®à®¤¦¥ã G,  
¯à®¤ãªæ÷î ε → b (|b| > 1) ¬®¦  § ¬÷¨â¨ §£÷¤® ÷§ § ã¢ ¦¥ï¬ 1.5.

� «÷ ¢¢¥¤¥¬® ª®¬ ¤¨ ¯¥à¥áã¢ ï ªãàá®à , ïª÷ § ¡¥§¯¥çãîâì ¯®èãª
¤¥ïª®£® á«®¢  b1b2 . . . bn ¤«ï  áâã¯®ù ©®£® § ¬÷¨   a1a2 . . . am∗n−m:
((q0, x), (q0, x, l)), ((q0, x), (q0, x, r)) (x ∈ T ∪ V ∪ {∗}).

� à¥èâ÷, ¢¢¥¤¥¬® ª®¬ ¤¨ ®ç¨é¥ï áâà÷çª¨ â  ¯¥à¥å®¤ã ¬ è¨¨
�ìîà÷£  ã áâ  ¤®¯ãáªã qa, ïªé®   áâà÷çæ÷  ï¢÷ «¨è¥ á¨¬¢®«¨ ý∗þ
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â  ®¤¨ á¨¬¢®« S (¤¦¥à¥«® £à ¬ â¨ª¨):

((q0, S), (p1, ∗, r)), ((p1, ∗), (p1, ∗, r)), ((p1,Λ), (p2,Λ, l)),

((p2, ∗), (p2,Λ, l)), ((p2,Λ), (qa,Λ, r)).

�¥£ª® §à®§ã¬÷â¨, é® ¬ è¨  �ìîà÷£  §  ¢¥¤¥®î á¨áâ¥¬®î ª®¬ ¤
á¯à¨©¬ õ â÷ © â÷«ìª¨ â÷ á«®¢ , ïª÷ ¯®à®¤¦ãîâìáï ¯à®¤ãªæ÷ï¬¨ £à ¬ â¨ª¨
G, ®áª÷«ìª¨ ¤«ï á¯à¨©ïââï á«®¢  ¬ õ ÷áã¢ â¨ å®ç  ¡ ®¤  ¯®á«÷¤®¢÷áâì
ª®¬ ¤, ïª  ¯¥à¥¢®¤¨âì ¬ è¨ã �ìîà÷£  ã áâ  ¤®¯ãáªã qa â  ®ç¨éãõ
áâà÷çªã. �ï ¬ è¨  «÷÷©® ®¡¬¥¦¥  â  ¥¤¥â¥à¬÷®¢  .

�¥®à¥¬  5.3. �¥å © ä®à¬ «ìã ¬®¢ã L, é® ¥ ¬÷áâ¨âì ¯®à®¦ì®£®
á«®¢ , ¤®¯ãáª õ ¤¥ïª  «÷÷©® ®¡¬¥¦¥  ¬ è¨  �ìîà÷£  M . �®¤÷ ÷áãõ
ª®â¥ªáâ®-§ «¥¦  ä®à¬ «ì  £à ¬ â¨ª , ïª  ¯®à®¤¦ãõ ¬®¢ã L.

�®¢¥¤¥ï. �¥å © M = ⟨Q,X, T,Λ,∆, I, F ⟩ ¬ õ «¨è¥ ®¤¨ § ª«îç-
¨© áâ : F = {qa}. � ÷è¨å ¢¨¯ ¤ª å ¢¢®¤¨¬® ®¢¨© áâ  q̃a /∈ Q â 
à®§£«ï¤ õ¬® ¬ è¨ã

⟨Q ∪ {q̃a}, X, T,Λ,∆ ∪ {((q, a), (q̃a, a, s)) : q ∈ F, a ∈ X}, I, {q̃a}⟩.
�®¡ã¤ãõ¬® ¥¢ª®à®çã¢ «ìã £à ¬ â¨ªã G = ⟨V, T, P, S⟩. �÷§ì¬¥¬® ¬®-
¦¨ã ¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢ V = {Aa,q : a ∈ X, q ∈ Q} ∪ (X \ T ),
¤¥ á¨¬¢®« Aa,q ¢÷¤¯®¢÷¤ õ ¯®â®ç®¬ã á¨¬¢®«ã a â  ¯®â®ç®¬ã áâ ã q
¬ è¨¨. �¥å © ¤¦¥à¥«® S = AΛ,qa . �®¦¨  ¯à®¤ãªæ÷© P ¬÷áâ¨âì:

