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� £ «ì÷ â¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷

1. �®áâ ®¢ª  ®¯â¨¬÷§ æ÷©®ù § ¤ ç÷
�  áì®£®¤÷ à®§à®¡«¥® â  ¤®á«÷¤¦¥® ¢¥«¨ªã ª÷«ìª÷áâì ¬¥â®¤÷¢ ¬÷÷-

¬÷§ æ÷ù äãªæ÷© ¢¥ªâ®à®£®  à£ã¬¥âã. �ã¯¨¨¬®áì   ¤¥ïª¨å  ©¢÷¤®¬÷-
è¨å ¬¥â®¤ å ¬÷÷¬÷§ æ÷ù, ç áâ® ¢¨ª®à¨áâ®¢ã¢ ¨å   ¯à ªâ¨æ÷. � ¢¥¤¥¬®
áâ¨á«¨© ®¯¨á ª®¦®£® § ¬¥â®¤÷¢, ¢¨¥á¥¨å   ¤®á«÷¤¦¥ï ¢ æ¨ª«÷ « -
¡®à â®à¨å à®¡÷â,   â ª®¦ à®§£«ï¥¬® ùå ¤¥ïª÷ ®¡ç¨á«î¢ «ì÷  á¯¥ªâ¨.
�¡¬¥¦¨¬®áì ®¤¨¬-¤¢®¬  à÷§®¢¨¤ ¬¨ ª®¦®£® ¬¥â®¤ã, é® ¢¢ ¦ õâìáï
æ÷«ª®¬ ¤®áâ â÷¬ ¤«ï § á¢®õï ©®£® áãâ÷.

�®§£«ï¥¬® § £ «ìã ®¯â¨¬÷§ æ÷©ã § ¤ çã

f(x) → min, x ∈ X, (1)

¤¥ X { § ¤   ¬®¦¨ ; f(x) { äãªæ÷ï, ¢¨§ ç¥    X. �®âà÷¡®
§ ©â¨ â®çª¨ ¬÷÷¬ã¬ã äãªæ÷ù f   ¬®¦¨÷ X. �à¨ æì®¬ã f  §¨¢ -
îâì æ÷«ì®¢®î äãªæ÷õî, X { ¤®¯ãáâ¨¬®î ¬®¦¨®î, ª®¦¨© ¥«¥¬¥â
x ∈ X { ¤®¯ãáâ¨¬®î â®çª®î § ¤ ç÷ (1). � ¤ «÷, ïªé® ¥ ¢ª § ® ÷è¥,
à®§£«ï¤ â¨¬¥¬® áª÷ç¥®¢¨¬÷à÷ § ¤ ç÷ ®¯â¨¬÷§ æ÷ù, â®¡â® ¢¢ ¦ â¨¬¥-
¬® X ⊆ Rn. �®§£«ï¥¬® «¨è¥ § ¤ çã ¬÷÷¬÷§ æ÷ù, ®áª÷«ìª¨ § ¤ ç  ¬ ªá¨-
¬÷§ æ÷ù f(x) → max, x ∈ X ¥ª¢÷¢ «¥â    «®£÷ç÷© § ¤ ç÷ ¬÷÷¬÷§ æ÷ù:
−f(x) → min, x ∈ X (¬®¦¨¨ à®§¢'ï§ª÷¢ æ¨å § ¤ ç §¡÷£ îâìáï).

�®çª  x∗ ∈ X  §¨¢ õâìáï â®çª®î £«®¡ «ì®£® ¬÷÷¬ã¬ã äãªæ÷ù f
  ¬®¦¨÷ X,  ¡® £«®¡ «ì¨¬ à®§¢'ï§ª®¬ § ¤ ç÷ ¬÷÷¬÷§ æ÷ù (1), ïªé®

f(x∗) ≤ f(x) ¯à¨ ¢á÷å x ∈ X. (2)

�®çª  x∗ ∈ X  §¨¢ õâìáï â®çª®î «®ª «ì®£® ¬÷÷¬ã¬ã äãªæ÷ù f  
¬®¦¨÷ X,  ¡® «®ª «ì¨¬ à®§¢'ï§ª®¬ § ¤ ç÷ ¬÷÷¬÷§ æ÷ù (1), ïªé® ÷áãõ
e > 0, â ª¥, é®

f(x∗) ≤ f(x) ¯à¨ ¢á÷å x ∈ Ue(x
∗), (3)

¤¥ Ue(x
∗ = {x ∈ X : ‖x− x∗‖ ≤ e}) { ªã«ï à ¤÷ãá  e § æ¥âà®¬ ã x∗.

�ªé® ¥à÷¢®áâ÷ (2)  ¡® (3) ¢¨ª®ãîâìáï ¢ áâà®£®¬ã á¥á÷, â®çªã x∗

 §¨¢ îâì â®çª®î áâà®£®£® ¬÷÷¬ã¬ã ¢÷¤¯®¢÷¤® ¢ £«®¡ «ì®¬ã ç¨ «®-
ª «ì®¬ã á¥á÷.
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� £ «ì÷ â¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷

ö®¤÷, á¯¨à îç¨áì   ã¬®¢¨ ®¯â¨¬ «ì®áâ÷  ¡®   £¥®¬¥âà¨çã ÷â¥à-
¯à¥â æ÷î, ¬®¦¥¬® ®âà¨¬ â¨ à®§¢'ï§®ª § ¤ ç÷ (1) ¢ ï¢®¬ã ¢¨£«ï¤÷. �«¥, § -
§¢¨ç ©, § ¤ çã ®¯â¨¬÷§ æ÷ù ¤®¢®¤¨âìáï à®§¢'ï§ã¢ â¨ ç¨á«®¢¨¬¨ ( ©ç á-
â÷è¥  ¡«¨¦¥¨¬¨) ¬¥â®¤ ¬¨, ¢¨ª®à¨áâ®¢ãîç¨ ®¡ç¨á«î¢ «ìã â¥å÷ªã.

�ã¤ì-ïª¨© ç¨á«®¢¨© ¬¥â®¤ à®§¢'ï§ ï ®¯â¨¬÷§ æ÷©®ù § ¤ ç÷ ¡ §ã-
õâìáï   â®ç®¬ã ç¨  ¡«¨¦¥®¬ã ®¡ç¨á«¥÷ ùù å à ªâ¥à¨áâ¨ª { § -
ç¥ì æ÷«ì®¢®ù äãªæ÷ù, § ç¥ì äãªæ÷©, é® § ¤ îâì ®¡¬¥¦¥ï (¤®¯ãá-
â¨¬ã ¯÷¤¬®¦¨ã Rn),   â ª®¦ § ç¥ì ¯®å÷¤¨å æ¨å äãªæ÷©. �  ®á®¢÷
®¤¥à¦ ®ù ÷ä®à¬ æ÷ù ¡ã¤ãõâìáï  ¡«¨¦¥¨© à®§¢'ï§®ª {  ¡«¨¦¥ï ¤®
èãª ®ù â®çª¨ ¬÷÷¬ã¬ã x∗,  ¡®, ïªé® â®çª  ¬÷÷¬ã¬ã ¥ õ¤¨ ,  ¡«¨-
¦¥ï (ã ¯¥¢®¬ã á¥á÷) ¤® ¬®¦¨¨ â®ç®ª ¬÷÷¬ã¬ã. öª®«¨ ¡ã¤ãõâìáï
 ¡«¨¦¥ï ¤® ¬÷÷¬ «ì®£® § ç¥ï äãªæ÷ù

f ∗ = min
x∈X

f(x).

�ª÷ á ¬¥ å à ªâ¥à¨áâ¨ª¨ ¯®âà÷¡® ¢¨¡à â¨ ¤«ï ®¡ç¨á«¥ì, § «¥¦¨âì
¢÷¤ ¢« áâ¨¢®áâ¥© æ÷«ì®¢®ù äãªæ÷ù â  ®¡¬¥¦¥ì,   â ª®¦ ¢÷¤ ¬®¦«¨¢®áâ¥©
®¡ç¨á«î¢ «ì®ù â¥å÷ª¨. �«£®à¨â¬¨, é® ¢¨ª®à¨áâ®¢ãîâì «¨è¥ ÷ä®à¬ -
æ÷î ¯à® § ç¥ï æ÷«ì®¢®ù äãªæ÷ù,  §¨¢ îâì  «£®à¨â¬ ¬¨ ã«ì®¢®£®
¯®àï¤ªã ;  «£®à¨â¬¨, é® ¢¨ª®à¨áâ®¢ãîâì ÷ä®à¬ æ÷î ¯à® § ç¥ï ¯¥à-
è¨å ¯®å÷¤¨å {  «£®à¨â¬ ¬¨ ¯¥àè®£® ¯®àï¤ªã, ¤àã£¨å ¯®å÷¤¨å {  «£®-
à¨â¬ ¬¨ ¤àã£®£® ¯®àï¤ªã â®é®.

�®¡®â   «£®à¨â¬ã áª« ¤ õâìáï § ¤¢®å ®á®¢¨å ¥â ¯÷¢:
{ ®¡ç¨á«¥ï å à ªâ¥à¨áâ¨ª § ¤ ç÷, ¯®âà÷¡¨å ¤«ï à®¡®â¨  «£®à¨â¬ã.
{ ¯®¡ã¤®¢    ®á®¢÷ ®âà¨¬ ®ù ÷ä®à¬ æ÷ù  ¡«¨¦¥ï ¤® à®§¢'ï§ªã.
�ªé® â®çª¨ ¬®¦¨¨ X, ¯®âà÷¡÷ ¤«ï ®¡ç¨á«¥ï å à ªâ¥à¨áâ¨ª,

®¡¨à îâìáï ®¤¨ à §   ¯®ç âªã à®¡®â¨  «£®à¨â¬ã ÷  ¤ «÷ ¥ §¬÷îîâì-
áï,  «£®à¨â¬ ¬÷÷¬÷§ æ÷ù  §¨¢ îâì ¯ á¨¢¨¬. � §¢¨ç © ã à §÷ ç¨á«®¢®£®
à®§¢'ï§ ï ®¯â¨¬÷§ æ÷©®ù § ¤ ç÷ ¢¨ª®à¨áâ®¢ãîâì ¯®á«÷¤®¢÷ (ý÷â¥à æ÷©-
÷þ)  «£®à¨â¬¨: â®çª  xi+1 ((i+1)-© ªà®ª) ®¡ç¨á«îõâìáï «¨è¥ â®¤÷, ª®«¨
¢¦¥ ®¡ç¨á«¥÷ â®çª¨   ¯®¯¥à¥¤÷å ªà®ª å (÷â¥à æ÷ïå) { x1, . . . , xi â   
ª®¦®¬ã ªà®æ÷ 1, . . . , i ¯à®¢¥¤¥÷ ®¡ç¨á«¥ï §£÷¤® ÷§ æ¨¬  «£®à¨â¬®¬.

öâ¥à æ÷î ¡ã¤ì-ïª®£® ¯®á«÷¤®¢®£®  «£®à¨â¬ã à®§¢'ï§ ï § ¤ ç÷ (1)
¬®¦  ¯®¤ â¨ ã ¢¨£«ï¤÷:

xk+1 = xk + akh
k, ak, hk ∈ Rn, k = 0, 1, 2, . . . (4)

�®ªà¥â¨©  «£®à¨â¬ ¢¨§ ç õâìáï ¢¨¡®à®¬ ¯®ç âª®¢®ù â®çª¨ x0,
¯à ¢¨«®¬ ¢¨¡®àã ¢¥ªâ®à÷¢ hk â  ç¨á¥« ak   ®á®¢÷ ®¤¥à¦ ®ù ¢ à¥§ã«ì-
â â÷ ®¡ç¨á«¥ì ÷ä®à¬ æ÷ù,   â ª®¦ ã¬®¢®î § ª÷ç¥ï à®¡®â¨. �¥ªâ®à
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1. �®áâ ®¢ª  ®¯â¨¬÷§ æ÷©®ù § ¤ ç÷

hk ¢¨§ ç õ  ¯àï¬ (k + 1)-£® ªà®ªã  «£®à¨â¬ã ¬÷÷¬÷§ æ÷ù,   ª®¥ä÷æ÷õâ
ak { ¤®¢¦¨ã æì®£® ªà®ªã.

�¥â®¤¨ ¬÷÷¬÷§ æ÷ù, é® £ à âãîâì ®âà¨¬ ï à®§¢'ï§ªã §  áª÷ç¥ã
ª÷«ìª÷áâì ªà®ª÷¢,  §¨¢ îâì áª÷ç¥®ªà®ª®¢¨¬¨. �«ï ¥áª÷ç¥®ªà®ª®-
¢¨å  «£®à¨â¬÷¢   ª®¦®¬ã ªà®æ÷ ®âà¨¬ãõâìáï «¨è¥  ¡«¨¦¥¥ § ç¥-
ï à®§¢'ï§ªã § ¤ ç÷; â®ç¥ § ç¥ï à®§¢'ï§ªã ¬®¦¥ ¡ãâ¨ ®âà¨¬ ¥ «¨è¥
ç¥à¥§ £à ¨ç¨© ¯¥à¥å÷¤ §  ®¬¥à®¬ ÷â¥à æ÷ù.

� ¦ãâì, é® ¬¥â®¤ (4) §¡÷£ õâìáï, ïªé®

x∗ = lim
k→∞

xk,

¤¥ x∗ { à®§¢'ï§®ª § ¤ ç÷ (1).
�ªé® f(xk) −−−→

k→∞
f(x∗), â® ª ¦ãâì, é® ¬¥â®¤ (4) §¡÷£ õâìáï §  äãª-

æ÷õî.
� à §÷, ïªé® â®çª  ¬÷÷¬ã¬ã x∗ ¥ õ¤¨ , ¯÷¤ §¡÷¦÷áâî ¬¥â®¤ã ¬®¦-

  à®§ã¬÷â¨ §¡÷¦÷áâì ¯®á«÷¤®¢®áâ÷ xk (k ≥ 1) ¤® ¬®¦¨¨ X∗ â®ç®ª
¬÷÷¬ã¬ã äãªæ÷ù f (§  áâ ¤ àâ®£® ¢¨§ ç¥ï ¢÷¤áâ ÷ ¢÷¤ â®çª¨ ¤®
¬®¦¨¨).

�ä¥ªâ¨¢÷áâì ¬¥â®¤ã ¬÷÷¬÷§ æ÷ù ¢¨§ ç õâìáï è¢¨¤ª÷áâî §¡÷¦®á-
â÷ . � ¢¥¤¥¬® ¢¨§ ç¥ï «÷÷©®ù,  ¤«÷÷©®ù â  ª¢ ¤à â¨ç®ù è¢¨¤ª®áâ÷.

�¥å © x∗ = lim
k→∞

xk.
1. � ¦ãâì, é® ¯®á«÷¤®¢÷áâì xk (k ≥ 1) §¡÷£ õâìáï ¤® x∗ «÷÷©®  ¡® §÷

è¢¨¤ª÷áâî £¥®¬¥âà¨ç®ù ¯à®£à¥á÷ù, ïªé® ÷áãîâì â ª÷ ª®áâ â¨ q ∈ (0, 1)
â  k0 ∈ N, é®

‖xk+1 − x∗‖ ≤ q‖xk − x∗‖ ¤«ï ¢á÷å k ≥ k0,

 ¡®, é® â¥ á ¬¥,

‖xk+1 − x∗‖ ≤ C1q
k+1 ¤«ï ¢á÷å k ≥ k0 (C1 = ‖x1 − x∗‖).

2. � ¦ãâì, é® ¯®á«÷¤®¢÷áâì xk (k ≥ 1) §¡÷£ õâìáï ¤® x∗  ¤«÷÷©®,
ïªé®

‖xk+1 − x∗‖ ≤ qk‖xk − x∗‖, qk −−−→
k→∞

0,

 ¡®, é® â¥ á ¬¥,

‖xk+1 − x∗‖ ≤ C2q1q2 · · · qk+1, qk −−−→
k→∞

0 (C2 = ‖x1 − x∗‖).
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� £ «ì÷ â¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷

3. � ¦ãâì, é® ¯®á«÷¤®¢÷áâì xk (k ≥ 1) §¡÷£ õâìáï ¤® x∗ ª¢ ¤à â¨ç®,
ïªé® ÷áãîâì â ª÷ ª®áâ â¨ C ≥ 0 â  k0 ∈ N, é®

‖xk+1 − x∗‖ ≤ C‖xk − x∗‖2 ¤«ï ¢á÷å k ≥ k0,

 ¡®, é® â¥ á ¬¥,

‖xk+1 − x∗‖ ≤ A · C2k ¤«ï ¢á÷å k ≥ k0 (A = ‖x1 − x∗‖).

�¥áª÷ç¥®ªà®ª®¢÷ ¬¥â®¤¨ ¤®¯®¢îîâì ã¬®¢®î §ã¯¨ª¨. �  ¯à ª-
â¨æ÷  ©ç áâ÷è¥ ¢¨ª®à¨áâ®¢ãîâì â ª÷ ã¬®¢¨ §ã¯¨ª¨:

‖xk+1 − xk‖ ≤ e1;

|f(xk+1)− f(xk)| ≤ e2;

‖f ′(xk+1)‖ ≤ e3.

�® ¯®ç âªã ®¡ç¨á«¥ì ®¡¨à îâì ®¤ã §  ¢¥¤¥¨å ã¬®¢ §ã¯¨ª¨ â 
¬ «¥ ¤®¤ â¥ ei. �¡ç¨á«¥ï § ª÷çãîâì ¯÷á«ï (k + 1)-£® ªà®ªã, ª®«¨
¢¯¥àè¥ ¢¨ª®ãõâìáï ®¡à   ã¬®¢ .

� ã¢ ¦¥ï 1. �¥ïª÷ ®¯â¨¬÷§ æ÷©÷  «£®à¨â¬¨ ¤«ï ®à¬ «ì®£® § -
ª÷ç¥ï ¯®âà¥¡ãîâì ¢¨ª® ï ¤¢®å  ¡® âàì®å  ¢¥¤¥¨å ¢¨é¥ ã¬®¢.