1) ¯à®¤ãªæ÷ù AΛ,qa → AΛ,qaΛ|ΛAΛ,qa ;
2) ¯à®¤ãªæ÷î a2Ab,q → Aa1,pb ¤«ï ª®¦®£® á¨¬¢®«  b ∈ X â  ª®¦®£®

¯¥à¥å®¤ã ((p, a1), (q, a2, r)) ∈ ∆;
3) ¯à®¤ãªæ÷î Ab,qa2 → bAa1,p ¤«ï ª®¦®£® á¨¬¢®«  b ∈ X â  ª®¦®£®

¯¥à¥å®¤ã ((p, a1), (q, a2, l)) ∈ ∆;
4) ¯à®¤ãªæ÷î Aa2,q →Aa1,p ¤«ï ª®¦®£® ¯¥à¥å®¤ã ((p, a1),(q, a2, s))∈∆;
5) ¯à®¤ãªæ÷ù Aa,q → a ¤«ï ª®¦®£® á¨¬¢®«  a ∈ T â  ª®¦®£® áâ ã

q ∈ I.
�¥£ª® ¯¥à¥¢÷à¨â¨, é® ÷§ ¤¦¥à¥«  AΛ,qa , ïª¥ ¢÷¤¯®¢÷¤ õ § ª«îç®¬ã

áâ ã qa ¬ è¨¨ M , § áâ®áã¢ ï¬  ¢¥¤¥¨å ¯à®¤ãªæ÷© ¬®¦  ®âà¨¬ -
â¨ á«®¢® w ∈ T+ (¢å÷¤¥ á«®¢®   ¯®ç âªã à®¡®â¨ ¬ è¨¨) â®¤÷ © â÷«ìª¨
â®¤÷, ª®«¨ ¬ è¨  ¤®¯ãáª õ á«®¢® w ∈ T+.

� à¥èâ÷, ¤«ï £à ¬ â¨ª¨G §  â¥®à¥¬®î 5.1 ÷áãõ ¥ª¢÷¢ «¥â  ��-£à -
¬ â¨ª . � ã¢ ¦¨¬®, é® ¢ § £ «ì®¬ã ¢¨¯ ¤ªã £à ¬ â¨ªã G ¬®¦  á¯à®-
áâ¨â¨, ¯à¨¡à ¢è¨ â÷ á¨¬¢®«¨ Aa,q â  ¯à®¤ãªæ÷ù, ïª÷ ¥ ¢¨ª®à¨áâ®¢ãîâìáï.
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�à¨ª« ¤ 5.4. �«ï «÷÷©® ®¡¬¥¦¥®ù ¬ è¨¨ �ìîà÷£ 

⟨{q0, q1, qa}, {a, b,Λ}, {a, b},Λ, {((q0, a), (q1,Λ, r)),
((q1, a), (q1,Λ, r)), ((q1,Λ), (qa,Λ, l))}, {q0}, {qa}⟩,

ïª  ¤®¯ãáª õ à¥£ã«ïàã ¬®¢ã L = {an : n ∈ N}, ¯®¡ã¤ãõ¬® ¥¢ª®à®çã¢ «ì-
ã £à ¬ â¨ªã, ïª  ¯®à®¤¦ãõ ¬®¢ã L, ¢¨ª®à¨áâ®¢ãîç¨ ¬¥â®¤ ÷§ ¤®¢¥¤¥ï
â¥®à¥¬¨ 5.3. �®¦¨  ¥â¥à¬÷ «ì¨å á¨¬¢®«÷¢

V = {AΛ,q0 , AΛ,q1 , AΛ,qa , Aa,q0 , Aa,q1 , Aa,qa , Ab,q0 , Ab,q1 , Ab,qa ,Λ},

¤¦¥à¥«® S = AΛ,qa . �®¦¨  ¯à®¤ãªæ÷© P ¬÷áâ¨âì:
1) ¯à®¤ãªæ÷ù AΛ,qa → AΛ,qaΛ|ΛAΛ,qa ;
2) ¯à®¤ãªæ÷ù ΛAΛ,q1 → Aa,q0Λ, ΛAa,q1 → Aa,q0a, ΛAb,q1 → Aa,q0b ¤«ï

¯¥à¥å®¤ã ((q0, a), (q1,Λ, r)) â  ¯à®¤ãªæ÷ù ΛAΛ,q1 → Aa,q1Λ, ΛAa,q1 → Aa,q1a,
ΛAb,q1 → Aa,q1b ¤«ï ¯¥à¥å®¤ã ((q1, a), (q1,Λ, r));

3) ¯à®¤ãªæ÷ù AΛ,qaΛ → ΛAΛ,q1 , Aa,qaΛ → aAΛ,q1 , Ab,qaΛ → bAΛ,q1 ¤«ï
¯¥à¥å®¤ã ((q1,Λ), (qa,Λ, l));

4) ¢÷¤¯®¢÷¤¨å ¯¥à¥å®¤÷¢ ¥¬ õ;
5) ¯à®¤ãªæ÷ù Aa,q0 → a, Ab,q0 → b.
�¯à ¢  5.2. �¥à¥ª® â¨áì, é® £à ¬ â¨ª  § ¯à¨ª« ¤ã 5.4 á¯à ¢¤÷

¯®à®¤¦ãõ ¬®¢ã L, ¯®¡ã¤ã¢ ¢è¨ ¤«ï æì®£® áå¥¬ã ¢¨¢¥¤¥ï (¤¨¢. ¯à¨-
ª« ¤ 1.13). �¯à®áâ¨â¨  ¢¥¤¥ã £à ¬ â¨ªã, ¯à¨¡à ¢è¨ ¥â¥à¬÷ «ì÷
á¨¬¢®«¨ â  ¯à®¤ãªæ÷ù, ïª÷ ¥ ¢¨ª®à¨áâ®¢ãîâìáï.

�¯à ¢  5.3. �®¡ã¤ã¢ â¨ «÷÷©® ®¡¬¥¦¥÷ ¬ è¨¨ �ìîà÷£  ¤«ï
ä®à¬ «ì¨å ¬®¢ ÷§ ¯à¨ª« ¤÷¢ 4.25, 4.26 (¤¨¢. â ª®¦ ¢¯à ¢ã 5.1).

�¯à ¢  5.4. �®¢¥áâ¨,é®ä®à¬ «ì  ¬®¢  L = {aq : q { ¯à®áâ¥ ç¨á«®}
ª®â¥ªáâ®-§ «¥¦ , ¯®¡ã¤ã¢ ¢è¨ ¢÷¤¯®¢÷¤ã «÷÷©® ®¡¬¥¦¥ã ¬ è¨ã
�ìîà÷£  M (¤¨¢. â ª®¦ ¯à¨ª« ¤ 3.49 â  § ã¢ ¦¥ï 4.17).

�ª §÷¢ª . �®¡®ç¨©  «ä ¢÷â {|,Λ} ¬ è¨¨ M ¢÷¤¯®¢÷¤® ¤® § ã¢ ¦¥-

ï 5.5 à®§è¨à¨â¨ ¤® à®¡®ç®£®  «ä ¢÷âã {|, |̃, |̂,Λ}. � è¨  M ¯®¢¨ 
¢¨ª®ã¢ â¨ â ª÷ ¤÷ù:

1) ¯®ª« áâ¨ k = 2 â  § ¬÷¨â¨ ¯¥àè÷ k á¨¬¢®«÷¢ |   á¨¬¢®« |̂;
2) ¯¥à¥¢÷à¨â¨, ç¨ ¤÷«¨âìáï q   k, § ¬÷îîç¨  áâã¯÷ á¨¬¢®«¨ |  

á¨¬¢®«¨ |̃;
3) ã à §÷, ïªé® q ¥ ¤÷«¨âìáï   k, § ¬÷¨â¨ k+1-© á¨¬¢®«   á¨¬¢®« |̂,

§¡÷«ìè¨â¨ k   1 â  ¯¥à¥©â¨ ¤® ¯. 2.
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� ¯¨â ï â  § ¢¤ ï ¤«ï á ¬®ª®âà®«î

�¯à ¢  5.5. �®¢¥áâ¨, é® ä®à¬ «ì  ¬®¢  L = {am2
: m > 1}

ª®â¥ªáâ®-§ «¥¦ , ¯®¡ã¤ã¢ ¢è¨ ¢÷¤¯®¢÷¤ã «÷÷©® ®¡¬¥¦¥ã ¬ è¨ã
�ìîà÷£  (¤¨¢. â ª®¦ ¯à¨ª« ¤ 3.50 â  § ã¢ ¦¥ï 4.17).