�¥ªâ®à h § ¤ õ  ¯àï¬ á¯ ¤ ï äãªæ÷ù f ã â®çæ÷ x, ïªé®

f(x + ah) < f(x)

¯à¨ ¢á÷å ¤®áâ âì® ¬ «¨å a > 0.
�¥â®¤ xk+1 = xk + akh

k, ak ∈ R, k = 0, 1, 2, . . .  §¨¢ îâì ¬¥â®¤®¬
á¯ãáªã , ïªé® ¯à¨ ¢á÷å k = 0, 1, 2, . . . ¢¥ªâ®à hk § ¤ õ  ¯àï¬ á¯ ¤ ï
äãªæ÷ù f ã â®çæ÷ xk â  ç¨á«  ak > 0 ¢¨¡à ÷ â ª, é® f(xk+1) < f(xk).
�à¨ª« ¤®¬ ¬¥â®¤ã á¯ãáªã õ £à ¤÷õâ¨© ¬¥â®¤, ã ïª®¬ã hk = −f ′(xk)
(¤®¢¥áâ¨ á ¬®áâ÷©®).

2. �¨¡÷à ¤®¢¦¨¨ ªà®ªã

1. �®¥ä÷æ÷õâ ak ¬®¦  ¢¨§ ç â¨ § ã¬®¢¨

f(xk + akh
k) = min

a≥0
f(xk + ahk). (5)
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2. �¨¡÷à ¤®¢¦¨¨ ªà®ªã

�¥â®¤ (5)  §¨¢ îâì ¬¥â®¤®¬  ©è¢¨¤è®£® á¯ãáªã . �¥© ¬¥â®¤ { ®¯-
â¨¬ «ì¨© ã â®¬ã á¥á÷, é® ¢÷ § ¡¥§¯¥çãõ ¤®áï£¥ï  ©¬¥è®£® § -
ç¥ï äãªæ÷ù f ã§¤®¢¦ § ¤ ®£®  ¯àï¬ã h.

�à¨ª« ¤. �«ï ª¢ ¤à â¨ç®ù äãªæ÷ù f(x) = 1
2(Ax, x) + (b, x) ÷§ á¨¬¥â-

à¨ç®î ¤®¤ â® ¢¨§ ç¥®î ¬ âà¨æ¥î A ¬¥â®¤  ©è¢¨¤è®£® á¯ãáªã ¢¨§ -
ç õâìáï à÷¢÷áâî

ak = −(Axk + b, hk)
(Ahk, hk)

.

2. �¨§ ç¨â¨ â®ç¥ § ç¥ï ak § ã¬®¢¨ (5) ¥ § ¢¦¤¨ ¬®¦«¨¢® ÷
¥ § ¢¦¤¨ ¤®æ÷«ì® ( ¯àï¬ hk § ¡¥§¯¥çãõ á¯ ¤ ï äãªæ÷ù f «¨è¥ ¢
¬ «®¬ã ®ª®«÷ â®çª¨ xk). �®§£«ï¥¬® ¤¢  ¬¥â®¤¨ ¢¨¡®àã ak, ïª÷ ¢ à §÷ ¢÷¤-
¯®¢÷¤¨å ¯à¨¯ãé¥ì   äãªæ÷î f § ¡¥§¯¥çãîâì ¢¨ª® ï ¥à÷¢®áâ÷

f(xk + akh
k)− f(xk) ≤ eak(f

′(xk), hk), (6)

¤¥ e ∈ (0, 1):
1) ¥å © äãªæ÷ï f ¤¨ä¥à¥æ÷©®¢    Rn,   ùù £à ¤÷õâ § ¤®¢®«ìïõ

ã¬®¢ã �÷¯è÷æ , â®¡â® §  ¤¥ïª®£® M > 0

‖f ′(x)− f ′(y)‖ ≤ M‖x− y‖, x, y ∈ Rn. (7)

�®¤÷ ã¬®¢  (6) ¢¨ª®ãõâìáï ¯à¨

0 < ak < −(1− e)(f ′(xk), hk)

M‖hk‖2
;

2) ¥å © äãªæ÷ï f ¤¢÷ç÷ ¤¨ä¥à¥æ÷©®¢    Rn,   ùù ¬ âà¨æï ¤àã£¨å
¯®å÷¤¨å §  ¤¥ïª®£® D > 0 § ¤®¢®«ìïõ ã¬®¢ã

(f ′′(x)h, h) ≤ D‖h‖2, x, h ∈ Rn. (8)

�®¤÷ ã¬®¢  (6) ¢¨ª®ãõâìáï ¯à¨

0 < ak < −2(1− e)(f ′(xk), hk)

D‖hk‖2
.
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� £ «ì÷ â¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷

� ã¢ ¦¥ï 2. � ¤¥ïª¨å ¬¥â®¤ å á¯ãáªã ª®¥ä÷æ÷õâ ak ¬®¦  ¢¨¡à -
â¨ ¯®áâ÷©¨¬: ak = a > 0. � ª, ã ¢¨¯ ¤ªã £à ¤÷õâ®£® ¬¥â®¤ã á¯ãáªã
(hk = −f ′(xk)) ¯à¨ ak = a  ¢¥¤¥÷ ¢ ¯ãªâ å 1) â  2) ®æ÷ª¨ ¤«ï ak

 ¡ã¢ îâì ¢¨£«ï¤ã

a ∈
(

0,
1− e
M

)
, a ∈

(
0,

2(1− e)
D

)

¢÷¤¯®¢÷¤®.
3. �  ¯à ªâ¨æ÷ ç áâ® ¢¨ª®à¨áâ®¢ãîâì ¬¥â®¤ ¤à®¡«¥ï ªà®ªã :
{   ¯®ç âªã à®¡®â¨  «£®à¨â¬ã ®¡¨à îâì ä÷ªá®¢ ÷ ª®áâ â¨ b > 0

â  l ∈ (0, 1) (ç áâ® ä÷ªáãîâì l = 1
2
);

{   ª®¦®¬ã ªà®æ÷ k à¥ªãà¥â® ¢¨§ ç îâì ¯®á«÷¤®¢÷áâì ak,n

(n = 0, 1, 2, . . . ):
ak,0 = b, ak,n+1 = ak,nh;

{ ¤®¢¦¨ã ªà®ªã ak ®¡¨à îâì ïª § ç¥ï ak,n §   ©¬¥è¨¬ n
(n = 0, 1, 2, . . . ), é® § ¤®¢®«ìïõ ã¬®¢ã

f(xk + ak,nhk) < f(xk),

â®¡â® ak = min
n>0

{ak,n : f(xk + ak,nh
k) < f(xk)}.

�ç¥¢¨¤®, é® ¯à®æ¥á ¤à®¡«¥ï ªà®ªã (¯à®æ¥á ¬®¦¥ï ¤®¢¦¨¨
ªà®ªã   ª®¥ä÷æ÷õâ l) ¥ ¬®¦¥ ¢¨ï¢¨â¨áì ¥áª÷ç¥¨¬, ®áª÷«ìª¨ hk {
 ¯àï¬ á¯ ¤ ï äãªæ÷ù f .

�«ï ¤¥â «ì®£® ¢¨¢ç¥ï ç¨á«®¢¨å ¬¥â®¤÷¢ ®¯â¨¬÷§ æ÷ù ¬®¦  à¥ª®-
¬¥¤ã¢ â¨ à®¡®â¨ [1{10].
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� ¡®à â®à  à®¡®â  1

�¨á«®¢÷ ¬¥â®¤¨ ¡¥§ã¬®¢®ù
®¯â¨¬÷§ æ÷ù ¯¥àè®£® ¯®àï¤ªã.

�à ¤÷õâ¨© ¬¥â®¤ â  ©®£® ¢ à÷ æ÷ù

1.1. �¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷
�à ¤÷õâ¨© ¬¥â®¤ { ®¤¨ § ª« á¨ç¨å ¬¥â®¤÷¢ ¬÷÷¬÷§ æ÷ù ¯¥àè®£®

¯®àï¤ªã. �÷ ¡ §ãõâìáï   § ¬÷÷ æ÷«ì®¢®ù äãªæ÷ù f ¢ ®ª®«÷ â®çª¨ ç¥à£®¢®ù
â®çª¨ xk «÷÷©®î ç áâ¨®î à®§ª« ¤ã ùù ¢ àï¤÷ �¥©«®à .

� ¬¥â®¤ å á¯ãáªã ¯®á«÷¤®¢÷áâì  ¡«¨¦¥ì x0, x1, x2, . . . , xk, . . . ¤®
â®çª¨ ¬÷÷¬ã¬ã ¢¨¡¨à õâìáï §  ¯à ¢¨«®¬

xk+1 = xk + akh
k, ak > 0, k = 0, 1, 2, . . . ,

¤¥ hk {  ¯àï¬ á¯ ¤ ï äãªæ÷ù f ã â®çæ÷ xk. � £à ¤÷õâ®¬ã ¬¥â®¤÷ hk

¡¥àãâì à÷¢¨¬  â¨£à ¤÷õâã äãªæ÷ù f ã â®çæ÷ xk, â®¡â® hk = −f ′(xk).
�â¦¥, ã £à ¤÷õâ®¬ã ¬¥â®¤÷

xk+1 = xk − akf
′(xk), ak > 0, k = 0, 1, 2, . . . (1.1)

�ªé® ¤®¢¦¨ã ªà®ªã ¢¨¡¨à â¨ § ã¬®¢¨ (®¤®¢¨¬÷à®ù) ¬÷÷¬÷§ æ÷ù
äãªæ÷ù ã§¤®¢¦  ¯àï¬ã  â¨£à ¤÷õâ , ®¤¥à¦ãõ¬® ¢ à÷ â £à ¤÷õâ®-
£® ¬¥â®¤ã, é®  §¨¢ õâìáï £à ¤÷õâ¨¬ ¬¥â®¤®¬  ©è¢¨¤è®£® á¯ãáªã .
�  ¯à ªâ¨æ÷, § §¢¨ç ©, ¤®¢®¤¨âìáï § ¤®¢®«ìïâ¨áì  ¡«¨¦¥¨¬¨ ¬¥â®-
¤ ¬¨ ¯®èãªã ®¯â¨¬ «ì®£® § ç¥ï ¤®¢¦¨¨ ªà®ªã,  ¯à¨ª« ¤, ¬¥â®-
¤®¬ ¤à®¡«¥ï.

�ªé® æ÷«ì®¢  äãªæ÷ï ¥ ®¯ãª« , £à ¤÷õâ¨© ¬¥â®¤ § ¡¥§¯¥çãõ «¨-
è¥ §¡÷¦÷áâì ¤® ¬®¦¨¨ áâ æ÷® à¨å â®ç®ª äãªæ÷ù f . � ¢¥¤¥¬® ¤¢÷
â¥®à¥¬¨ ¯à® §¡÷¦÷áâì £à ¤÷õâ®£® ¬¥â®¤ã.

�¥®à¥¬  1.1. �¥å © äãªæ÷ï f ¤¨ä¥à¥æ÷©®¢  â  ®¡¬¥¦¥  §¨§ã
  Rn,   ùù £à ¤÷õâ § ¤®¢®«ìïõ ã¬®¢ã �÷¯è÷æ  (7). �®¤÷ §  ¤®¢÷«ì®ù
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� ¡®à â®à  à®¡®â  1.

¯®ç âª®¢®ù â®çª¨ x0 ∈ Rn ¤«ï ¬¥â®¤ã (1.1)
lim
k→∞

∥∥f ′(xk)
∥∥ = 0.

�¥®à¥¬  1.2. �¥å © äãªæ÷ï f ¤¢÷ç÷ ¤¨ä¥à¥æ÷©®¢  â  á¨«ì® ®¯ã-
ª«    Rn,   ùù ¬ âà¨æï ¤àã£¨å ¯®å÷¤¨å § ¤®¢®«ìïõ ã¬®¢ã (8). �®¤÷ § 
¤®¢÷«ì®ù ¯®ç âª®¢®ù â®çª¨ x0 ∈ Rn ¯®á«÷¤®¢÷áâì xk (k ≥ 1), ¢¨§ -
ç¥  ä®à¬ã«®î (1.1), §¡÷£ õâìáï ¤® â®çª¨ ¬÷÷¬ã¬ã x∗ ÷§ è¢¨¤ª÷áâî
£¥®¬¥âà¨ç®ù ¯à®£à¥á÷ù:

f(xk)− f(x∗) ≤ qk(f(x0)− f(x∗));∥∥xk − x∗
∥∥ ≤ C(

√
q)k,

¤¥ C > 0, q ∈ (0, 1) { ª®áâ â¨.
�ªé® ¬ âà¨æï ¤àã£¨å ¯®å÷¤¨å æ÷«ì®¢®ù äãªæ÷ù ¯®£ ® ®¡ã¬®¢«¥ 

( d
D
¿ 1, ¤¥ d â  D { ¢÷¤¯®¢÷¤®  ©¬¥è¥ â   ©¡÷«ìè¥ ¢« á÷ § ç¥-

ï ¬ âà¨æ÷ f ′′(x), f ¢¢ ¦ õâìáï á¨«ì® ®¯ãª«®î, x ∈ Rn { ä÷ªá®¢ ¥),
£à ¤÷õâ¨© ¬¥â®¤ §¡÷£ õâìáï ¯®¢÷«ì®. �¥®¬¥âà¨ç® æ¥ ¢¨à ¦¥¥ ¢ â®-
¬ã, é® «÷÷ù à÷¢ï äãªæ÷ù f ¬ îâì ýïàãþ áâàãªâãàã, ÷  ¯àï¬ ¢¥ªâ®à 
−f ′(x) ¬®¦¥ á¨«ì® ¢÷¤å¨«ïâ¨áì ¢÷¤  ¯àï¬ªã â®çª¨ ¬÷÷¬ã¬ã. �«ïå
¯®á«÷¤®¢®áâ÷ xk (k ≥ 1) ¤® â®çª¨ ¬÷÷¬ã¬ã ®á¨â¨¬¥ ï¢® ¢¨à ¦¥¨©
§¨£§ £®¯®¤÷¡¨© å à ªâ¥à. ö®¤÷ ª ¦ãâì, é® ¢÷¤¡ã¢ õâìáï ý¨è¯®à¥ïþ
¬¥â®¤ã, é®, ®ç¥¢¨¤®, õ ©®£® ¥¤®«÷ª®¬.

�÷¤ ç á ¯®èãªã ¬÷÷¬ã¬ã ýïà®ùþ äãªæ÷ù ¤«ï ¯à¨áª®à¥ï §¡÷¦®áâ÷
¬¥â®¤ã § áâ®á®¢ãîâì â ª §¢ ¨© ïà¨© ¬¥â®¤ :

{   ¯®ç âªã à®¡®â¨  «£®à¨â¬ã § ¤ îâì ¤¢÷ â®çª¨ v0 â  v1, § ïª¨å à®-
¡«ïâì á¯ãáª §  £à ¤÷õâ¨¬ ¬¥â®¤®¬ © ®¤¥à¦ãîâì ¢÷¤¯®¢÷¤® â®çª¨
x0 â  x1 (æ÷ â®çª¨ ¡ã¤ãâì à®§¬÷é¥÷ ý  ¤÷ ïàãþ);

{ ®¤¥à¦ãîâì â®çªã v2 = x1 − x1−x0

‖x1−x0‖ · t · sign(f(x1) − f(x0)), ¤¥ t {
¤®¤ â  ª®áâ â  (ïà¨© ªà®ª);

{ § â®çª¨ v2 (ïª , ã § £ «ì®¬ã ¢¨¯ ¤ªã, ¬®¦¥ ®¯¨¨â¨áì ý  áå¨«÷
ïàãþ) à®¡«ïâì á¯ãáª £à ¤÷õâ¨¬ ¬¥â®¤®¬, ®âà¨¬ãîç¨ â®çªã x2 ý 
¤÷ ïàãþ;

{ §  ¢÷¤®¬¨å x0, x1, . . . , xk (k ≥ 2) ®âà¨¬ãîâì â®çªã

vk+1 = xk − xk − xk−1

‖xk − xk−1‖ · t · sign(f(xk)− f(xk−1)),

§ ïª®ù à®¡«ïâì á¯ãáª £à ¤÷õâ¨¬ ¬¥â®¤®¬, ®âà¨¬ãîç¨ â®çªã xk+1

ý  ¤÷ ïàãþ.
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1.2. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

�¥ «¨è¥ ®¤¨ § ÷áãîç¨å á¯®á®¡÷¢ ¯à¨áª®à¥ï §¡÷¦®áâ÷ £à ¤÷õâ®-
£® ¬¥â®¤ã.

� «®£®¬ £à ¤÷õâ®£® ¬¥â®¤ã¤«ï ®¯ãª«¨å ¥¤¨ä¥à¥æ÷©®¢¨å äãª-
æ÷© õ áã¡£à ¤÷õâ¨© ¬¥â®¤. � æì®¬ã ¬¥â®¤÷ ¯®á«÷¤®¢÷áâì xk (k ≥ 1)
¢¨§ ç õâìáï ¯à ¢¨«®¬

xk+1 = xk − akh
k, ak > 0, k = 0, 1, . . . ,

¤¥ hk ∈ ∂f(xk) { áã¡£à ¤÷õâ äãªæ÷ù f ã â®çæ÷ xk. � § ç¨¬®, é® hk

®¡¨à îâì § ¬®¦¨¨ ∂f(xk) ¤®¢÷«ì®.
� ã¢ ¦¥ï 1.1. �«ï ç¨á«®¢®£® ®¡ç¨á«¥ï ¯¥àè®ù â  ¤àã£®ù ¯®å÷¤-

®ù á«÷¤ ¢¨ª®à¨áâ®¢ã¢ â¨ à÷§¨æ¥¢÷ ä®à¬ã«¨, é® § ¡¥§¯¥çãîâì ¯®àï¤®ª
¯®¬¨«ª¨ ¥ ¨¦ç¥ §  h2,  ¯à¨ª« ¤:

f ′(x) =
f(x + h)− f(x− h)

2h
+ O(h2);

f ′′(x) =
f(x + h)− 2f(x) + f(x− h)

h2
+ O(h2).

1.2. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

1. � â ¡«. 1.1 § ©â¨ æ÷«ì®¢ã äãªæ÷î f §£÷¤® § ®¬¥à®¬ ¢ à÷ â ,
ãª § ®£® ¢¨ª« ¤ ç¥¬.