� ¯¨â ï â  § ¢¤ ï

¤«ï á ¬®ª®âà®«î

1. � ¢¥áâ¨ ®§ ç¥ï ª®â¥ªáâ®-§ «¥¦®ù ä®à¬ «ì®ù £à ¬ â¨ª¨ â 
ª®â¥ªáâ®-§ «¥¦®ù ä®à¬ «ì®ù ¬®¢¨.

2. �¨ õ ¤®¢÷«ì  ��-£à ¬ â¨ª  ª®â¥ªáâ®-§ «¥¦®î?
3. � ¢¥áâ¨ ®§ ç¥ï ¥¢ª®à®çã¢ «ì®ù £à ¬ â¨ª¨.
4. � ¢¥áâ¨ áå¥¬ã ¯®¡ã¤®¢¨ ��-£à ¬ â¨ª¨, ïª  ¥ª¢÷¢ «¥â  ¥¢ª®à®-

çã¢ «ì÷© £à ¬ â¨æ÷.
5. � ¢¥áâ¨ ®§ ç¥ï ®à¬ «ì®ù ä®à¬¨ �ãà®¤¨.
6. �ä®à¬ã«î¢ â¨ ¢« áâ¨¢®áâ÷ § ¬ª¥®áâ÷ ª« áã ��-¬®¢,  ¢¥áâ¨ ¬¥-

â®¤¨ ¯®¡ã¤®¢¨ ¢÷¤¯®¢÷¤¨å £à ¬ â¨ª.
7. �¨ ãâ¢®àîõ ¬®¦¨  ª®â¥ªáâ®-§ «¥¦¨å ä®à¬ «ì¨å ¬®¢  «-

£¥¡àã ¬®¦¨?
8. � ¢¥áâ¨ ®§ ç¥ï «÷÷©® ®¡¬¥¦¥®ù ¬ è¨¨ �ìîà÷£ .
9. � ¢¥áâ¨ áå¥¬ã ¯®¡ã¤®¢¨ «÷÷©® ®¡¬¥¦¥®ù ¬ è¨¨ �ìîà÷£ , ïª 

¤®¯ãáª õ ��-¬®¢ã.
10. � ¢¥áâ¨ áå¥¬ã ¯®¡ã¤®¢¨ ��-£à ¬ â¨ª¨, é® ¯®à®¤¦ãõ ¬®¢ã, ïªã

¤®¯ãáª õ «÷÷©® ®¡¬¥¦¥  ¬ è¨  �ìîà÷£ .
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�¯¨á®ª «÷â¥à âãà¨

1. Chomsky N. Three models for the description of language / N. Chom-
sky // IEEE Transactions on Information Theory. { 1956. { Vol. 2:3. {
P. 113{124.

2. Chomsky N. Syntactic structures / N. Chomsky. { Berlin, New York :
Motion and Co., The Hague, 1957. { 117 p.

3. Chomsky N. On Certain Formal Properties of Grammars / N. Chomsky //
Information And Control. { 1959. { Vol. 2:2. { P. 137{167.

4. �å® �. �¥®à¨ï á¨â ªá¨ç¥áª®£®   «¨§ , ¯¥à¥¢®¤  ¨ ª®¬¯¨«ïæ¨¨. �. 1:
�¨â ªá¨ç¥áª¨©   «¨§ / �. �å®, �¦. �«ì¬ . { �. : �¨à, 1978. {
612 á.

5. �¥âãá �. �. �®â¥ªáâ®-á¢®¡®¤ë¥ ï§ëª¨. �¡. § ¤ ç / �. �. �¥âãá,
�. �. �¥âãá. { �. : ����, 2016. { 75 á. { ISBN 978-5-7281-2012-4.

6. �¥âãá �. �. �®¥çë¥  ¢â®¬ âë ¨ à¥£ã«ïàë¥ ¢ëà ¦¥¨ï. �¡. § -
¤ ç / �. �. �¥âãá, �. �. �¥âãá. { �. : �§¤-¢® ¯®¯¥ç¨â¥«ìáª®£® á®¢¥â 
¬¥å .-¬ â. ä-â  ���, 2015. { 72 á. { 100 íª§.

7. �ãª �. �®¬¯ìîâ¥à ï ¬ â¥¬ â¨ª  / �. �ãª, �. �¥©§. { �. : � ãª ,
1990. { 384 á. { 23 000 íª§. { ISBN 5-02-014216-6.

8. �®¢¨ª®¢ �. �¨áªà¥â ï ¬ â¥¬ â¨ª  ¤«ï ¯à®£à ¬¬¨áâ®¢ / �. �®¢¨-
ª®¢. { ��¡. : �¨â¥à, 2000. { 304 á. { 5000 íª§. { ISBN 5-272-0183-4.

9. �¥âãá �. �. �¥®à¨ï ä®à¬ «ìëå ï§ëª®¢ / �. �. �¥âãá, �. �. �¥-
âãá. { �. : �§¤-¢® �¥âà  ¯à¨ª« ¤. ¨áá«¥¤. ¯à¨ ¬¥å .-¬ â. ä-â¥ ���,
2004. { 80 á. { 100 íª§.

10. �à®áá �. �¥®à¨ï ä®à¬ «ìëå £à ¬¬ â¨ª / �. �à®áá, �. � â¥. {
�. : �¨à, 1971. { 294 á.

11. �¥©ã®à¤-�¬¨â �. �¦. �¥®à¨ï ä®à¬ «ìëå ï§ëª®¢. �¢®¤ë© ªãàá /
�. �¦. �¥©ã®à¤-�¬¨â. { �. : � ¤¨® ¨ á¢ï§ì, 1988. { 128 á. { 30 000 íª§.
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12. �é¥ª® �. �. �«£®à¨â¬÷ç÷  «£¥¡à¨ / �. �. �é¥ª®, �. �. �ãà¦ª®,
�. �. �¥©â«÷, �. ö. �¥¢ç¥ª® . { �¨ù¢ : ö���, 1997. { 480 á. { 500 ¥ª§. {
ISBN 5-7763-9094-X.

13. Hopcroft John E. Formal languages and their relation to automata /
John E. Hopcroft, Je�rey D. Ullman. { Reading, Massachusetts : Addison-
Wesley Publishing Company, 1969. { 242 p.

14. �®¯ªà®äâ �¦® �. �¢¥¤¥¨¥ ¢ â¥®à¨î  ¢â®¬ â®¢, ï§ëª®¢ ¨ ¢ëç¨á«¥-
¨© / �¦® �. �®¯ªà®äâ, � ¤¦¨¢ �®â¢ ¨, �¦¥ääà¨ �. �«ì¬ . {
�. : �§¤. ¤®¬ ý�¨«ìï¬áþ, 2002. { 528 á. { 3500 íª§. { ISBN 5-8459-
0261-4.

15. �¨åâ à¨ª®¢ �. �. � â¥¬ â¨ç¥áª ï «®£¨ª . �ãàá «¥ªæ¨©. � ¤ ç¨ª-
¯à ªâ¨ªã¬ ¨ à¥è¥¨ï / �. �. �¨åâ à¨ª®¢, �. �. �ãª ç¥¢ . { ��¡. :
�§¤-¢® ý� ìþ, 1999. { 288 á. { 3000 íª§. { ISBN 5-8114-0082-9.

16. �÷ª÷âç¥ª® �. �. � â¥¬ â¨ç  «®£÷ª  â  â¥®à÷ï  «£®à¨â¬÷¢ /
�. �. �÷ª÷âç¥ª®, �. �. �ª÷«ìïª. { �¨ù¢ : ��� �¨ù¢. ã-â, 2008. {
528 á. { ISBN 966-439-007-0.

17. �ª÷«ìïª �. �. �¥®à÷ï  «£®à¨â¬÷¢. �à¨ª« ¤¨ © § ¤ ç÷ :  ¢ç. ¯®á÷¡. /
�. �. �ª÷«ìïª. { �¨ù¢ : ��� �¨ù¢. ã-â, 2012. { 151 á.

18. �÷ª÷âç¥ª® �. �. �¥®à÷ï  «£®à¨â¬÷¢ / �. �. �÷ª÷âç¥ª®, �. �. �ª÷«ì-
ïª, �. �. �ª÷«ìïª. { �¨ù¢ : ��� �¨ù¢. ã-â, 2015. { 239 á.

19. �¥®à÷ï æ¨äà®¢¨å  ¢â®¬ â÷¢ â  ä®à¬ «ì¨å ¬®¢. �áâã¯¨© ªãàá :
 ¢ç. ¯®á÷¡. / �. �. � ¢à¨«¥ª®, �. �. �«¨¬¥ª®, �. �. �î¡ç¥ª®
â  ÷. { � àª÷¢ : ��� ý��öþ, 2011. { 176 á.