2. �ª« áâ¨ ¯à®£à ¬ã ¤«ï ¬÷÷¬÷§ æ÷ù æ÷«ì®¢®ù äãªæ÷ù f ®¤¨¬ § £à ¤÷-
õâ¨å ¬¥â®¤÷¢. �®ªà¥â¨© â¨¯ £à ¤÷õâ®£® ¬¥â®¤ã ®¡à â¨ á ¬®áâ÷©®,
ãà å®¢ãîç¨ ®á®¡«¨¢®áâ÷ äãªæ÷ù f ( ¯à¨ª« ¤, ïà÷áâì). �«ï áª« ¤ -
ï ¯à®£à ¬¨ ¢¨ª®à¨áâ®¢ã¢ â¨ á¨áâ¥¬ã ¯à®£à ¬ã¢ ï â¨¯ã Pascal  ¡®
C ã ¢¥àá÷ù,  ï¢÷© ã ¤¨á¯«¥©®¬ã ª« á÷, ¯à¨§ ç¥®¬ã ¤«ï ¯à®¢¥¤¥-
ï « ¡®à â®à¨å à®¡÷â. �¨ª®à¨áâ ï á¨áâ¥¬¨ ¯à®£à ¬ã¢ ï, ¢÷¤¬÷®ù
¢÷¤ Pascal  ¡® C,  ¡® ¢¨ª®à¨áâ ï ¢¥àá÷ù ª®¬¯÷«ïâ®à , ¥ ¢áâ ®¢«¥®ù ¢
¤¨á¯«¥©®¬ã ª« á÷, ¯®âà¥¡ãõ ¯®¯¥à¥¤ì®£® ã§£®¤¦¥ï § ¢¨ª« ¤ ç¥¬.

�÷¤ ç á áª« ¤ ï ¯à®£à ¬¨ âà¥¡ :
{ ®¡ç¨á«¨â¨ æ÷«ì®¢ã äãªæ÷î ¢ ®ªà¥¬÷© ¯÷¤¯à®£à ¬÷;
{ ç áâ¨÷ ¯®å÷¤÷ æ÷«ì®¢®ù äãªæ÷ù ®¡ç¨á«¨â¨ ç¨á«®¢®.
3. � ©â¨ ¬÷÷¬ã¬ § ¤ ®ù æ÷«ì®¢®ù äãªæ÷ù f §  ¤®¯®¬®£®î ¯ ª¥â 

ç¨á«®¢®ù ®¯â¨¬÷§ æ÷ù PACOPT (¯ ª¥â à®§à®¡«¥® ª®«¥ªâ¨¢®¬ ãç¥¨å-
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� ¡®à â®à  à®¡®â  1.

¬ â¥¬ â¨ª÷¢ ¯÷¤ ª¥à÷¢¨æâ¢®¬  ª ¤¥¬÷ª  ��� �ªà ù¨ �. �. �è¥¨ç-
®£®).

4. �  à¥§ã«ìâ â ¬¨ ¤®á«÷¤¦¥ì áª« áâ¨ §¢÷â. � §¢÷â÷ ®¡®¢'ï§ª®¢® ¢÷-
¤®¡à §¨â¨ ¢ ï¢®¬ã ¢¨£«ï¤÷ 2{3 ªà®ª¨ ®¡à ®£®  «£®à¨â¬ã ¬÷÷¬÷§ æ÷ù
æ÷«ì®¢®ù äãªæ÷ù.

� ¡«¨æï 1.1. � à÷ â¨ § ¢¤ ì ¤® « ¡®à â®à¨å à®¡÷â 1, 2 â  4

� à÷ â �÷«ì®¢  äãªæ÷ï f
1 x2 + 18y2 + 0, 01xy + x− y
2 x2 + 28y2 + 0, 02xy − x− y
3 x2 + 8y2 + 0, 001xy − x− y
4 x2 + 18y2 + 0, 01xy + x− y
5 2x2 + 8y2 − 0, 01xy + x− y
6 x2 + 4y2 + 0, 001xy − y
7 3x2 + 8y2 + 0, 015xy − x− y
8 x2 + 2y2 + 0, 012xy − 2x + y
9 11x2 + 18y2 + 0, 01xy + x
10 3x2 + 2y2 − 0, 01xy + x− y
11 16x2 + 15y2 + 2z2 + +0, 018xy + x− z
12 2x2 + 8y2 + 3z2 + 0, 01xz − x− y
13 2x2 + 4y2 + z2 + 0, 0013xy + 0, 001xz − y
14 13x2 + 8y2 + z2 + 0, 001xy + 0, 02xz + y
15 12x2 + 18y2 + 3z2 − 0, 01xz + x− y
16 11x2 + 14y2 + z2 + 0, 01xy − 0, 001yz − y
17 13x2 + 18y2 + 3z2 + 0, 015xz − y
18 15x2 + 2y2 + 0, 012xy − x + y
19 12x2 + 14y2 + 0, 01xy + 3x
20 15x2 + 18y2 − 0, 03xy + x− y
21 (y − x2)2 + 100(1− x)2

22 (y − x2)2 + (1− x)2

23 100(y − x2)2 + 100(1− x)2

24 10 000(y − x2)2 + 100(1− x)2

25 100(y − x3)2 + 100(1− x)2
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1.3. �®¤ âª®¢÷ § ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

1.3. �®¤ âª®¢÷ § ¢¤ ï ¤® « ¡®à â®à®ù
à®¡®â¨

1. �®ª § â¨, é® ¢ ®¡« áâ÷ x1 > 0, x2 > 0 äãªæ÷ï

f(x1, x2) = x2
1 + 2x2

2 + x1x2 +
1

x1 + x2

®¯ãª« , â  ¢¨§ ç¨â¨ ùù ¬÷÷¬ «ì¥ § ç¥ï. �  ¯®ç âª®¢ã â®çªã ¢§ïâ¨
(x0

1; x
0
2) = (0,6; 0,2). öâ¥à æ÷ù § ¢¥àèã¢ â¨   k-© ÷â¥à æ÷ù §  ¢¨ª® ï

ã¬®¢¨
max

i∈{1;2}

∣∣∣∣
∂f(xk

1, x
k
2)

∂xk
i

∣∣∣∣ < e,

¤¥ e § ¤ õ ª®à¨áâã¢ ç.
2. �®ª § â¨, é® ¢ ®¡« áâ÷ x1 > 0, x2 > 0 äãªæ÷ï

f(x1, x2, x3) = 2x2
1 + 3x2

2 + 4x2
3 + 2x1x2 + x1x3 + x2x3 − 2x1 − 3x2 − x3

®¯ãª« , â  ¢¨§ ç¨â¨ ùù ¬÷÷¬ «ì¥ § ç¥ï. �  ¯®ç âª®¢ã â®çªã ¢§ïâ¨
(x0

1; x
0
2) = (1

3
; 1

5
; 1

10
). öâ¥à æ÷ù § ¢¥àèã¢ â¨   k-© ÷â¥à æ÷ù §  ¢¨ª® ï

ã¬®¢¨
max

i∈{1;2}

∣∣∣∣
∂f(xk

1, x
k
2)

∂xk
i

∣∣∣∣ < e,

¤¥ e § ¤ õ ª®à¨áâã¢ ç.
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� ¡®à â®à  à®¡®â  2

�¨á«®¢÷ ¬¥â®¤¨ ¡¥§ã¬®¢®ù
®¯â¨¬÷§ æ÷ù ¤àã£®£® ¯®àï¤ªã. �¥â®¤

�ìîâ®  â  ©®£® ¢ à÷ æ÷ù

2.1. �¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷
�¥â®¤ �ìîâ®  â  ©®£® ¬®¤¨ä÷ª æ÷ù {  ©¥ä¥ªâ¨¢÷è¨© § á÷¡ ç¨-

á«®¢®£® à®§¢'ï§ ï § ¤ ç ¡¥§ã¬®¢®ù ®¯â¨¬÷§ æ÷ù. � ¤ «÷ ¯à¨¯ãáª õâì-
áï, é® äãªæ÷ï f áâà®£® ®¯ãª«  ÷ ¤¢÷ç÷ ¤¨ä¥à¥æ÷©®¢    Rn, ¯à¨ç®-
¬ã ¬ âà¨æï f ′′(x) ¥¢¨à®¤¦¥    Rn. � ¬¥â®¤÷ �ìîâ®  ¯®á«÷¤®¢÷áâì
x1, x2, . . . , xk, . . . ¡ã¤ãîâì §  ¯à ¢¨«®¬

xk+1 = xk + hk, (2.1)
hk = −[f ′′(xk)]−1 · f ′(xk), k = 0, 1, . . .

�â¦¥, ¬¥â®¤ �ìîâ®  { æ¥ ¬¥â®¤ ¬÷÷¬÷§ æ÷ù ¤àã£®£® ¯®àï¤ªã. �ª
¢¨¤® § (2.1), ¤®¢¦¨  ªà®ªã ak = 1;  ¯àï¬, é® ¢¨§ ç õâìáï ¢¥ªâ®à®¬
hk, õ  ¯àï¬®¬ á¯ ¤ ï äãªæ÷ù f .

�¢ ¤à â¨ç   ¯à®ªá¨¬ æ÷ï § ¤ ®ù äãªæ÷ù ¢ ¬ «®¬ã ®ª®«÷ ¤¥ïª®ù
â®çª¨ § ç® â®ç÷è  §  «÷÷©ã  ¯à®ªá¨¬ æ÷î. �®¬ã ¢ ¬¥â®¤÷ �ìîâ® 
¯à¨à®¤® á¯®¤÷¢ â¨áï   ¡÷«ìè â®ç¥  ¡«¨¦¥ï ¤® à®§¢'ï§ªã, ÷¦ ã
£à ¤÷õâ®¬ã ¬¥â®¤÷. � ¢¥¤¥¬® â¥®à¥¬ã ¯à® §¡÷¦÷áâì ¬¥â®¤ã �ìîâ® .

�¥®à¥¬  2.1. �¥å © äãªæ÷ï f ¤¢÷ç÷ ¤¨ä¥à¥æ÷©®¢ , á¨«ì® ®¯ãª« 
§ ª®áâ â®î Θ > 0   Rn â  § ¤®¢®«ìïõ ã¬®¢ã

‖f ′′(x)− f ′′(x̃)‖ ≤ M‖x− x̃‖,

¤¥ x, x̃ ∈ Rn, M > 0,   ¯®ç âª®¢  â®çª  x0 â ª , é®:
∥∥f ′(x0)

∥∥ ≤ 8Θ2

M
 ¡®

∥∥f ′(x0)
∥∥ ≤ 8Θ2

M
q, ¤¥ q ∈ (0; 1).
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2.1. �¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷

�®¤÷ ¯®á«÷¤®¢÷áâì xk (k ≥ 1), é® ¢¨§ ç õâìáï ä®à¬ã« ¬¨ (2.1), §¡÷£ -
õâìáï ¤® â®çª¨ ¬÷÷¬ã¬ã x∗ äãªæ÷ù f § ª¢ ¤à â¨ç®î è¢¨¤ª÷áâî:

∥∥xk − x∗
∥∥ <

4Θ2

M
q2k

.

�¡÷¦÷áâì ¬¥â®¤ã �ìîâ®  ¤®¢¥¤¥  «¨è¥ ¤«ï ¤®áâ âì® å®à®è®£®
¯®ç âª®¢®£®  ¡«¨¦¥ï x0. �¥¤®«÷ª ¬¨ ¬¥â®¤ã õ â ª®¦ áª« ¤÷áâì ¯®-
èãªã ¯®âà÷¡®£® ¯®ç âª®¢®£®  ¡«¨¦¥ï â  ¢¥«¨ª¨© ®¡áï£ ®¡ç¨á«¥ì
(  ª®¦®¬ã ªà®æ÷ ¯®âà÷¡® ®¡ç¨á«î¢ â¨ © ®¡¥àâ â¨ ¬ âà¨æî ¤àã£¨å
¯®å÷¤¨å æ÷«ì®¢®ù äãªæ÷ù).

�®¤¨ä÷ª æ÷ù ¬¥â®¤ã �ìîâ®  á¯àï¬®¢ ÷   â¥, é®¡, §¡¥à÷£è¨ ©®£®
®á®¢ã ¯¥à¥¢ £ã { è¢¨¤ªã §¡÷¦÷áâì, §¬¥è¨â¨ ®¡áï£ ®¡ç¨á«¥ì ÷ ¯®-
á« ¡¨â¨ ¢¨¬®£¨ ¤® ¢¨¡®àã ¯®ç âª®¢®£®  ¡«¨¦¥ï. � ã§ £ «ì¥®¬ã
¬¥â®¤÷ �ìîâ®  (â ª §¢ ¨© ¬¥â®¤ �ìîâ®  § à¥£ã«î¢ ï¬ ªà®ªã)
¯®á«÷¤®¢÷áâì xk (k ≥ 1) ¡ã¤ãõâìáï §  ¯à ¢¨«®¬

xk+1 = xk + akh
k, ak > 0, hk = −[f ′′(xk)]−1f ′(xk) (2.2)

(ïªé® ak = 1, ¬¥â®¤ §¡÷£ õâìáï § ª« á¨ç¨¬ ¬¥â®¤®¬ �ìîâ® ).
�¥â®¤ (2.2) ¬®¦  â ª®¦ ¯®¤ â¨ ã ¢¨£«ï¤÷

f ′′(xk) · hk = −f ′(xk); xk+1 = xk + akh
k.

�â¦¥, ¤«ï ¢¨§ ç¥ï ¢¥ªâ®à  hk ¬®¦  à®§¢'ï§ã¢ â¨ á¨áâ¥¬ã «÷÷©-
¨å à÷¢ïì § ¬÷áâì â®£®, é®¡ ®¡¥àâ â¨ ¬ âà¨æî f ′′(xk).

�®§£«ï¥¬® ¤¢  ¢ à÷ â¨ ã§ £ «ì¥®£® ¬¥â®¤ã �ìîâ® , ïª÷ à®§à÷§-
ïîâìáï á¯®á®¡®¬ ¢¨¡®àã ¯ à ¬¥âà  a.

�¥àè¨© á¯®á÷¡. 1. �¢ ¦ õ¬®, é® a = 1.
2. �  ®¡à ®£® a ®¡ç¨á«îõ¬® â®çªã x = xk + ahk â  § ç¥ï äãªæ÷ù

f(x) = f(xk + ahk).
3. �¥à¥¢÷àïõ¬® ¥à÷¢÷áâì:

f(x)− f(xk) ≤ ea
〈
f ′(xk), hk

〉
, 0 < e <

1

2

(e { ¤®¢÷«ì  ª®áâ â , ®¤ ª®¢  ¤«ï ¢á÷å k = 0, 1, 2, . . . ).
4. �ªé® ¥à÷¢÷áâì ¯. 3 ¢¨ª®ãõâìáï, ¡¥à¥¬® ak = a = 1 ÷ § ª÷çã-

õ¬® à®¡®âã  «£®à¨â¬ã; ÷ ªè¥, ¢¨ª®ãõ¬® ¤à®¡«¥ï a ÷ ¯®¢¥àâ õ¬®áì
¤® ¯. 2.

17



� ¡®à â®à  à®¡®â  2.

�àã£¨© á¯®á÷¡. � ç¥ï ak ®¡¨à õ¬® ïª â®çªã ¬÷÷¬ã¬ã æ÷«ì®¢®ù
äãªæ÷ù ¢  ¯àï¬÷  â¨£à ¤÷õâ :

f
(
xk − ak[f

′′(xk)]−1f ′(xk)
)

= min
a>0

f
(
xk − a[f ′′(xk)]−1f ′(xk)

)
.

�®à÷¢ïï ¤¢®å  ¢¥¤¥¨å á¯®á®¡÷¢ à¥£ã«î¢ ï ¤®¢¦¨¨ ªà®ªã ¤¥-
¬®áâàãõ ¯¥à¥¢ £ã ¯¥àè®£® á¯®á®¡ã, ïª¨© ã á¥à¥¤ì®¬ã ¯®âà¥¡ãõ ¬¥è®ù
ª÷«ìª®áâ÷ ®¡ç¨á«¥ì æ÷«ì®¢®ù äãªæ÷ù.

�«ï á¨«ì® ®¯ãª«¨å ¤¢÷ç÷ ¤¨ä¥à¥æ÷©®¢¨å äãªæ÷© ¬¥â®¤ �ìîâ® 
§¡÷£ õâìáï ¥§ «¥¦® ¢÷¤ ¢¨¡®àã ¯®ç âª®¢®ù â®çª¨ x0 ÷§  ¤«÷÷©®î  ¡®
ª¢ ¤à â¨ç®î è¢¨¤ª÷áâî (§   ï¢®áâ÷ ¤®¤ âª®¢¨å ã¬®¢   äãªæ÷î f).

� ã¢ ¦¥ï 2.1. �«ï ç¨á«®¢®£® ®¡ç¨á«¥ï ¯¥àè®ù â  ¤àã£®ù ¯®å÷¤-
®ù á«÷¤ ¢¨ª®à¨áâ®¢ã¢ â¨ à÷§¨æ¥¢÷ ä®à¬ã«¨, é® § ¡¥§¯¥çãîâì ¯®àï¤®ª
¯®¬¨«ª¨ ¥ ¨¦ç¥ §  h2,  ¯à¨ª« ¤:

f ′(x) =
f(x + h)− f(x− h)

2h
+ O(h2);

f ′′(x) =
f(x + h)− 2f(x) + f(x− h)

h2
+ O(h2).

2.2. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

1. � â ¡«. 1.1 § ©â¨ æ÷«ì®¢ã äãªæ÷î f §£÷¤® § ®¬¥à®¬ ¢ à÷ â ,
ãª § ®£® ¢¨ª« ¤ ç¥¬.