20. Brzozowski J. A. Canonical regular expressions and minimal state graphs
for de�nite events / J.A. Brzozowski // Mathematical theory of automa-
ta, MRI Symposia Series, Polytechnic Institute of Brooklyn. { 1962. {
Vol. 12. { P. 529{561.

21. �¨èª®¢ �. �. �¨¨¬¨§ æ¨ï ª®¥çëå  ¢â®¬ â®¢ / �. �. �¨èª®¢ //
Kybernetika. { 1972. { �. 8. { �ë¯. 4. { �. 297{316.

22. �£«®¬ �. �. �ã«¥¢  áâàãªâãà  ¨ ¥¥ ¬®¤¥«¨ / �. �. �£«®¬. { �. :
�®¢. à ¤¨®, 1980. { 192 á. { 25 000 íª§.

23. �¨§¡ãà£ �. � â¥¬ â¨ç¥áª ï â¥®à¨ï ª®â¥ªáâ®-á¢®¡®¤ëå ï§ëª®¢ /
�. �¨§¡ãà£. { �. : �¨à, 1970. { 326 á.

24. �®¯à®îª �. �. �¨áâ¥¬¥ ¯à®£à ¬ã¢ ï. � 2-å ç. �. ö. �«¥¬¥â¨
â¥®à÷ù ä®à¬ «ì¨å ¬®¢ :  ¢ç. ¯®á÷¡. / �. �. �®¯à®îª. { �¥à÷¢æ÷ :
���, 2008. { 84 á.
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25. �¥âãá �. �. � â¥¬ â¨ç¥áª ï â¥®à¨ï ä®à¬ «ìëå ï§ëª®¢ : ãç¥¡.
¯®á®¡¨¥ / �. �. �¥âãá, �. �. �¥âãá. { �. : �â¥à¥â-ã-â ¨ä®à¬ -
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27. � å à÷ï �. �. �®à¬ «ì÷ ¬®¢¨, £à ¬ â¨ª¨ â   ¢â®¬ â¨ / �. �. � å -
à÷ï, �. �. � ïæì. { �ì¢÷¢ : �¨¤-¢® �ì¢÷¢áìª. ¯®«÷â¥å., 2016. { 196 á. {
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28. Revesz G. E. Introduction to formal languages / G. E. Revesz. { Dover
Publications, Inc. : Mineola, New York, 2015. { 208 p.
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�®ª ¦ç¨ª â¥à¬÷÷¢

e-¯¥à¥å÷¤ 50, 123
e-¯à®¤ãªæ÷ï 12

�¢â®¬ â § ¬ £ §¨®î ¯ ¬'ïââî 122, 123
Ä «÷÷©® ®¡¬¥¦¥¨© ¤¨¢. � è¨  �ìî-

à÷£  «÷÷©® ®¡¬¥¦¥ 
Ä ¬ £ §¨¨© ¤¨¢. �¢â®¬ â § ¬ £ §¨-

®î ¯ ¬'ïââî
Ä Ä ¤¥â¥à¬÷®¢ ¨© 123
Ä Ä ¥¤¥â¥à¬÷®¢ ¨© 123
Ä áª÷ç¥¨© 38
Ä Ä ¤¥â¥à¬÷®¢ ¨© 36, 38
Ä Ä Ä ¬÷÷¬ «ì¨© 62
Ä Ä § e-¯¥à¥å®¤ ¬¨ 50
Ä Ä ¥¤¥â¥à¬÷®¢ ¨© 36
Ä Ä ã§ £ «ì¥¨© 99
Ä Ä ç áâª®¢¨© ¤¥â¥à¬÷®¢ ¨© 38
Ä áâ¥ª®¢¨© ¤¨¢. �¢â®¬ â § ¬ £ §¨®î

¯ ¬'ïââî
�¢â®¬ â¨ áª÷ç¥÷ ÷§®¬®àä÷ 71
�«£®à¨â¬ § ¯®¢¥ï â ¡«¨æ÷ 84
�«ä ¢÷â 7
Ä ��- ¢â®¬ â  ¢å÷¤¨© 122
Ä ¬ £ §¨®ù ¯ ¬'ïâ÷ 122
Ä ¬ è¨¨ �ìîà÷£  §®¢÷è÷© 21, 25
Ä Ä Ä à®¡®ç¨© 21, 25
Ä ¥â¥à¬÷ «ì¨© 9
Ä áâ¥ª®¢¨© ¤¨¢. �«ä ¢÷â ¬ £ §¨®ù

¯ ¬'ïâ÷
Ä â¥à¬÷ «ì¨© 9

�¨¢¥¤¥ï «÷¢®áâ®à®õ 108

Ä ¯à ¢®áâ®à®õ 108
Ä ã ä®à¬ «ì÷© £à ¬ â¨æ÷ 13
�¨à § à¥£ã«ïà¨© 97
�¨á®â  ÷â¥à æ÷ù à¥£ã«ïà®£® ¢¨à §ã 103
Ä Ä à¥£ã«ïà®ù ¬®¢¨ 103
�÷¤®è¥ï ¯¥à¥å®¤÷¢ áª÷ç¥®£®  ¢â®-

¬ â  38, 50
�÷¤®¡à ¦¥ï ¤§¥àª «ì¥ á«÷¢ ¤¨¢.

�¡¥àâ ï á«÷¢
Ä Ä ä®à¬ «ì®ù ¬®¢¨ ¤¨¢. �¡¥àâ ï

ä®à¬ «ì®ù ¬®¢¨

�à ¬ â¨ª  ä®à¬ «ì  13
Ä Ä ª®â¥ªáâ®-¢÷«ì  18
Ä Ä Ä ®¤®§ ç  109
Ä Ä ª®â¥ªáâ®-§ «¥¦  17
Ä Ä ¥¢ª®à®çã¢ «ì  153
Ä Ä ¯à ¢®«÷÷©  18
Ä Ä à¥£ã«ïà  18
Ä Ä â¨¯ã 0 17
Ä Ä â¨¯ã 1 ¤¨¢. �à ¬ â¨ª  ä®à¬ «ì 

ª®â¥ªáâ®-§ «¥¦ 
Ä Ä â¨¯ã 2 ¤¨¢. �à ¬ â¨ª  ä®à¬ «ì 

ª®â¥ªáâ®-¢÷«ì 
Ä Ä â¨¯ã 3 ¤¨¢. �à ¬ â¨ª  ä®à¬ «ì 

à¥£ã«ïà 

�¥à¥¢® ¢¨¢¥¤¥ï ¤¨¢. �¥à¥¢® à®§¡®àã
Ä à®§¡®àã 107
�¦¥à¥«® ä®à¬ «ì®ù £à ¬ â¨ª¨ 13
�®¢¦¨  á«®¢  7
�®áï¦÷áâì áâ ã áª÷ç¥®£®  ¢â®¬ â 

39
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�®ª ¦ç¨ª â¥à¬÷÷¢

�ª¢÷¢ «¥â÷áâì à¥£ã«ïà¨å ¢¨à §÷¢ 98
Ä á«÷¢ ¢÷¤®á® ¬®¢¨ 56
Ä Ä Ä áª÷ç¥®£®  ¢â®¬ â  57
Ä áâ ÷¢ áª÷ç¥®£®  ¢â®¬ â  64
Ä ä®à¬ «ì¨å £à ¬ â¨ª 14

� ¬¨ª ï �«÷÷ 10
�÷àª®¢  ¢¨á®â  à¥£ã«ïà®£® ¢¨à §ã ¤¨¢.

�¨á®â  ÷â¥à æ÷ù à¥£ã«ïà®£® ¢¨à §ã
Ä Ä à¥£ã«ïà®ù ¬®¢¨ ¤¨¢. �¨á®â  ÷â¥à -

æ÷ù à¥£ã«ïà®ù ¬®¢¨
�÷à®çª  �«÷÷ ¤¨¢. � ¬¨ª ï �«÷÷
�«¨ââï ¥ª¢÷¢ «¥â¨å áâ ÷¢ ¤¨¢. �¡'õ¤-

 ï ¥ª¢÷¢ «¥â¨å áâ ÷¢

öõà àå÷ï �®¬áìª®£® 17
ö§®¬®àä÷§¬  ¢â®¬ â÷¢ áª÷ç¥¨å 71
ö¤¥ªá ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷ 59

�®¬ ¤  ¬ è¨¨ �ìîà÷£  ¤¨¢. �¥à¥å÷¤
¬ è¨¨ �ìîà÷£ 

�®¬÷àª  ¯®â®ç  21, 35, 122
�®ª â¥ æ÷ï á«÷¢ 7
Ä ä®à¬ «ì¨å ¬®¢ 9
�®ä÷£ãà æ÷ï ��- ¢â®¬ â  124
Ä Ä âã¯¨ª®¢  124
Ä ¬ è¨¨ �ìîà÷£  26
Ä áª÷ç¥®£®  ¢â®¬ â  38, 50
Ä Ä Ä âã¯¨ª®¢  39