2. �ª« áâ¨ ¯à®£à ¬ã ¤«ï ¬÷÷¬÷§ æ÷ù æ÷«ì®¢®ù äãªæ÷ù f ®¤¨¬ § ¬¥-
â®¤÷¢ ¤àã£®£® ¯®àï¤ªã (â¨¯ã �ìîâ® ). �®ªà¥â¨© â¨¯ ¬¥â®¤ã ®¡à -
â¨ á ¬®áâ÷©®, ãà å®¢ãîç¨ ®á®¡«¨¢®áâ÷ äãªæ÷ù f ( ¯à¨ª« ¤, ïà÷áâì).
�«ï áª« ¤ ï ¯à®£à ¬¨ ¢¨ª®à¨áâ®¢ã¢ â¨ á¨áâ¥¬ã ¯à®£à ¬ã¢ ï â¨-
¯ã Pascal  ¡® C ã ¢¥àá÷ù,  ï¢÷© ã ¤¨á¯«¥©®¬ã ª« á÷, ¯à¨§ ç¥®¬ã
¤«ï ¯à®¢¥¤¥ï « ¡®à â®à¨å à®¡÷â. �¨ª®à¨áâ ï á¨áâ¥¬¨ ¯à®£à ¬ã-
¢ ï, ¢÷¤¬÷®ù ¢÷¤ Pascal  ¡® C,  ¡® ¢¨ª®à¨áâ ï ¢¥àá÷ù ª®¬¯÷«ïâ®à ,
¥ ¢áâ ®¢«¥®ù ¢ ¤¨á¯«¥©®¬ã ª« á÷, ¯®âà¥¡ãõ ¯®¯¥à¥¤ì®£® ã§£®¤¦¥ï
§ ¢¨ª« ¤ ç¥¬.

� ¯à®æ¥á÷ áª« ¤ ï ¯à®£à ¬¨ ¯®âà÷¡®:
{ ®¡ç¨á«¨â¨ æ÷«ì®¢ã äãªæ÷î ¢ ®ªà¥¬÷© ¯÷¤¯à®£à ¬÷;
{ ç áâ¨÷ ¯®å÷¤÷ æ÷«ì®¢®ù äãªæ÷ù ®¡ç¨á«¨â¨ ç¨á«®¢®.
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2.2. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

3. � ©â¨ ¬÷÷¬ã¬ § ¤ ®ù æ÷«ì®¢®ù äãªæ÷ù f §  ¤®¯®¬®£®î ¯ ª¥â 
ç¨á«®¢®ù ®¯â¨¬÷§ æ÷ù PACOPT (¯ ª¥â à®§à®¡«¥® ª®«¥ªâ¨¢®¬ ãç¥¨å-
¬ â¥¬ â¨ª÷¢ ¯÷¤ ª¥à÷¢¨æâ¢®¬  ª ¤¥¬÷ª  ��� �ªà ù¨ �. �. �è¥¨ç-
®£®).

4. �  à¥§ã«ìâ â ¬¨ ¤®á«÷¤¦¥ì áª« áâ¨ §¢÷â. � §¢÷â÷ ®¡®¢'ï§ª®¢® ¢÷-
¤®¡à §¨â¨ ¢ ï¢®¬ã ¢¨£«ï¤÷ 2{3 ªà®ª¨ ®¡à ®£®  «£®à¨â¬ã ¬÷÷¬÷§ æ÷ù
æ÷«ì®¢®ù äãªæ÷ù.
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� ¡®à â®à  à®¡®â  3

�¨á«®¢÷ ¬¥â®¤¨ ¥«÷÷©®ù ã¬®¢®ù
®¯â¨¬÷§ æ÷ù. �¥â®¤ ¯à®¥ªæ÷ù

£à ¤÷õâ 

3.1. �¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷
�®§£«ï¥¬® ¬¥â®¤ ¯à®¥ªæ÷ù £à ¤÷õâ  ¤«ï à®§¢'ï§ ï § ¤ ç÷

f(x) → min, x ∈ X, (3.1)

¤¥ X { § ¬ª¥  ®¯ãª«  ¬®¦¨  ¢ Rn; f { ¤¨ä¥à¥æ÷©®¢  äãªæ÷ï  
X. �¥© ¬¥â®¤ õ ¬®¤¨ä÷ª æ÷õî £à ¤÷õâ®£® ¬¥â®¤ã ¡¥§ã¬®¢®ù ®¯â¨¬÷§ -
æ÷ù   ¢¨¯ ¤®ª ã¬®¢¨å § ¤ ç.

�à®¥ªæ÷õî â®çª¨ a   ¬®¦¨ã X ∈ Rn  §¨¢ õâìáï â®çª  pX(a) ∈ X,
 ©¡«¨¦ç  ¤® â®çª¨ a á¥à¥¤ ãá÷å â®ç®ª § ¬®¦¨¨ X.

�¨á«® pX(a) { à®§¢'ï§®ª § ¤ ç÷ ¯à®¥ªâã¢ ï

f(x) = ‖x− a‖2 → min, x ∈ X. (3.2)

�®ïââï ¯à®¥ªæ÷ù â®çª¨ a   ¬®¦¨ã X ¬ õ á¥á ¤«ï ¤®¢÷«ì®ù ¬®-
¦¨¨ X ∈ Rn, ®¤ ª ã § £ «ì®¬ã ¢¨¯ ¤ªã ¯à®¥ªæ÷ï â®çª¨   ¬®¦¨-
ã ¬®¦¥ ¢¨§ ç â¨áì ¥®¤®§ ç® (§ ¤ ç  ¬÷÷¬÷§ æ÷ù (3.2) ¬®¦¥ ¬ â¨
¡÷«ìè¥ ®¤®£® à®§¢'ï§ªã). öáã¢ ï â  õ¤¨÷áâì à®§¢'ï§ªã § ¤ ç÷ (3.2)
£ à âãõ ã¬®¢  ®¯ãª«®áâ÷ â  § ¬ª¥®áâ÷ ¬®¦¨¨ X ∈ Rn (¤¨¢., §®ªà¥-
¬ , [3]).

�ªé® X { § ¬ª¥  ®¯ãª«  ¬®¦¨  ¢ Rn, ¬ îâì ¬÷áæ¥ â ª÷ â¢¥à-
¤¦¥ï ( ¯à¨ª« ¤, [3]).

1. �®çª  x̄ { ¯à®¥ªæ÷ï â®çª¨ a   ¬®¦¨ã X (x = pX(a)) â®¤÷ ÷ â÷«ìª¨
â®¤÷, ª®«¨

(x− a, x− x) ≥ 0
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3.1. �¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷

¯à¨ ¢á÷å x ∈ X.
2. �«ï ¡ã¤ì-ïª¨å â®ç®ª a1, a2 ∈ Rn ¢¨ª®ãõâìáï ®æ÷ª :

∥∥pX(a1)− pX(a2)
∥∥ ≤

∥∥a1 − a2
∥∥.

� ®á®¢ã ¬¥â®¤ã ¯à®¥ªæ÷ù £à ¤÷õâ  ¯®ª« ¤¥® â¥®à¥¬ã 3.1 (¤¨¢.,  -
¯à¨ª« ¤, [3]).

�¥®à¥¬  3.1. �¥å © ¬®¦¨  X ∈ Rn { ®¯ãª«  ÷ § ¬ª¥ , äãªæ÷ï
f { ®¯ãª«    X â  ¤¨ä¥à¥æ÷©®¢  ¢ â®çæ÷ x∗ ∈ X. �®¤÷ ¤«ï â®£® é®¡
â®çª  x∗ ¡ã«  à®§¢'ï§ª®¬ § ¤ ç÷ (3.1), ¥®¡å÷¤® ÷ ¤®áâ âì® ¢¨ª® ï
ã¬®¢¨

x∗ = pX (x∗ − af ′(x∗)) §  ¤®¢÷«ì®£® a > 0.

� ¬¥â®¤÷ ¯à®¥ªæ÷ù £à ¤÷õâ  §  ç¥à£®¢ã â®çªã  ¡«¨¦¥ï ¤® à®§¢'ï§-
ªã § ¤ ç÷ (3.1) ¢¨¡¨à îâì ¯à®¥ªæ÷î   ¬®¦¨ã X â÷õù â®çª¨, ïªã ®¤¥à-
¦ãîâì § áâ®áã¢ ï¬ £à ¤÷õâ®£® ¬¥â®¤ã:

xk+1 = pX

(
xk − akf

′(xk)
)
, k = 0, 1, 2, . . . (3.3)

�®¥ä÷æ÷õâ¨ ak ≥ 0 ¬®¦  ¢¨¡¨à â¨ §  ¬¥â®¤¨ª ¬¨, ®¯¨á ¨¬¨ ¢¨-
é¥. � ¯à¨ª« ¤, ÷áãîâì à÷§®¬ ÷â÷ ¬®¤¨ä÷ª æ÷ù ¬¥â®¤ã  ©è¢¨¤è®£®
á¯ãáªã §  ¡«¨¦¥¨¬ à®§¢'ï§ ï¬ (  ª®¦®¬ã ªà®æ÷) § ¤ ç÷ ®¤®¢¨-
¬÷à®ù ¬÷÷¬÷§ æ÷ù ¯® a, ¬®¦«¨¢¨© ¢¨¡÷à a ¤à®¡«¥ï¬ ªà®ªã â®é®.

� ¢¥¤¥¬® â¥®à¥¬ã ¯à® §¡÷¦÷áâì ¬¥â®¤ã (¤¨¢.,  ¯à¨ª« ¤, [3]).

�¥®à¥¬  3.2. �¥å © ¬®¦¨  X ∈ Rn { ®¯ãª«  ÷ § ¬ª¥ , äãª-
æ÷ï f { á¨«ì® ®¯ãª«  § ª®áâ â®î j > 0 â  ¤¨ä¥à¥æ÷©®¢    X,
¯à¨ç®¬ã £à ¤÷õâ f § ¤®¢®«ìïõ ã¬®¢ã �÷¯è÷æ :

‖f ′(x)− f ′(y)‖ ≤ M‖x− y‖, x, y ∈ X.

�®¤÷ ¯®á«÷¤®¢÷áâì xk (k ≥ 1), é® £¥¥àãõâìáï §  ¯à ¢¨«®¬ (3.3) § 
¤®¢÷«ì¨å x0 ∈ X â  ak ∈

(
0; 4j

M2

)
, §¡÷£ õâìáï ¤® à®§¢'ï§ªã x∗ § ¤ ç÷

(3.1) §÷ è¢¨¤ª÷áâî £¥®¬¥âà¨ç®ù ¯à®£à¥á÷ù
∥∥xk+1 − x∗

∥∥ ≤ q
∥∥xk − x∗

∥∥, ¤¥ q =
√

1− 4ja + a2M2 ∈ (0; 1).
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� ¡®à â®à  à®¡®â  3.

� ®¯¨á ®¬ã ¬¥â®¤÷   ª®¦÷© k-© ÷â¥à æ÷ù ¯®âà÷¡® ¯à®¢®¤¨â¨ ®¯¥-
à æ÷î ¯à®¥ªâã¢ ï â®çª¨   ¬®¦¨ã X, â®¡â® à®§¢'ï§ã¢ â¨ § ¤ çã
¢¨¤ã (3.2) ¯à¨ a = xk−akf

′(xk). � ¤¥ïª¨å ¢¨¯ ¤ª å ¢¤ õâìáï ¯®¡ã¤ã¢ â¨
ï¢ã ä®à¬ã«ã ¤«ï ¯à®¥ªæ÷ù,  ¯à¨ª« ¤, ª®«¨ X { ªã«ï, ª®®à¤¨ â¨©
¯ à «¥«¥¯÷¯¥¤, ¥¢÷¤'õ¬¨© ®àâ â, £÷¯¥à¯«®é¨ , ¯÷¢¯à®áâ÷à â®é® (¤¨¢.
¯÷¤à®§¤. 3.2).

� ã¢ ¦¥ï 3.1. �«ï ç¨á«®¢®£® ®¡ç¨á«¥ï ¯¥àè®ù â  ¤àã£®ù ¯®å÷¤-
®ù á«÷¤ ¢¨ª®à¨áâ®¢ã¢ â¨ à÷§¨æ¥¢÷ ä®à¬ã«¨, é® § ¡¥§¯¥çãîâì ¯®àï¤®ª
¯®¬¨«ª¨ ¥ ¨¦ç¥ §  h2,  ¯à¨ª« ¤:

f ′(x) =
f(x + h)− f(x− h)

2h
+ O(h2);

f ′′(x) =
f(x + h)− 2f(x) + f(x− h)

h2
+ O(h2).

3.2. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

1. � â ¡«. 3.1 § ©â¨ æ÷«ì®¢ã äãªæ÷î f § ¢÷¤¯®¢÷¤¨¬¨ ®¡¬¥¦¥ï¬¨
§£÷¤® § ®¬¥à®¬ ¢ à÷ â , ãª § ®£® ¢¨ª« ¤ ç¥¬.

2. �ª« áâ¨ ¯à®£à ¬ã ¤«ï ã¬®¢®ù ¬÷÷¬÷§ æ÷ù æ÷«ì®¢®ù äãªæ÷ù f ®¤¨¬
§ ¬¥â®¤÷¢ ¯à®¥ªæ÷ù £à ¤÷õâ . �®ªà¥â¨© â¨¯ ¬¥â®¤ã ®¡à â¨ á ¬®áâ÷©®,
ãà å®¢ãîç¨ ®á®¡«¨¢®áâ÷ äãªæ÷ù f â  ®¡¬¥¦¥ì. �«ï áª« ¤ ï ¯à®£à -
¬¨ ¢¨ª®à¨áâ®¢ã¢ â¨ á¨áâ¥¬ã ¯à®£à ¬ã¢ ï â¨¯ã Pascal  ¡® C ã ¢¥àá÷ù,
 ï¢÷© ã ¤¨á¯«¥©®¬ã ª« á÷, ¯à¨§ ç¥®¬ã ¤«ï ¯à®¢¥¤¥ï « ¡®à â®à-
¨å à®¡÷â. �¨ª®à¨áâ ï á¨áâ¥¬¨ ¯à®£à ¬ã¢ ï, ¢÷¤¬÷®ù ¢÷¤ Pascal  ¡®
C,  ¡® ¢¨ª®à¨áâ ï ¢¥àá÷ù ª®¬¯÷«ïâ®à , ¥ ¢áâ ®¢«¥®ù ¢ ¤¨á¯«¥©®¬ã
ª« á÷, ¯®âà¥¡ãõ ¯®¯¥à¥¤ì®£® ã§£®¤¦¥ï § ¢¨ª« ¤ ç¥¬.

�÷¤ ç á áª« ¤ ï ¯à®£à ¬¨ ¯®âà÷¡®:
{ ®¡ç¨á«¨â¨ æ÷«ì®¢ã äãªæ÷î â  äãªæ÷ù ®¡¬¥¦¥ì ¢ ®ªà¥¬÷© ¯÷¤¯à®-

£à ¬÷;
{ ç áâ¨÷ ¯®å÷¤÷ ®¡ç¨á«¨â¨ ç¨á«®¢®.
3. � ©â¨ ã¬®¢¨© ¬÷÷¬ã¬ § ¤ ®ù æ÷«ì®¢®ù äãªæ÷ù f §  ¤®¯®¬®-

£®î ¯ ª¥â  ç¨á«®¢®ù ®¯â¨¬÷§ æ÷ù PACOPT (¯ ª¥â à®§à®¡«¥® ª®«¥ª-
â¨¢®¬ ãç¥¨å-¬ â¥¬ â¨ª÷¢ ¯÷¤ ª¥à÷¢¨æâ¢®¬  ª ¤¥¬÷ª  ��� �ªà ù¨
�. �. �è¥¨ç®£®).

4. �  à¥§ã«ìâ â ¬¨ ¤®á«÷¤¦¥ì áª« áâ¨ §¢÷â. � §¢÷â÷ ®¡®¢'ï§ª®¢® ¢÷¤®-
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3.2. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

¡à §¨â¨ ¢ ï¢®¬ã ¢¨£«ï¤÷ 2{3 ªà®ª¨ ®¡à ®£®  «£®à¨â¬ã ã¬®¢®ù ¬÷÷¬÷-
§ æ÷ù.

� ¡«¨æï 3.1. � à÷ â¨ § ¢¤ ì ¤® « ¡®à â®à®ù à®¡®â¨ 3

� à÷ â �÷«ì®¢  äãªæ÷ï �¡¬¥¦¥ï

1 x2 + y2 + z2 x + y + z = 1

2 2x2 + 3y2 + z2 3x + 2y + z = 1

3 x2 + 3y2 + 2z2 2x + y + 3z = 1

4 4x2 + y2 + z2 x + 2y + 3z = 1

5 2x2 + y2 + 3z2 4x + y + z = 1

6 x + y + z x2 + y2 + z2 ≤ 1

7 2x + 3y + z 3x2 + 2y2 + z2 ≤ 1

8 3x + y + 2z 2x2 + y2 + 3z2 ≤ 1

9 x + 4y + z x2 + 3y2 + 2z2 ≤ 1

10 x + 2y + 3z x2 + y2 + z2 ≤ 1

11 y y − x2 ≥ 0

12 100(x2 − y)2 + (x− 1)2 x(x− 4)− 2y + 12 = 0

13 −y
1 + x− 2y ≥ 0; x2 + y2 − 1 = 0;

x ≥ 0

14 −x y − x3 − z2 = 0; x2 − y − t2 = 0

15 x (x− 1)3 − y = 0; x ≥ 1; y ≥ 0

16 −x (1− x)3 − y ≥ 0; x ≥ 0; y ≥ 0
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17 −x
0, 125− y − (x− 1)3 ≥ 0;

x ≥ 0; y ≥ 0

18 −x eex ≥ 0; y − eex ≥ 0; y ≤ 10

19 x2 + y2

x + y − 1 ≥ 0; x2 + y2 − 1 ≥ 0;

9x2 + y2 − 9 ≥ 0; x2 − y ≥ 0;

y2 − x ≥ 0

20 −xy
x2 + y2 ≥ 0; 1− x2 − y2 ≥ 0

x ≥ 0; y ≥ 0

21 (x− 2)2 + (y − 1)2 −x2 + y ≥ 0; y − x2 ≥ 0

22 x2 + y −x− y + 1 ≥ 0; −(x2 + y2) + 9 ≥ 0

23 y
−2x2 + x3 + y ≥ 0;

−2(1− x)2 + (1− x)3 + y ≥ 0

24 100(y − x2)2 + (1− x)2
x + 3y + 0, 3 ≥ 0;
−x + 3y + 0, 3 ≥ 0

25 100(y − x2)2 + (1− x)2 x2 + y2 − 0, 25 ≥ 0

3.3. �¢÷ ä®à¬ã«¨ ®¡ç¨á«¥ï
¯à®¥ªæ÷ù pXa ¤«ï ¤¥ïª¨å ¬®¦¨ X

�¥å © a ∈ Rn. �®§£«ï¥¬® ¤¥ïª÷ ª®ªà¥â÷ ¢¨¯ ¤ª¨ ¬®¦¨¨ X ∈ Rn.
1. �®¦¨  X { ªã«ï:

X = {x ∈ Rn :
∥∥x− x0

∥∥ ≤ r};

pXa = x0 +
a− x0

‖a− x0‖ · r.
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3.3. �¢÷ ä®à¬ã«¨ ®¡ç¨á«¥ï ¯à®¥ªæ÷ù pXa ¤«ï ¤¥ïª¨å ¬®¦¨ X

2. �®¦¨  X { ª®®à¤¨ â¨© ¯ à «¥«¥¯÷¯¥¤:

X = {x ∈ Rn : bj ≤ xj ≤ cj, j = 1, . . . , n};

(pXa)j =





bj, ïªé® aj < bj;

aj, ïªé® bj ≤ aj ≤ cj;

cj, ïªé® aj > cj.

3. �®¦¨  X { ¥¢÷¤'õ¬¨© ®àâ â:

X = {x ∈ Rn : xj ≥ 0, j = 1, . . . , n};
pXa = (max(0, a1), max(0, a2), . . . , max(0, an)) .

4. �®¦¨  X { £÷¯¥à¯«®é¨ :

X = Hpb = {x ∈ Rn : (p, x) = b} (p 6= 0);

pXa = a + (b− (p, a)) · p

‖p‖2 .

5. �®¦¨  X { ¯÷¢¯à®áâ÷à:

X = H+
pb = {x ∈ Rn : (p, x) ≥ b} (p 6= 0);

pXa = a + max (0; b− (p, a)) · p

‖p‖2 .
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� ¡®à â®à  à®¡®â  4

�¥â®¤¨ á¯àï¦¥¨å  ¯àï¬÷¢.
�¥â®¤ á¯àï¦¥¨å £à ¤÷õâ÷¢

4.1. �¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷. �¥â®¤¨
á¯àï¦¥¨å  ¯àï¬÷¢ ¤«ï ª¢ ¤à â¨ç®ù
äãªæ÷ù

�¥â®¤¨ á¯àï¦¥¨å  ¯àï¬÷¢, ïªé® £®¢®à¨â¨ ý¥ä®à¬ «ì®þ, ¡ §ã-
îâìáï   ÷¤¥ù ¬÷÷¬÷§ æ÷ù ª¢ ¤à â¨ç®ù äãªæ÷ù §  áª÷ç¥ã ª÷«ìª÷áâì
ªà®ª÷¢. �¨§ ç¨¬® ¬¥â®¤ ä®à¬ «ì®.

�÷÷¬÷§ãõ¬® ª¢ ¤à â¨çã äãªæ÷î

f(x) =
1

2
〈Ax, x〉+ 〈b, x〉 ,

¤¥ A { á¨¬¥âà¨ç  ¤®¤ â® ¢¨§ ç¥  ¬ âà¨æï à®§¬÷àã n×n, b ∈ Rn,
x ∈ Rn. �ãâì ¬¥â®¤ã á¯àï¦¥¨å  ¯àï¬÷¢ ¯®«ï£ õ ¢ § å®¤¦¥÷ â ª¨å
 ¯àï¬÷¢ h0, h1, . . . , hn−1, é® ¯®á«÷¤®¢÷áâì ®¤®¢¨¬÷à¨å ¬÷÷¬÷§ æ÷©
ã§¤®¢¦ hj (j = 1, 2 . . . , n− 1) ¬÷÷¬÷§ãõ äãªæ÷î f , â®¡â®

f(xn) = min
x∈Rn

f(x),

¤¥ ¯®á«÷¤®¢÷áâì xk, 0 ≤ k ≤ n ¢¨§ ç îâì à¥ªãà¥â®:
x0 ∈ R { ¤®¢÷«ì¥ ç¨á«®;
xk+1 = xk + akh

k, f(xk + akh
k) = min

a∈R
f(xk + ahk) (0 ≤ k ≤ n).

�ª § ã ¢« áâ¨¢÷áâì ¬ õ á¨áâ¥¬   ¯àï¬÷¢ h0, . . . , hn−1, ¢§ õ¬® (¯®-
¯ à®) á¯àï¦¥¨å ¢÷¤®á® ¬ âà¨æ÷ A, â®¡â®:

〈
Ahi, hj

〉
= 0 ¯à¨ i 6= j.
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4.2. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

�®ªà¥â÷  «£®à¨â¬¨ ¬÷÷¬÷§ æ÷ù ¡ §ãîâìáï   á¯®á®¡ å ¯®¡ã¤®¢¨ á¨-
áâ¥¬¨ ¢§ õ¬® á¯àï¦¥¨å  ¯àï¬÷¢.

� ¬¥â®¤÷ á¯àï¦¥¨å  ¯àï¬÷¢ ¯¥àè®£® ¯®àï¤ªã á¨áâ¥¬  ¢§ õ¬®
á¯àï¦¥¨å  ¯àï¬÷¢ ¡ã¤ãõâìáï §  ¯à ¢¨«®¬:

h0 = −f ′(x0);

hk = −f ′(xk) + bk−ah
k−1, bk−1 =

〈
f ′(xk), Ahk−1

〉

〈hk−1, Ahk−1〉 .
(4.1)

�÷¤®¬® (¤¨¢.,  ¯à¨ª« ¤, [3]), é® ¯®¡ã¤®¢ ÷ §  á¯÷¢¢÷¤®è¥ï¬¨
(4.1) ¢¥ªâ®à¨ h0, . . . , hn−1 ¢§ õ¬® á¯àï¦¥÷,   £à ¤÷õâ¨ f ′(x0), . . . ,
f ′(xn−1) ¯®¯ à® ®àâ®£® «ì÷. �¥â®¤ á¯àï¦¥¨å £à ¤÷õâ÷¢ (ïª ®ªà¥-
¬¨© ¢¨¯ ¤®ª ¬¥â®¤ã á¯àï¦¥¨å  ¯àï¬÷¢) § ¡¥§¯¥çãõ ¢÷¤èãª ï â®çª¨
¬÷÷¬ã¬ã äãªæ÷ù f ¥ ¯÷§÷è¥ ÷¦   n-¬ã ªà®æ÷.

4.2. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

1. � â ¡«. 1.1 § ©â¨ æ÷«ì®¢ã äãªæ÷î f §£÷¤® § ®¬¥à®¬ ¢ à÷ â ,
¢ª § ®£® ¢¨ª« ¤ ç¥¬.

2. �ª« áâ¨ ¯à®£à ¬ã ¤«ï ¬÷÷¬÷§ æ÷ù æ÷«ì®¢®ù äãªæ÷ù f ®¤¨¬ § £à ¤÷-
õâ¨å ¬¥â®¤÷¢. �®ªà¥â¨© â¨¯ £à ¤÷õâ®£® ¬¥â®¤ã ®¡à â¨ á ¬®áâ÷©®,
ãà å®¢ãîç¨ ®á®¡«¨¢®áâ÷ äãªæ÷ù f ( ¯à¨ª« ¤, ïà÷áâì). �«ï áª« ¤ -
ï ¯à®£à ¬¨ ¢¨ª®à¨áâ®¢ã¢ â¨ á¨áâ¥¬ã ¯à®£à ¬ã¢ ï â¨¯ã Pascal  ¡®
C ã ¢¥àá÷ù,  ï¢÷© ã ¤¨á¯«¥©®¬ã ª« á÷, ¯à¨§ ç¥®¬ã ¤«ï ¯à®¢¥¤¥-
ï « ¡®à â®à¨å à®¡÷â. �¨ª®à¨áâ ï á¨áâ¥¬¨ ¯à®£à ¬ã¢ ï, ¢÷¤¬÷®ù
¢÷¤ Pascal  ¡® C,  ¡® ¢¨ª®à¨áâ ï ¢¥àá÷ù ª®¬¯÷«ïâ®à , ¥ ¢áâ ®¢«¥®ù ¢
¤¨á¯«¥©®¬ã ª« á÷, ¯®âà¥¡ãõ ¯®¯¥à¥¤ì®£® ã§£®¤¦¥ï § ¢¨ª« ¤ ç¥¬.

�÷¤ ç á áª« ¤ ï ¯à®£à ¬¨ âà¥¡ :
{ ®¡ç¨á«¨â¨ æ÷«ì®¢ã äãªæ÷î ¢ ®ªà¥¬÷© ¯÷¤¯à®£à ¬÷;
{ ç áâ¨÷ ¯®å÷¤÷ æ÷«ì®¢®ù äãªæ÷ù ®¡ç¨á«¨â¨ ç¨á«®¢®.
3. � ©â¨ ¬÷÷¬ã¬ § ¤ ®ù æ÷«ì®¢®ù äãªæ÷ù f §  ¤®¯®¬®£®î ¯ ª¥â 

ç¨á«®¢®ù ®¯â¨¬÷§ æ÷ù PACOPT (¯ ª¥â à®§à®¡«¥® ª®«¥ªâ¨¢®¬ ãç¥¨å-
¬ â¥¬ â¨ª÷¢ ¯÷¤ ª¥à÷¢¨æâ¢®¬  ª ¤¥¬÷ª  ��� �ªà ù¨ �. �. �è¥¨ç-
®£®).

4. �  à¥§ã«ìâ â ¬¨ ¤®á«÷¤¦¥ì áª« áâ¨ §¢÷â. � §¢÷â÷ ®¡®¢'ï§ª®¢® ¢÷-
¤®¡à §¨â¨ ¢ ï¢®¬ã ¢¨£«ï¤÷ 2{3 ªà®ª¨ ®¡à ®£®  «£®à¨â¬ã ¬÷÷¬÷§ æ÷ù
æ÷«ì®¢®ù äãªæ÷ù.
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4.3. �®¤ âª®¢÷ § ¢¤ ï ¤® « ¡®à â®à®ù
à®¡®â¨

1. � áâ®áã¢ â¨ ¬¥â®¤  ©è¢¨¤è®£® á¯ãáªã ¤® ¤¢®¢¨¬÷à®ù ª¢ ¤à â¨ç-
®ù äãªæ÷ù f(x) ¤«ï à÷§¨å ¯®ç âª®¢¨å  ¡«¨¦¥ì:

1) f(x) = x1 + ax2;
2) f(x) = x2

1 + x2
2 + ax3.

� à ¬¥âà a § ¤ õ ª®à¨áâã¢ ç § ¢¨¬®£®î a À 1 (a  ¡ £ â® ¡÷«ìè¥ § 
®¤¨¨æî).

2. � áâ®áã¢ â¨ ¬¥â®¤  ©è¢¨¤è®£® á¯ãáªã ¤® âà¨¢¨¬÷à®ù ª¢ ¤à â¨ç-
®ù äãªæ÷ù f(x) f(x) = 1

2
〈Ax, x〉 − 〈b, x〉:

1) A =




4 2 1
2 6 1
1 1 8


, b =

(
2 3 1

)
, x0 =

(
1

3

1

5

1

10

)
;

2) A =




4 1 1
1 4 1
1 1 4


, b =

(
2 3 4

)
, x0 =

(
0

1

2
1

)
.
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� ¡®à â®à  à®¡®â  5

�«¥¬¥â¨ â¥®à÷ù ®¯â¨¬ «ì®£®
ª¥àã¢ ï

5.1. �¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷
5.1.1. �®áâ ®¢ª  § ¤ ç÷

�¥å © àãå ª¥à®¢ ®£® ®¡'õªâ  ®¯¨áãõâìáï á¨áâ¥¬®î ¤¨ä¥à¥æ÷ «ì¨å
à÷¢ïì

ẋ = f(x, u, t), (5.1)
¤¥ x = (x1, . . . , xn) { ¢¥ªâ®à ª®®à¤¨ â ®¡'õªâ  ( ¡® ¢¥ªâ®à ä §®¢¨å ª®-
®à¤¨ â); f = (f1, . . . , fn) { § ¤   äãªæ÷ï; u = (u1, . . . , ur) { ¢¥ªâ®à
ª¥àã¢ ì ( ¡® ¯à®áâ® ª¥àã¢ ï). � à÷¢ï÷ (5.1) ¢¥ªâ®à¨ x â  u { äãª-
æ÷ù §¬÷®ù t, ïª  ®§ ç õ ç á, ¯à¨ç®¬ã t ∈ [t0, T ]; âãâ ÷  ¤ «÷ [t0, T ] {
¢÷¤à÷§®ª ç áã,   ïª®¬ã ¢÷¤¡ã¢ õâìáï ª¥àã¢ ï. �  ª¥àã¢ ï, § §¢¨ç ©,
¤®¤ âª®¢®  ª« ¤ õâìáï ã¬®¢ 

u(t) ∈ U(t), t ∈ [t0, T ], (5.2)
¤¥ U(t) ¯à¨ ª®¦®¬ã t ∈ [t0, T ] { § ¤   ¬®¦¨  ¢ Rr.

�¥ªâ®àã (r-¢¨¬÷àã) äãªæ÷î u  §¨¢ îâì ª¥àã¢ ï¬, ïªé® ¢® 
ªãáª®¢®-¥¯¥à¥à¢    [t0, T ] (â®¡â® u ¬ õ   [t0, T ] áª÷ç¥ã ª÷«ìª÷áâì
à®§à¨¢÷¢ ¯¥àè®£® à®¤ã ÷ ¥ ¬ õ à®§à¨¢÷¢ ¤àã£®£® à®¤ã), ¥¯¥à¥à¢  á¯à -
¢  ã â®çª å à®§à¨¢ã â  ¥¯¥à¥à¢  ¢ â®çæ÷ T . �¥àã¢ ï u  §¨¢ îâì
¤®¯ãáâ¨¬¨¬, ïªé® ¢®® ¤®¤ âª®¢® § ¤®¢®«ìïõ ®¡¬¥¦¥ï (5.2).

�¥å © äãªæ÷ï u ¬ õ áâà¨¡ª¨ (à®§à¨¢¨ ¯¥àè®£® à®¤ã) ¢ â®çª å
t1, . . . , tk, t0 < t1 < t2 < · · · < tk < T . �®§£«ï¥¬® § ¤ çã �®è÷

ẋ(t) = f(x(t), u(t), t), t0 ≤ t ≤ T, x(t0) = x0. (5.3)
�à¨¯ãáâ¨¬®, é® § ¤ ç  (5.3) ¬ õ à®§¢'ï§®ª x, ¢¨§ ç¥¨©   ¢÷¤à÷§ªã

ç áã [0, t1], ¯à¨ç®¬ã x(t1) = x1. � «÷ à®§£«ï¥¬® § ¤ çã �®è÷
ẋ(t) = f(x(t), u(t), t), x(t1) = x1.
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�à¨¯ãáª îç¨, é® æï § ¤ ç  ¬ õ à®§¢'ï§®ª   ¢÷¤à÷§ªã [t1, t2], ¯à¨ç®¬ã
x(t2) = x2, ¯¥à¥å®¤¨¬® ¤® § ¤ ç÷

ẋ(t) = f(x(t), u(t), t), x(t2) = x2 ÷ â. ¤.

�ãªæ÷î x, ïªã ¢¤ õâìáï ¢¨§ ç¨â¨ ¢ª § ¨¬ á¯®á®¡®¬   ¢áì®¬ã
¢÷¤à÷§ªã [t0, T ],  §¨¢ â¨¬¥¬® à®§¢'ï§ª®¬ § ¤ ç÷ �®è÷ (5.3)  ¡® ä §®¢®î
âà õªâ®à÷õî, é® ¢÷¤¯®¢÷¤ õ ª¥àã¢ î u. �ãªæ÷ï x §  ¯®¡ã¤®¢®î ¥¯¥-
à¥à¢    [t0, T ] â  § ¤®¢®«ìïõ ¤«ï ¢á÷å t ∈ [t0, T ] à÷¢÷áâì:

x(t) = x0 +

t∫

t0

f(x(t), u(t), t)dt.

�¥®à¥¬  5.1 (÷áã¢ ï). �¥å © ¢¥ªâ®à-äãªæ÷ï f ¢¨§ ç¥  â 
¥¯¥à¥à¢  §  áãªã¯÷áâî  à£ã¬¥â÷¢   Rn ×Rr × [t0, T ] ÷ § ¤®¢®«ìïõ
ã¬®¢ã �÷¯è÷æ  §  x § ¤¥ïª®î ª®áâ â®î M > 0:

‖f(x, u, t)− f(x̂, u, t)‖ ≤ M‖x− x̂‖, x, x̂ ∈ Rn, u ∈ Rr, t ∈ [t0, T ].

�®¤÷ ¤«ï ¤®¢÷«ì®£® x0 ∈ Rn â  ¤®¢÷«ì®£® ªãáª®¢®-¥¯¥à¥à¢®£® ª¥àã-
¢ ï u § ¤ ç  (5.3) ¬ õ õ¤¨¨© à®§¢'ï§®ª, ¢¨§ ç¥¨©   ¢áì®¬ã ¢÷¤à÷§-
ªã [t0, T ].