�¥¬  ¯à® à®§à®áâ ï ¤«ï ª®â¥ªáâ®-
¢÷«ì¨å ¬®¢ 146, 147

Ä Ä Ä Ä à¥£ã«ïà¨å ¬®¢ 91
�÷â¥à  ¤¨¢. �¨¬¢®«

� £ §¨ 122
� è¨  �ìîà÷£  21, 25
Ä Ä ¤¥â¥à¬÷®¢   23, 25
Ä Ä «÷÷©® ®¡¬¥¦¥  156, 157
Ä Ä ¥¤¥â¥à¬÷®¢   23
�®¢  �÷ª  113
Ä �ãª á¥¢¨ç  114
Ä ä®à¬ «ì  9
Ä Ä  ¢â®¬ â  37, 39
Ä Ä ª®â¥ªáâ®-¢÷«ì  19

Ä Ä Ä ®¤®§ ç  110
Ä Ä Ä áãââõ¢® ¥®¤®§ ç  110
Ä Ä ª®â¥ªáâ®-§ «¥¦  19
Ä Ä  ¯÷¢à®§¢'ï§  29
Ä Ä à¥£ã«ïà  19
Ä Ä à¥ªãàá¨¢  ¤¨¢. �®¢  ä®à¬ «ì 

à®§¢'ï§ 
Ä Ä à¥ªãàá¨¢® ¯¥à¥à å®¢  ¤¨¢. �®¢ 

ä®à¬ «ì   ¯÷¢à®§¢'ï§ 
Ä Ä à®§¢'ï§  28
Ä Ä â¨¯ã 1 ¤¨¢. �®¢  ä®à¬ «ì 

ª®â¥ªáâ®-§ «¥¦ 
Ä Ä â¨¯ã 2 ¤¨¢. �®¢  ä®à¬ «ì 

ª®â¥ªáâ®-¢÷«ì 
Ä Ä â¨¯ã 3 ¤¨¢. �®¢  ä®à¬ «ì  à¥£ã-

«ïà 
��- ¢â®¬ â ¤¨¢. �¢â®¬ â § ¬ £ §¨®î

¯ ¬'ïââî

�®â æ÷ï ¯®«ìáìª  115
Ä ¯à¥ä÷ªá  ¤¨¢. �®â æ÷ï ¯®«ìáìª 

�¡'õ¤ ï ¥ª¢÷¢ «¥â¨å áâ ÷¢ 71
�¡¥àâ ï á«÷¢ 11
Ä ä®à¬ «ì®ù ¬®¢¨ 11

�¥à¥å÷¤ ��- ¢â®¬ â  123, 124
Ä ¬ è¨¨ �ìîà÷£  22, 25
Ä áª÷ç¥®£®  ¢â®¬ â  36
Ä Ä ã§ £ «ì¥®£®  ¢â®¬ â  99
Ä Ä Ä Ä ¯®à®¦÷© 100
�¥à¥å®¤¨ áª÷ç¥®£® ã§ £ «ì¥®£®  ¢-

â®¬ â  ¯ à «¥«ì÷ 100
�÷¤á«®¢® 8
�à ¢¨«® ¯÷¤áâ ®¢ª¨ ¤¨¢. �à®¤ãªæ÷ï
�à®¤ãªæ÷ï 12
Ä « æî£®¢  119

�¨¬¢®« 7
Ä ¥â¥à¬÷ «ì¨© 9
Ä ¯®à®¦÷© 21
Ä ¯®â®ç¨© 21, 26, 35, 122
Ä â¥à¬÷ «ì¨© 9
�«®¢® 7
Ä ¯®à®¦õ 7
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�â  ��- ¢â®¬ â  123, 124

Ä Ä ¤®¯ãáª îç¨© 124

Ä Ä ¯®â®ç¨© 123

Ä Ä ¯®ç âª®¢¨© 123, 124

Ä ¬ è¨¨ �ìîà÷£  22, 25

Ä Ä Ä § ª«îç¨© 22, 25

Ä Ä Ä ¯®â®ç¨© 22, 26

Ä Ä Ä ¯®ç âª®¢¨© 22, 25
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