� £ «ì  ¯®áâ ®¢ª  § ¤ ç÷ ®¯â¨¬ «ì®£® ª¥àã¢ ï ¯¥à¥¤¡ ç õ á¨á-
â¥¬ã ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì

ẋ = f(x, u, t), (5.4)

ïª  ®¯¨áãõ àãå ¤¥ïª®£® ª¥à®¢ ®£® ®¡'õªâ , é® ¯÷¤¯®àï¤ª®¢ ¨© â ª¨¬
ã¬®¢ ¬:

x(t0) ∈ S0 { ¯®ç âª®¢÷ ã¬®¢¨; (5.5)
x(T ) ∈ ST { ª÷æ¥¢÷ ã¬®¢¨; (5.6)
t0 ∈ Θ0 { ã¬®¢¨   ¯®ç âª®¢¨© ¬®¬¥â ç áã; (5.7)
T ∈ Θ1 { ã¬®¢¨   ª÷æ¥¢¨© ¬®¬¥â ç áã; (5.8)
x(t) ∈ X(t), t ∈ [t0, T ] { ä §®¢÷ ®¡¬¥¦¥ï; (5.9)
u(t) ∈ U(t), t ∈ [t0, T ] { ®¡¬¥¦¥ï   ª¥àã¢ ï, (5.10)

¤¥ S0, ST , X(t), U(t) { § ¤ ÷ ¬®¦¨¨ ¯à¨ ª®¦®¬ã t ∈ [t0, T ].
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5.1. �¥®à¥â¨ç÷ ¢÷¤®¬®áâ÷

�  æ÷«ì®¢¨© äãªæ÷® « (  «®£ æ÷«ì®¢®ù äãªæ÷ù ¢ § ¤ ç å ®¯â¨¬÷-
§ æ÷ù) ¡¥à¥âìáï

J(u, x0, t0, T, x(T )) =

T∫

t0

f0(x(t), u(t), t)dt + Φ(t0, x0, x(T ), T ), (5.11)

ïª¨© õ áã¬®î ÷â¥£à «ì®£® äãªæ÷® « 
T∫

t0

f0(x(t), u(t), t)dt ÷ â¥à¬÷ «ì-

®£® äãªæ÷® «  Φ(t0, x0, x(T ), T ). �ï § ¤ ç  ¢ § £ «ì÷© ä®à¬÷  §¨¢ -
õâìáï § ¤ ç¥î �®«ìæ . � ¤ ç  ª¥àã¢ ï, é® ¬÷áâ¨âì «¨è¥ ÷â¥£à «ì¨©
äãªæ÷® « (â¥à¬÷ «ì¨© äãªæ÷® « õ â®â®¦¨¬ ã«¥¬)  §¨¢ õâìáï
§ ¤ ç¥î � £à ¦ ; § ¤ ç , é® ¬÷áâ¨âì «¨è¥ â¥à¬÷ «ì¨© äãªæ÷® «
(÷â¥£à «ì¨© äãªæ÷® « õ â®â®¦¨¬ ã«¥¬)  §¨¢ õâìáï § ¤ ç¥î � -
©õà . � ¤ ç  § ÷â¥£à «ì¨¬ äãªæ÷® «®¬ ¯à¨ f0 ≡ 1  §¨¢ õâìáï § ¤ -
ç¥î ®¯â¨¬ «ì®ù è¢¨¤ª®¤÷ù .

�â¦¥, § ¤ ç  ®¯â¨¬ «ì®£® ª¥àã¢ ï ä®à¬ã«îõâìáï ïª § ¤ ç  ¬÷-
÷¬÷§ æ÷ù äãªæ÷® «  (5.11) §  ®¡¬¥¦¥ì (5.4){(5.10). �÷¤ ¬÷÷¬÷§ æ÷õî
äãªæ÷® «  à®§ã¬÷îâì â ª¥:

{ §  ä÷ªá®¢ ¨å t0, x0 = x(t0) â  ¤®¯ãáâ¨¬®£® ª¥àã¢ ï u âà õª-
â®à÷ï x ª¥à®¢ ®£® ®¡'õªâ  ¢¨§ ç õâìáï ®¤®§ ç®; â ª¨¬ ç¨-
®¬, ®¤®§ ç® ¢¨§ ç õâìáï ÷ § ç¥ï æ÷«ì®¢®£® äãªæ÷® « 
J(u, x0, t0, T, x(T ));

{ ª®¦¥ ¤®¯ãáâ¨¬¥ ª¥àã¢ ï u ¯¥à¥¢®¤¨âì â®çªã x0 ã ¤¥ïªã ÷èã
â®çªã x(T );

{ ¯®âà÷¡® § ãá÷å ¬®¦«¨¢¨å t0, T (t0 ≤ T ), x0, x(T ) â  § ãá÷å ¤®¯ã-
áâ¨¬¨å ª¥àã¢ ì u ∈ U , é® ¯¥à¥¢®¤ïâì â®çªã x0 ã â®çªã x(T ) § 
®¡¬¥¦¥ì (5.4){(5.10), ¢¨¡à â¨ â ª÷ ¬®¬¥â¨ t0 â  T , â ª÷ ª®®à¤¨-
 â¨ x0 â  x(T ) ÷ â ª¥ ª¥àã¢ ï u, é®  ¤ îâì äãªæ÷® «ã (5.11)
 ©¬¥è®£® ¬®¦«¨¢®£® § ç¥ï.

�¥àã¢ ï ũ(t), ïª¥ õ à®§¢'ï§ª®¬ æ÷õù § ¤ ç÷,  §¨¢ îâì ®¯â¨¬ «ì¨¬ ª¥-
àã¢ ï¬,  ¢÷¤¯®¢÷¤ã ©®¬ã âà õªâ®à÷î x̃(t) { ®¯â¨¬ «ì®î âà õªâ®à÷õî.

5.1.2. �à¨æ¨¯ ¬ ªá¨¬ã¬ã �®âàï£÷ 
(®á®¢  â¥®à¥¬ )

�á®¢¨© à¥§ã«ìâ â â¥®à÷ù ®¯â¨¬ «ì®£® ª¥àã¢ ï { ¯à¨æ¨¯ ¬ ªá¨-
¬ã¬ã �®âàï£÷ , ïª¨© ãª §ãõ ¥®¡å÷¤÷ ã¬®¢¨ ®¯â¨¬ «ì®áâ÷ ¢ § ¤ ç å
æì®£® ª« áã.
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�®§£«ï¥¬® ¤¥é® á¯à®é¥ã § ¤ çã:




J(u, T, x(T )) =
T∫

t0

f0(x(t), u(t), t)dt + Φ(x(T ), T ) → min;

ẋ(t) = f(x(t), u(t), t);

x(t0) = x0;

gk(x(T ), T ) = 0 (k = 1,m);

u(t) ∈ U, t0 ≤ t ≤ T,

(5.12)

¤¥ gk : Rn × [0, +∞) → R (k = 1,m) { § ¤ ÷ äãªæ÷ù, S0 = {x0},
x(T ) ∈ ST = {x ∈ Rn : gk(x, T ) = 0, k = 1,m}, ¬®¦¨  U ¥ § «¥¦¨âì
¢÷¤ ç áã, ä §®¢¨å ®¡¬¥¦¥ì ¥¬ õ.

�«ï ä®à¬ã«î¢ ï ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã �®âàï£÷  ¢¢®¤¨âìáï â ª
§¢   äãªæ÷ï � ¬÷«ìâ® :

H(x, u, t, a0,y) = −a0f0(x, u, t) +
n∑

i=1

yifi(x, u, t),

¤¥ a0 = const, y(t) = (y1(t), . . . ,yn(t)). �¨áâ¥¬  «÷÷©¨å à÷¢ïì ¢÷¤®á®
§¬÷¨å y1(t), . . . ,yn(t)

ẏ = −H ′
x (5.13)

 §¨¢ õâìáï á¯àï¦¥®î á¨áâ¥¬®î, é® ¢÷¤¯®¢÷¤ õ âà õªâ®à÷ù x ÷ ª¥àã¢ -
î u (¢¨ª®à¨áâ®¢ãõ¬® §àãç¥ áª®à®ç¥ï H ′

x =
(

∂H
∂x1

, . . . , ∂H
∂xn

)
). �¨áâ¥¬ 

(5.13) ¢ ª®®à¤¨ â÷© ä®à¬÷ ¬ õ ¢¨£«ï¤

ẏi(t) = a0
∂

∂xi

f0(x(t), u(t), t)−
n∑

j=1

yj(t)
∂

∂xi

fj(x(t), u(t), t), i = 1, n.

�¥®à¥¬  5.2. �¥å © äãªæ÷ù f0, f1, . . . , fn, Φ, g1, . . . , gm ¬ îâì ãá÷
ç áâ¨÷ ¯®å÷¤÷ ¯¥àè®£® ¯®àï¤ªã ÷ ¥¯¥à¥à¢÷ à §®¬ ÷§ æ¨¬¨ ¯®å÷¤¨¬¨
§  áãªã¯÷áâî  à£ã¬¥â÷¢ x ∈ Rn, u ∈ U , T ∈ R, t0 ≤ t ≤ T . �¥å ©
(ũ, x̃, T̃ ) { à®§¢'ï§®ª § ¤ ç÷ ®¯â¨¬ «ì®£® ª¥àã¢ ï (5.12). �®¤÷ ÷áãõ
à®§¢'ï§®ª y á¯àï¦¥®ù á¨áâ¥¬¨ (5.13), ïª¨© ¢÷¤¯®¢÷¤ õ ª¥àã¢ î ũ â 
âà õªâ®à÷ù x̃, ÷ ç¨á«  a0 ≥ 0, a1, . . . am â ª÷, é® a0 + |a1|+ · · ·+ |am| 6= 0,
¯à¨ç®¬ã ¢¨ª®ãîâìáï â ª÷ ã¬®¢¨:
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{ ã¬®¢  ¬ ªá¨¬ã¬ã: ¯à¨ ª®¦®¬ã t ∈ [t0, T̃ ] äãªæ÷ï � ¬÷«ìâ® 
H(x̃(t), u, t, a0,y(t)) ¤®áï£ õ ¬ ªá¨¬ã¬ã §  u ¯à¨ u = ũ(t), â®¡â®

H(x̃(t), ũ(t), t, a0,y(t)) = sup
u∈U

H(x̃(t), u, t, a0,y(t)); (5.14)

{ ¯¥àè  ã¬®¢  âà á¢¥àá «ì®áâ÷   ¯à ¢®¬ã ª÷æ÷

y(T̃ ) = −a0Φ
′
x(x̃(T̃ ), T̃ )−

m∑
j=1

aj(gj)
′
x(x̃(T̃ ), T̃ ); (5.15)

{ ¤àã£  ã¬®¢  âà á¢¥àá «ì®áâ÷   ¯à ¢®¬ã ª÷æ÷

max
u∈U

H(x̃(T̃ ), u, T̃ , a0,y(T̃ )) =

= a0Φ
′
T (x̃(T̃ ), T̃ ) +

m∑
j=1

aj(gj)
′
T (x̃(T̃ ), T̃ ).

(5.16)

5.1.3. �å¥¬  § áâ®áã¢ ï ¯à¨æ¨¯ã
¬ ªá¨¬ã¬ã �®âàï£÷ 

� áâ®á®¢ãîç¨ ¯à¨æ¨¯ ¬ ªá¨¬ã¬ã �®âàï£÷ , ¬®¦  ª®à¨áâã¢ â¨áì
â ª®î áå¥¬®î (§ ¤ ç  (5.12)).

1. �¨ª®à¨áâ®¢ãîç¨ ã¬®¢ã ¬ ªá¨¬ã¬ã (5.14), § å®¤ïâì ý¯÷¤®§à÷«¥  
®¯â¨¬ «ì÷áâìþ ª¥àã¢ ï ũ(t) ïª äãªæ÷î v, é® § «¥¦¨âì ¢÷¤ ¤®¤ âª®-
¢¨å ¯ à ¬¥âà÷¢ x(t), a0 â  y(t):

H(x̃(t), ũ(t), t, a0,y(t)) = sup
u∈U

H(x̃(t), u, t, a0,y(t)) ⇒

⇒ ũ(t) = v(t, x(t), a0,y(t)).

2. �¨¯¨áãîâì á¨áâ¥¬ã 2n ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì, é® ¢ª«îç õ n
à÷¢ïì ¢¨å÷¤®£® ®¡'õªâ  (5.4) â  n à÷¢ïì á¯àï¦¥®ù á¨áâ¥¬¨ (5.13)
(§ ¬÷áâì ũ ¯÷¤áâ ¢«ïîâì ¢¨à § v):





ẋi(t) = fi(x(t), v(t, x(t), a0,y(t)), t), i = 1, n ;

ẏi(t) = a0
∂

∂xi
f0(x(t), v(t, x(t), a0,y(t)), t)−

−
n∑

j=1

yj(t)
∂

∂xi
fj(x(t), u(t), t), i = 1, n.

(5.17)
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� £ «ì¨¬ à®§¢'ï§ª®¬ á¨áâ¥¬¨ (5.17) ¡ã¤¥ ý¯÷¤®§à÷«    ®¯â¨¬ «ì-
÷áâìþ âà õªâ®à÷ï x̃ â  ¢÷¤¯®¢÷¤  ¢¥ªâ®à-äãªæ÷ï y, ïª÷ ¤®¤ âª®¢® § «¥-
¦ âì ¢÷¤ 2n ª®áâ â ÷â¥£àã¢ ï â  ¢÷¤ ¯ à ¬¥âà  a0.

3. �®áâ â¨ ÷â¥£àã¢ ï, é® ¢¨¨ª îâì ¯÷¤ ç á à®§¢'ï§ ï á¨á-
â¥¬¨ (5.17) (2n ª®áâ â), § å®¤ïâì á¯÷«ì® ÷§ ¯ à ¬¥âà ¬¨ a0, a1, . . . ,
am â  ª÷æ¥¢¨¬ ¬®¬¥â®¬ T̃ , ¢¨ª®à¨áâ®¢ãîç¨ ã¬®¢¨ âà á¢¥àá «ì®áâ÷
(5.15) â  (5.16), ã¬®¢¨   § ªà÷¯«¥®¬ã §  ã¬®¢ ¬¨ § ¤ ç÷ «÷¢®¬ã ª÷æ÷
(x(t0) = x0),   â ª®¦ ã¬®¢¨ gk(x(T̃ ), T̃ ) = 0 (k = 1,m)   ¯à ¢®¬ã ª÷æ÷:





yi(T̃ ) = −a0Φ
′
xi

(x̃(T̃ ), T̃ )−
m∑

j=1

aj(gj)
′
xi

(x̃(T̃ ), T̃ ), i = 1, n;

H(x̃(T̃ ), ũ(T̃ ), T̃ , a0,y(T̃ )) = a0Φ
′
T (x̃(T̃ ), T̃ )+

+
m∑

j=1

aj(gj)
′
T (x̃(T̃ ), T̃ );

xk(t0) = (x0)k, k = 1, n;

gk(x̃(T̃ ), T̃ ) = 0, k = 1,m.

(5.18)

�¨áâ¥¬  (5.18) ¬÷áâ¨âì 2n + m + 1  «£¥¡à¨ç¨å à÷¢ïì â  2n + m + 2
¥¢÷¤®¬¨å, â®¡â® ¤«ï ¯®¢®£® à®§¢'ï§ ï á¨áâ¥¬¨ (5.18) ¥ ¢¨áâ ç õ ®¤-
®£® à÷¢ïï.

4. �®¤ âª®¢ã ã¬®¢ã ¤«ï à®§¢'ï§ ï (5.18) ®âà¨¬ãîâì, ¢¨ª®à¨áâ®¢ã-
îç¨ â ª §¢ ã ®¤®à÷¤÷áâì äãªæ÷ù � ¬÷«ìâ®  ¢÷¤®á® a0 â  y:

H(x, u, t, aa0, ay) = aH(x, u, t, a0,y), ∀ a ∈ R.

�¢÷¤á¨ ®âà¨¬ãõ¬®:
v(t, x(t), aa0, ay(t)) = av(t, x(t), a0,y(t)), ∀ a > 0,

¤¥ v(t, x(t), a0,y(t)) { à®§¢'ï§®ª ã¬®¢¨ ¬ ªá¨¬ã¬ã (5.14). �¬®¢¨ âà á-
¢¥àá «ì®áâ÷ (5.15) â  (5.16) â ª®¦ ®¤®à÷¤÷ é®¤® a0, a1, . . . , am â  y.
�â¦¥, ïªé® ¤¥ïª¨©  ¡÷à ¯ à ¬¥âà÷¢ a0, a1, . . . , am â  ¢¥ªâ®à y § ¤®¢®«ì-
ïîâì ã¬®¢¨ â¥®à¥¬¨ 5.2, â® æ÷ ã¬®¢¨ â ª®¦ § ¤®¢®«ìïîâìáï  ¡®à®¬
aa0, aa1, . . . , aam â  ¢¥ªâ®à®¬ ay §  ¡ã¤ì-ïª®£® a > 0. �®¬ã ¯ à ¬¥âà¨
a0, a1, . . . , am â  ¢¥ªâ®à y ¢¨§ ç îâì â¥®à¥¬®î 5.2 «¨è¥ § â®ç÷áâî ¤®
¤®¤ â®£® ¬®¦¨ª , ÷ æ¥© ¬®¦¨ª ¬®¦  ®¡¨à â¨ ¤®¢÷«ì®. �¥ ¤®§¢®-
«ïõ § ¯à®¢ ¤¨â¨ ¯¥¢¥ ®à¬ã¢ ï,  ¯à¨ª« ¤ (ãà å®¢ãîç¨, é® ¯ à -
¬¥âà¨ a0, a1, . . . , am ®¤®ç á® ¥ ¤®à÷¢îîâì ã«î):

m∑

k=0

a2
k = 1.
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5.2. �¥ïª÷ â¨¯¨ ®¡¬¥¦¥ì   ¯à ¢®¬ã ª÷æ÷ âà õªâ®à÷ù

�®á¨âì ç áâ® ¢¤ õâìáï ¤®¢¥áâ¨ ¤®¤ â÷áâì a0 ÷ â®¤÷ ¬®¦  § áâ®áã¢ â¨
¡÷«ìè §àãç¥ ®à¬ã¢ ï:

a0 = 1.

�â¦¥, § áâ®áã¢ ï ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã �®âàï£÷  ä ªâ¨ç® §¢®-
¤¨âìáï ¤® à®§¢'ï§ ï § ¤ ç÷ �®è÷ (5.17), (5.18), ïªã ç áâ®  §¨¢ îâì
ªà ©®¢®î § ¤ ç¥î ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã . �®§£«ï¥¬® ªà ©®¢ã § ¤ çã
¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã ¤«ï  ©¯®è¨à¥÷è¨å à¥¦¨¬÷¢ ®¡¬¥¦¥ì ¤«ï ª÷-
æ¥¢®£® ¬®¬¥âã ç áã â  ¯à ¢®£® ª÷æï âà õªâ®à÷ù.

5.2. �¥ïª÷ â¨¯¨ ®¡¬¥¦¥ì   ¯à ¢®¬ã ª÷æ÷
âà õªâ®à÷ù

5.2.1. �÷ªá®¢ ¨© ª÷æ¥¢¨© ¬®¬¥â ç áã
â  § ªà÷¯«¥¨© ¯à ¢¨© ª÷¥æì âà õªâ®à÷ù

�¥å © ª÷æ¥¢¨© ¬®¬¥â ç áã T ä÷ªá®¢ ¨©, â®¡â® T = T0, â  ¯à ¢¨©
ª÷¥æì âà õªâ®à÷ù x(T ) § ªà÷¯«¥¨©, â®¡â® x(T ) = xT . �¥© à¥¦¨¬ ¯¥à¥¤-
¡ ç õ n + 1 ®¡¬¥¦¥ï, ïª÷ ¬®¦  à¥ «÷§ã¢ â¨ â ª¨¬¨ äãªæ÷ï¬¨ gk:

g1(x, T ) = x1 − (xT )1, . . . , gn(x, T ) = xn − (xT )n, gn+1(x, T ) = T − T0.

�â¦¥, à®§£«ï¤ õ¬® â ªã § ¤ çã ®¯â¨¬ «ì®£® ª¥àã¢ ï:




J(u) =
T0∫
t0

f0(x(t), u(t), t)dt → min;

ẋ(t) = f(x(t), u(t), t);

x(t0) = x0;

x(T0) = xT ;

u(t) ∈ U, t0 ≤ t ≤ T0

(5.19)

(¤®¤ â®ª Φ(x̃(T̃ ), T̃ ) = Φ(xT , T0) ã æì®¬ã à¥¦¨¬÷ õ ª®áâ â®î, ÷ ©®£®
¬®¦  ¥ ¢à å®¢ã¢ â¨).

�¬®¢¨ âà á¢¥àá «ì®áâ÷ §  æì®£® à¥¦¨¬ã  ¡ã¢ îâì ¢¨£«ï¤ã:

y(T0) = −(a1, a2, . . . , an);

max
u∈U

H(x̃(T0), u, T0, a0,y(T0)) = an+1.
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�â¦¥, ¯ à ¬¥âà¨ a1, . . . , an ¢¨§ ç îâì § ¯¥àè®ù ã¬®¢¨ âà á¢¥àá «ì-
®áâ÷,   ¯ à ¬¥âà an+1 { § ¤àã£®ù ã¬®¢¨ âà á¢¥àá «ì®áâ÷:

ak = −yk(T0), k = 1, n;

an+1 = max
u∈U

H(xT , u, T0, a0,y(T0))
(5.20)

( £ ¤ õ¬®, é® a0 ¬®¦  § ä÷ªáã¢ â¨ ®à¬ã¢ ï¬,  ¯à¨ª« ¤, a0 = 1
¯à¨ a0 > 0).

�¥¯¥à, ãà å®¢ãîç¨ â®© ä ªâ, é® ¯ à ¬¥âà¨ a1, . . . , an, an+1 âà ¯«ïî-
âìáï «¨è¥ ¢ ã¬®¢ å âà á¢¥àá «ì®áâ÷, ¬®¦¥¬® ¢¨«ãç¨â¨ ùå ÷§ ªà ©®¢®ù
§ ¤ ç÷ ¬ ªá¨¬ã¬ã à §®¬ § ã¬®¢ ¬¨ âà á¢¥àá «ì®áâ÷. �â¦¥, ªà ©®¢ 
§ ¤ ç  ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã  ¡ã¢ õ ¤®á¨âì ¯à®áâ®£® ¢¨£«ï¤ã





ẋi(t) = fi(x(t), v(t, x(t), a0,y(t)), t), i = 1, n;

ẏi(t) = a0
∂

∂xi
f0(x(t), v(t, x(t), a0,y(t)), t)−

−
n∑

j=1

yj(t)
∂

∂xi
fj(x(t), u(t), t), i = 1, n;

xk(t0) = (x0)k, k = 1, n;

xk(T0) = (xT0)k, k = 1, n.

�¢¨ç ©®, à®§¢'ï§ ¢è¨ áä®à¬ã«ì®¢ ã ªà ©®¢ã § ¤ çã ¬ ªá¨¬ã¬ã,
¬®¦  ®¡ç¨á«¨â¨ ¯ à ¬¥âà¨ a1, . . . , an, an+1 § ã¬®¢ (5.20). �¤ ª ¤«ï à®-
§¢'ï§ ï æ÷õù § ¤ ç÷ ®¯â¨¬ «ì®£® ª¥àã¢ ï ¯ à ¬¥âà¨ a1, . . . , an, an+1

¥ ¯®âà÷¡÷.
�¥¯¥à à®§£«ï¥¬® ¬®¦«¨¢÷ ¢ à÷ â¨ ®à¬ã¢ ï ¯ à ¬¥âà÷¢, ¤«ï ç®£®

¢¨¤÷«¨¬® ¤¢  ¢¨¯ ¤ª¨.
1. a0 = 0. � æì®¬ã ¢¨¯ ¤ªã § (5.20) ®âà¨¬ãõ¬®

|y1(T0)|+ |y2(T0)|+ · · ·+ |yn(T0)| 6= 0

(÷ ªè¥ a0 + |a1| + · · · + |an| + |an+1| = 0, é® áã¯¥à¥ç¨âì ã¬®¢÷ â¥®à¥¬¨
5.2). �à÷¬ â®£®, ÷§ á¯àï¦¥®ù á¨áâ¥¬¨ ¡ ç¨¬®, é® ¢¥ªâ®à yk (k = 1, n)
¯à¨ a0 = 0 § ¤®¢®«ìïõ ¤¨ä¥à¥æ÷ «ì¥ à÷¢ïï

ẏ(t) = −
n∑

j=1

yj(t)
∂

∂x
fj(x(t), u(t), t).

�«¥ â®¤÷ à÷¢÷áâì y(T0) = 0 âï£¥ â®â®¦÷áâì y ≡ 0. �â¦¥, ¯à¨ a0 = 0
¬®¦  £ à âã¢ â¨ ¢¨ª® ï ã¬®¢¨

|y1(t)|+ |y2(t)|+ · · ·+ |yn(t)| 6= 0, ∀ t ∈ [0, T0].

36



5.2. �¥ïª÷ â¨¯¨ ®¡¬¥¦¥ì   ¯à ¢®¬ã ª÷æ÷ âà õªâ®à÷ù

2. a0 > 0. � æì®¬ã ¢¨¯ ¤ªã, ïª ã¦¥ § § ç «®áì, ¬®¦  ¢¨¡à â¨ §àãç-
¥ ®à¬ã¢ ï a0 = 1.

�â¦¥, ¢ ®¡®å à®§£«ïãâ¨å ¢¨¯ ¤ª å (â®¡â® ¤«ï ¡ã¤ì-ïª®£® a0 ≥ 0)
¢¨ª®ãõâìáï â ª  ã¬®¢ :

a0 + |y1(t)|+ |y2(t)|+ · · ·+ |yn(t)| 6= 0, ∀ t ∈ [0, T0], (5.21)

ïª  § à § ¥ª¢÷¢ «¥â  ã¬®¢÷ a0 + |a1|+ · · ·+ |an|+ |an+1| 6= 0.
�ä®à¬ã«îõ¬®,  à¥èâ÷,  á«÷¤®ª § â¥®à¥¬¨ 5.2 ¤«ï æì®£® ç áâª®¢®£®

¢¨¯ ¤ªã.
� á«÷¤®ª 1 (ä÷ªá®¢ ¨© T â  § ªà÷¯«¥¨© x(T )). �¥å © äãªæ÷ù

f0, f1, . . . , fn ¬ îâì ãá÷ ç áâ¨÷ ¯®å÷¤÷ ¯¥àè®£® ¯®àï¤ªã ÷ ¥¯¥à¥à¢-
÷ à §®¬ § æ¨¬¨ ¯®å÷¤¨¬¨ §  áãªã¯÷áâî  à£ã¬¥â÷¢ x ∈ Rn, u ∈ U ,
T ∈ R, t ≤ T . �¥å © (ũ, x̃) { à®§¢'ï§®ª § ¤ ç÷ ®¯â¨¬ «ì®£® ª¥àã¢ -
ï (5.19). �®¤÷ ÷áãõ à®§¢'ï§®ª y á¯àï¦¥®ù á¨áâ¥¬¨ (5.13), ïª¨© ¢÷¤-
¯®¢÷¤ õ ª¥àã¢ î ũ â  âà õªâ®à÷ù x̃, ÷ ç¨á«® a0 ≥ 0 â ª÷, é®

a0 + |y1(t)|+ |y2(t)|+ · · ·+ |yn(t)| 6= 0, ∀ t ∈ [0, T0],

¯à¨ç®¬ã ¢¨ª®ãõâìáï ã¬®¢  ¬ ªá¨¬ã¬ã

H(x̃(t), ũ(t), t, a0,y(t)) = sup
u∈U

H(x̃(t), u, t, a0,y(t)).

5.2.2. �÷ªá®¢ ¨© ª÷æ¥¢¨© ¬®¬¥â ç áã â  ¢÷«ì¨©
¯à ¢¨© ª÷¥æì âà õªâ®à÷ù

�¥å © ª÷æ¥¢¨© ¬®¬¥â ç áã T ä÷ªá®¢ ¨©, â®¡â® T = T0,   ¯à ¢¨©
ª÷¥æì âà õªâ®à÷ù x(T ) ¢÷«ì¨©, â®¡â® ¦®¤®£® ®¡¬¥¦¥ï   x(T ) ¥
¢áâ ®¢«¥®. �¥© à¥¦¨¬ ¯¥à¥¤¡ ç õ ®¤¥ ®¡¬¥¦¥ï, ïª¥ ¬®¦  à¥ «÷-
§ã¢ â¨ â ª®î äãªæ÷õî g1:

g1(x, T ) = T − T0.

�â¦¥, à®§£«ï¤ õ¬®  áâã¯ã § ¤ çã ®¯â¨¬ «ì®£® ª¥àã¢ ï:




J(u, x(T0)) =
T0∫
t0

f0(x(t), u(t), t)dt + Φ(x(T0)) → min;

ẋ(t) = f(x(t), u(t), t);

x(t0) = x0;

u(t) ∈ U, t0 ≤ t ≤ T0.

(5.22)
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�¬®¢¨ âà á¢¥àá «ì®áâ÷ §  æì®£® à¥¦¨¬ã  ¡ã¢ îâì ¢¨£«ï¤ã:

y(T0) = −a0Φ
′(x̃(T0));

H(x̃(T0), ũ(T0), T0, a0,y(T0)) = a1.

�â¦¥, ¯ à ¬¥âà a1 § å®¤¨¬® § ¤àã£®ù ã¬®¢¨ âà á¢¥àá «ì®áâ÷

a1 = H(x̃(T0), ũ(T0), T0, a0,y(T0)). (5.23)

�¥¯¥à, ®áª÷«ìª¨ ¯ à ¬¥âà a1 ¬÷áâ¨âìáï «¨è¥ ¢ ¤àã£÷© ã¬®¢÷ âà á¢¥à-
á «ì®áâ÷, ¬®¦¥¬® ¢¨«ãç¨â¨ ©®£® ÷§ ªà ©®¢®ù § ¤ ç÷ ¬ ªá¨¬ã¬ã à §®¬ §
¤àã£®î ã¬®¢®î âà á¢¥àá «ì®áâ÷. �â¦¥, ªà ©®¢  § ¤ ç  ¯à¨æ¨¯ã ¬ ª-
á¨¬ã¬ã  ¡ã¢ õ ¤®á¨âì ¯à®áâ®£® ¢¨£«ï¤ã





ẋi(t) = fi(x(t), v(t, x(t), a0,y(t)), t), i = 1, n;

ẏi(t) = a0
∂

∂xi
f0(x(t), v(t, x(t), a0,y(t)), t)−

−
n∑

j=1

yj(t)
∂

∂xi
fj(x(t), u(t), t), i = 1, n;

xk(t0) = (x0)k, k = 1, n;

y(T0) = −a0Φ
′(x(T0)).

�¢¨ç ©®, à®§¢'ï§ ¢è¨ áä®à¬ã«ì®¢ ã ªà ©®¢ã § ¤ çã ¬ ªá¨¬ã¬ã,
¯ à ¬¥âà a1 ¬®¦  ®¡ç¨á«¨â¨ § ã¬®¢¨ (5.23). �¤ ª ¤«ï à®§¢'ï§ ï
â ª®ù § ¤ ç÷ ®¯â¨¬ «ì®£® ª¥àã¢ ï ¯ à ¬¥âà a1 ¥ ¯®âà÷¡¥.

� «®£÷ç® ¯®¯¥à¥¤ì®¬ã ¢¨¯ ¤ªã (ä÷ªá®¢ ¨© T â  § ªà÷¯«¥¨©
x(T )) ¥¢ ¦ª® ¤®¢¥áâ¨, é® ¢ æì®¬ã à¥¦¨¬÷ â ª®¦ ¢¨ª®ãõâìáï ã¬®-
¢  (5.21), ïªã §àãç® ¢¨ª®à¨áâ®¢ã¢ â¨ ¯÷¤ ç á ®à¬ã¢ ï ¯ à ¬¥âà÷¢:

a0 + |y1(t)|+ |y2(t)|+ · · ·+ |yn(t)| 6= 0, ∀ t ∈ [0, T0]

(¥ª¢÷¢ «¥â® ã¬®¢÷ a0 + |a1| 6= 0). �÷«ìè â®£®, ã æì®¬ã ¢¨¯ ¤ªã £ à -
â®¢ ® a0 > 0, ÷ ªè¥ § ¯¥àè®ù ã¬®¢¨ âà á¢¥àá «ì®áâ÷ ®âà¨¬ «¨ ¡
y(T0) = 0. � ª¨¬ ç¨®¬, ¬®¦¥¬® ¯à¨©ïâ¨ a0 = 1.

�ä®à¬ã«îõ¬®,  à¥èâ÷,  á«÷¤®ª § â¥®à¥¬¨ 5.2 ¤«ï æì®£® ®ªà¥¬®£®
¢¨¯ ¤ªã.

� á«÷¤®ª 2 (ä÷ªá®¢ ¨© T â  ¢÷«ì¨© x(T )). �¥å © äãªæ÷ù f0,
f1, . . . , fn, Φ ¬ îâì ãá÷ ç áâ¨÷ ¯®å÷¤÷ ¯¥àè®£® ¯®àï¤ªã ÷ ¥¯¥à¥à¢÷
à §®¬ ÷§ æ¨¬¨ ¯®å÷¤¨¬¨ §  áãªã¯÷áâî  à£ã¬¥â÷¢ x ∈ Rn, u ∈ U ,
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t0 ≤ t ≤ T0. �¥å © (ũ, x̃) { à®§¢'ï§®ª § ¤ ç÷ ®¯â¨¬ «ì®£® ª¥àã¢ ï
(5.22). �®¤÷ ÷áãõ à®§¢'ï§®ª y á¯àï¦¥®ù á¨áâ¥¬¨ (5.13), ïª¨© ¢÷¤¯®¢÷¤ õ
ª¥àã¢ î ũ â  âà õªâ®à÷ù x̃, ÷ ç¨á«® a0 > 0 (¬®¦  ¢¨¡à â¨ ¤®¢÷«ì¨¬
¤®¤ â¨¬,  ¯à¨ª« ¤, a0 = 1) â ª÷, é® ¢¨ª®ãîâìáï ã¬®¢¨:

{ ã¬®¢  ¬ ªá¨¬ã¬ã:

H(x̃(t), ũ(t), T, a0,y(t)) = sup
u∈U

H(x̃(t), u, T, a0,y(t));

{ ¯¥àè  ã¬®¢  âà á¢¥àá «ì®áâ÷:

y(T0) = −a0Φ
′(x̃(T0)).

5.2.3. �÷«ì¨© ª÷æ¥¢¨© ¬®¬¥â ç áã â  § ªà÷¯«¥¨©
¯à ¢¨© ª÷¥æì âà õªâ®à÷ù

�¥å © ª÷æ¥¢¨© ¬®¬¥â ç áã T ¢÷«ì¨©, â®¡â® ¦®¤®£® ®¡¬¥¦¥ï  
T ¥ ¢áâ ®¢«¥®,   ¯à ¢¨© ª÷¥æì âà õªâ®à÷ù x(T ) § ªà÷¯«¥¨©, â®¡â®
x(T ) = xT . �¥© à¥¦¨¬ ¯¥à¥¤¡ ç õ n ®¡¬¥¦¥ì, ïª÷ ¬®¦  à¥ «÷§ã¢ â¨
â ª¨¬¨ äãªæ÷ï¬¨ gk:

g1(x, T ) = x1 − (xT )1, . . . , gn(x, T ) = xn − (xT )n.

�â¦¥, à®§£«ï¤ õ¬®  áâã¯ã § ¤ çã ®¯â¨¬ «ì®£® ª¥àã¢ ï




J(u, T ) =
T∫

t0

f0(x(t), u(t), t)dt + Φ(T ) → min;

ẋ(t) = f(x(t), u(t), t);

x(t0) = x0;

x(T ) = xT ;

u(t) ∈ U, t0 ≤ t ≤ T.

(5.24)

�¬®¢¨ âà á¢¥àá «ì®áâ÷ §  æì®£® à¥¦¨¬ã  ¡ã¢ îâì ¢¨£«ï¤ã:

y(T̃ ) = −(a1, a2, . . . , an);

max
u∈U

H(xT , u, T̃ , a0,y(T̃ )) = a0Φ
′(T̃ ).

�â¦¥, ¯ à ¬¥âà¨ a1, . . . , an ¢¨§ ç îâì § ¯¥àè®ù ã¬®¢¨ âà á¢¥àá «ì-
®áâ÷:

ak = −yk(T̃ ), k = 1, n (5.25)
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( £ ¤ õ¬®, é® a0 ¬®¦  § ä÷ªáã¢ â¨ ®à¬ã¢ ï¬,  ¯à¨ª« ¤, a0 = 1
¯à¨ a0 > 0). �¥¯¥à, ®áª÷«ìª¨ ¯ à ¬¥âà¨ a1, . . . , an âà ¯«ïîâìáï «¨è¥ ¢
¯¥àè÷© ã¬®¢÷ âà á¢¥àá «ì®áâ÷, ¬®¦¥¬® ¢¨«ãç¨â¨ ùå ÷§ ªà ©®¢®ù § ¤ ç÷
¬ ªá¨¬ã¬ã à §®¬ § ¯¥àè®î ã¬®¢®î âà á¢¥àá «ì®áâ÷. �â¦¥, ªà ©®¢ 
§ ¤ ç  ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã  ¡ã¢ õ ¤®á¨âì ¯à®áâ®£® ¢¨£«ï¤ã




ẋi(t) = fi(x(t), v(t, x(t), a0,y(t)), t), i = 1, n;

ẏi(t) = a0
∂

∂xi
f0(x(t), v(t, x(t), a0,y(t)), t)−

−
n∑

j=1

yj(t)
∂

∂xi
fj(x(t), u(t), t), i = 1, n;

xk(t0) = (x0)k, k = 1, n;

xk(T ) = (xT )k, k = 1, n;

max
u∈U

H(xT , u, T, a0,y(T )) = a0Φ
′(T ).

�¢¨ç ©®, à®§¢'ï§ ¢è¨ áä®à¬ã«ì®¢ ã ªà ©®¢ã § ¤ çã ¬ ªá¨¬ã¬ã,
¯ à ¬¥âà¨ a1, . . . , an ¬®¦  ®¡ç¨á«¨â¨ § ã¬®¢ (5.25). �¤ ª ¤«ï à®-
§¢'ï§ ï æ÷õù § ¤ ç÷ ®¯â¨¬ «ì®£® ª¥àã¢ ï ¯ à ¬¥âà¨ a1, . . . , an ¥
¯®âà÷¡÷.

�¥£ª® ¯¥à¥¢÷à¨â¨, é® æì®£® à §ã â ª®¦ ¢¨ª®ãõâìáï ã¬®¢  (5.21), ïªã
§àãç® § áâ®á®¢ã¢ â¨ ¯÷¤ ç á ®à¬ã¢ ï ¯ à ¬¥âà÷¢:

a0 + |y1(t)|+ |y2(t)|+ · · ·+ |yn(t)| 6= 0, ∀ t ∈ [0, T0]

(¥ª¢÷¢ «¥â® ã¬®¢÷ a0 + |a1|+ · · ·+ |an| 6= 0).
�ä®à¬ã«îõ¬®,  à¥èâ÷,  á«÷¤®ª § â¥®à¥¬¨ 5.2 ¤«ï  ¢¥¤¥®£® ¢¨-

¯ ¤ªã.
� á«÷¤®ª 3 (¢÷«ì¨© T â  § ªà÷¯«¥¨© x(T )). �¥å © äãªæ÷ù f0,

f1, . . . , fn, Φ ¬ îâì ãá÷ ç áâ¨÷ ¯®å÷¤÷ ¯¥àè®£® ¯®àï¤ªã ÷ ¥¯¥à¥à¢-
÷ à §®¬ ÷§ æ¨¬¨ ¯®å÷¤¨¬¨ §  áãªã¯÷áâî  à£ã¬¥â÷¢ x ∈ Rn, u ∈ U ,
T ∈ R, t ≤ T . �¥å © (ũ, x̃) { à®§¢'ï§®ª § ¤ ç÷ ®¯â¨¬ «ì®£® ª¥àã¢ -
ï (5.24). �®¤÷ ÷áãõ à®§¢'ï§®ª y á¯àï¦¥®ù á¨áâ¥¬¨ (5.13), ïª¨© ¢÷¤-
¯®¢÷¤ õ ª¥àã¢ î ũ â  âà õªâ®à÷ù x̃, ÷ ç¨á«  a0 ≥ 0, a1, . . . an â ª÷,
é®

a0 + |y1(t)|+ |y2(t)|+ · · ·+ |yn(t)| 6= 0, ∀ t ∈ [0, T0],

¯à¨ç®¬ã ¢¨ª®ãîâìáï:
{ ã¬®¢  ¬ ªá¨¬ã¬ã: ¯à¨ ª®¦®¬ã t ∈ [t0, T̃ ] äãªæ÷ï � ¬÷«ìâ® 

H(x̃(t), u, t, a0,y(t)) ¤®áï£ õ ¬ ªá¨¬ã¬ã §  u ¯à¨ u = ũ(t), â®¡â®
H(x̃(t), ũ(t), t, a0,y(t)) = sup

u∈U
H(x̃(t), u, t, a0,y(t));
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{ ¤àã£  ã¬®¢  âà á¢¥àá «ì®áâ÷   ¯à ¢®¬ã ª÷æ÷:

max
u∈U

H(xT , u, T̃ , a0,y(T̃ )) = a0Φ
′(T̃ ).

5.2.4. �÷«ì¨© ª÷æ¥¢¨© ¬®¬¥â ç áã â  ¢÷«ì¨©
¯à ¢¨© ª÷¥æì âà õªâ®à÷ù

�¥å © ª÷æ¥¢¨© ¬®¬¥â ç áã T â  ¯à ¢¨© ª÷¥æì âà õªâ®à÷ù x(T )
¢÷«ì÷, â®¡â® ¦®¤®£® ®¡¬¥¦¥ï   T â  x(T ) ¥ ¢áâ ®¢«¥®. �¥© à¥-
¦¨¬ ¥ ¯¥à¥¤¡ ç õ ®¡¬¥¦¥ì, ÷ äãªæ÷© gk § à § ¥¬ õ (m = 0).

�â¦¥, à®§£«ï¤ õ¬®  áâã¯ã § ¤ çã ®¯â¨¬ «ì®£® ª¥àã¢ ï:




J(u, T, x(T )) =
T∫

t0

f0(x(t), u(t), t)dt + Φ(x(T ), T ) → min;

ẋ(t) = f(x(t), u(t));

x(t0) = x0;

u(t) ∈ U, t0 ≤ t ≤ T.

(5.26)

�¬®¢¨ âà á¢¥àá «ì®áâ÷ §  æì®£® à¥¦¨¬ã  ¡ã¢ îâì ¢¨£«ï¤ã:

y(T̃ ) = −a0Φ
′
x(x̃(T̃ ), T̃ );

max
u∈U

H(xT , u, T̃ , a0,y(T̃ )) = a0Φ
′
T (x̃(T̃ ), T̃ ).

�â¦¥, ªà ©®¢  § ¤ ç  ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã  ¡ã¢ õ ¢¨£«ï¤ã




ẋi(t) = fi(x(t), v(t, x(t), a0,y(t)), t), i = 1, n;

ẏi(t) = a0
∂

∂xi
f0(x(t), v(t, x(t), a0,y(t)), t)−

−
n∑

j=1

yj(t)
∂

∂xi
fj(x(t), u(t), t), i = 1, n;

xk(t0) = (x0)k, k = 1, n;

y(T̃ ) = −a0Φ
′
x(x̃(T̃ ), T̃ );

max
u∈U

H(xT , u, T̃ , a0,y(T̃ )) = a0Φ
′
T (x̃(T̃ ), T̃ ).

�  æì®£® à¥¦¨¬ã ÷áãõ «¨è¥ ®¤¨ ¯ à ¬¥âà a0 ≥ 0 ÷ §  ã¬®¢®î â¥-
®à¥¬¨ 5.2 ®âà¨¬ãõ¬®: a0 > 0. �â¦¥, § ¬÷àªã¢ ì ®à¬ã¢ ï, ¬®¦¥¬®
¢¨¡à â¨ õ¤¨¨© ¯ à ¬¥âà a0 ¤®¢÷«ì¨¬ ¤®¤ â¨¬ ç¨á«®¬,  ¯à¨ª« ¤,
a0 = 1.
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�ä®à¬ã«îõ¬®,  à¥èâ÷,  á«÷¤®ª § â¥®à¥¬¨ 5.2 ¤«ï æì®£® ®ªà¥¬®£®
¢¨¯ ¤ªã.

� á«÷¤®ª 4 (¢÷«ì÷ T â  x(T )). �¥å © äãªæ÷ù f0, f1, . . . , fn, Φ ¬ -
îâì ãá÷ ç áâ¨÷ ¯®å÷¤÷ ¯¥àè®£® ¯®àï¤ªã ÷ ¥¯¥à¥à¢÷ à §®¬ ÷§ æ¨¬¨
¯®å÷¤¨¬¨ §  áãªã¯÷áâî  à£ã¬¥â÷¢ x ∈ Rn, u ∈ U , T ∈ R, t ≤ T . �¥-
å © (ũ, x̃) { à®§¢'ï§®ª § ¤ ç÷ ®¯â¨¬ «ì®£® ª¥àã¢ ï (5.26). �®¤÷ ÷áãõ
à®§¢'ï§®ª y á¯àï¦¥®ù á¨áâ¥¬¨ (5.13), ïª¨© ¢÷¤¯®¢÷¤ õ ª¥àã¢ î ũ â 
âà õªâ®à÷ù x̃, ÷ ç¨á«  a0 ≥ 0, a1, . . . an â ª÷, é®

a0 + |y1(t)|+ |y2(t)|+ · · ·+ |yn(t)| 6= 0, ∀ t ∈ [0, T0],

¯à¨ç®¬ã ¢¨ª®ãîâìáï:
{ ã¬®¢  ¬ ªá¨¬ã¬ã: ¯à¨ ª®¦®¬ã t ∈ [t0, T̃ ] äãªæ÷ï � ¬÷«ìâ® 

H(x̃(t), u, t, a0,y(t)) ¤®áï£ õ ¬ ªá¨¬ã¬ã §  u ¯à¨ u = ũ(t), â®¡â®

H(x̃(t), ũ(t), t, a0,y(t)) = sup
u∈U

H(x̃(t), u, t, a0,y(t));

{ ¯¥àè  ã¬®¢  âà á¢¥àá «ì®áâ÷   ¯à ¢®¬ã ª÷æ÷:

y(T̃ ) = −a0Φ
′
x(x̃(T̃ ), T̃ );

{ ¤àã£  ã¬®¢  âà á¢¥àá «ì®áâ÷   ¯à ¢®¬ã ª÷æ÷:

max
u∈U

H(xT , u, T̃ , a0,y(T̃ )) = a0Φ
′
T (x̃(T̃ ), T̃ ).

5.2.5. � £ «ì÷ § ã¢ ¦¥ï
� ¢¨é¥ ¢¥¤¥®¬ã ¬ â¥à÷ «÷ ¡ã«® à®§£«ïãâ® ¤¢  â¨¯¨ ®¡¬¥¦¥ì  

¯à ¢¨© ª÷¥æì âà õªâ®à÷ù { ¢÷¤áãâ÷áâì ®¡¬¥¦¥ì   x(T ) â  ¦®àáâª 
ä÷ªá æ÷ï (x(T ) = xT ). �ãâ á«÷¤ §à®¡¨â¨ âà¨ § ã¢ ¦¥ï.

� ã¢ ¦¥ï 5.1. � áâ® âà ¯«ïõâìáï ª®¬¡÷ æ÷ï à®§£«ïãâ¨å ®¡¬¥-
¦¥ì   x(T ), â®¡â® ¤¥ïª÷ ª®®à¤¨ â¨ x(T ) § ªà÷¯«¥÷,   ÷è÷ ¢÷«ì÷:

xi(T ) = (xT )i, i ∈ {j1, j2, . . . , jk}.
� æì®¬ã à §÷ ¤® § ªà÷¯«¥¨å ª®®à¤¨ â xi(T ) = (xT )i, i = j1, j2, . . . , jk

¬®¦  § áâ®áã¢ â¨ áå¥¬ã, § ¯à®¯®®¢ ã ¤«ï § ªà÷¯«¥®£® ª÷æï âà -
õªâ®à÷ù, â®¡â® ¢÷¤¯®¢÷¤÷ ã¬®¢¨ âà á¢¥àá «ì®áâ÷ à §®¬ § ¢÷¤¯®¢÷¤¨-
¬¨ ¯ à ¬¥âà ¬¨ ¢¨«ãç îâìáï ÷§ ªà ©®¢®ù § ¤ ç÷ (5.17), (5.18) (¤¨¢.
¯÷¤à®§¤. 5.3, ¯à¨ª« ¤ 5.3).
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� ã¢ ¦¥ï 5.2. �ç¥¢¨¤®, é® ¢¨¯ ¤ª ¬¨ ¦®àáâª®£® § ªà÷¯«¥ï â 
¯®¢®ù á¢®¡®¤¨ ¥ ¢¨ç¥à¯ãîâìáï ¢á÷ ¬®¦«¨¢÷ ®¡¬¥¦¥ï   ¯à ¢®¬ã ª÷æ÷
âà õªâ®à÷ù. �®ªà¥¬ , ã § ¤ ç÷ ¬®¦¥ ÷áã¢ â¨ ¥âà¨¢÷ «ì¨© äãªæ÷® «ì-
¨© §¢'ï§®ª ¬÷¦ ª÷æ¥¬ âà õªâ®à÷ù x(T ) ÷ ¬®¬¥â®¬ ç áã T , â®¡â® ®¤ 
 ¡® ¤¥ª÷«ìª  äãªæ÷© ®¡¬¥¦¥ï gk(x, T ) ¬®¦ãâì áãââõ¢® § «¥¦ â¨ ¢÷¤
®¡®å §¬÷¨å (¤¨¢. ¯÷¤à®§¤. 5.3, ¯à¨ª« ¤ 5.4).

� ã¢ ¦¥ï 5.3. �å¥¬  § áâ®áã¢ ï ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã, § ¯à®¯®-
®¢   ¢ ¯÷¤à®§¤. 5.1.3, ¬ õ «¨è¥ § £ «ì®à¥ª®¬¥¤ æ÷©¨© å à ªâ¥à.
ö®¤÷ ¬®¦  ¯à¨áª®à¨â¨ à®§¢'ï§ ï § ¤ ç÷, ïªé® ¢÷¤áâã¯¨â¨ ¢÷¤ § ¯à®-
¯®®¢ ®ù áå¥¬¨. � ª, ïªé® á¯àï¦¥  á¨áâ¥¬  ¥ ¬÷áâ¨âì ¢¥ªâ®à÷¢ x â 
u (æ¥ ¬®¦«¨¢®, ïªé® á¨áâ¥¬  (5.4), é® ®¯¨áãõ ®¡'õªâ, «÷÷© ), ¤®æ÷«ì®
á¯®ç âªã § ©â¨ § £ «ì¨© à®§¢'ï§®ª á¯àï¦¥®ù á¨áâ¥¬¨ (5.13),   ¢¦¥ ¯®-
â÷¬, ¢¨ª®à¨áâ®¢ãîç¨ § ©¤¥¨© ¢¨à § ¤«ï y(t), ¯¥à¥å®¤¨â¨ ¤® § £ «ì®ù
áå¥¬¨.

5.3. �à¨ª« ¤¨ à®§¢'ï§ ï § ¤ ç
®¯â¨¬ «ì®£® ª¥àã¢ ï

�à¨ª« ¤ 5.1. �¥å © â®çª  àãå õâìáï ¯® ¯àï¬÷© §  § ª®®¬

ẍ(t) = u(t), 0 ≤ t ≤ T

§  ä÷ªá®¢ ¨å x(0) â  x′(0). �®âà÷¡® § ©â¨ ª¥àã¢ ï u, ïª¥ ¯¥à¥¢®-
¤¨âì â®çªã § ¯®ç âª®¢®£® ¯®«®¦¥ï ¢ ¯®ç â®ª ª®®à¤¨ â §  ¬÷÷¬ «ì-
¨© ç á T . �à¨ æì®¬ã è¢¨¤ª÷áâì â®çª¨ ¢ ª÷æ÷ âà õªâ®à÷ù ¯®¢¨  ¡ãâ¨
ã«ì®¢®î,   ª¥àã¢ ï ¬ õ § ¤®¢®«ìïâ¨ ã¬®¢ã:

|u(t)| ≤ 1, t ∈ [0, T ].

� áâ®áãõ¬® ¤® § ¤ ç÷ ¯à¨æ¨¯ ¬ ªá¨¬ã¬ã �®âàï£÷ . �¯®ç âªã ¯®§-
¡ ¢¨¬®áì ¤àã£®ù ¯®å÷¤®ù, ã¢÷¢è¨ ¤¢®¢¨¬÷à¨© ¢¥ªâ®à ä §®¢¨å §¬÷¨å:
x1 = x, x2 = ẋ. �¥¯¥à àãå ª¥à®¢ ®£® ®¡'õªâ  ¬®¦  ®¯¨á â¨ á¨áâ¥¬®î
¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì ¯¥àè®£® ¯®àï¤ªã:

ẋ1 = x2,

ẋ2 = u.
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�®ç âª®¢¥ ¯®«®¦¥ï x(0) = x0 = (x0
1, x

0
2) ¯à¨ t0 = 0 â  ª÷æ¥¢¥

¯®«®¦¥ï x(T ) = (0, 0) §  ã¬®¢®î § ¤ ç÷ ä÷ªá®¢ ÷,   ª÷æ¥¢¨© ¬®¬¥â
ç áã T ¥§ ªà÷¯«¥¨©, â®¡â® ¬ õ¬® ¢¨¯ ¤®ª, à®§£«ïãâ¨© ¢ ¯÷¤à®§¤. 5.2.2.
� æ÷© § ¤ ç÷ U = [−1, 1], f0 ≡ 1, Φ ≡ 0. �ãªæ÷ï � ¬÷«ìâ®  ¬ õ ¢¨£«ï¤

H = −a0 + y1x2 + y2u.

�¯àï¦¥  á¨áâ¥¬  ¬ õ ¢¨£«ï¤:

ẏ1 = −H ′
x1

= 0,

ẏ2 = −H ′
x2

= −y1.

�ª § § ç «®áì ã ¯÷¤à®§¤. 5.2.2, ã æì®¬ã ¢¨¯ ¤ªã ¬®¦  ¥ ¢¨ª®à¨-
áâ®¢ã¢ â¨ ¯¥àèã ã¬®¢ã âà á¢¥àá «ì®áâ÷ (¢¨«ãç¨¢è¨ ¢÷¤¯®¢÷¤÷ ¯ à -
¬¥âà¨). �àã£  ã¬®¢  âà á¢¥àá «ì®áâ÷ ¤«ï æ÷õù § ¤ ç÷ ¬ õ ¢¨£«ï¤

−a0 + y1(T )x2(T ) + y2(T )u(T ) = 0. (5.27)

�â¦¥, ªà ©®¢  § ¤ ç  ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã  ¡ã¢ õ ¢¨£«ï¤ã




ẋ1(t) = x2(t);

ẋ2(t) = ũ(t);

ẏ1(t) = 0;

ẏ2(t) = −y1;

xk(0) = (x0)k, k = 1, 2;

xk(T ) = 0, k = 1, 2;

−a0 + y1(T )x2(T ) + y2(T )ũ(T ) = 0,

¤¥ ®¯â¨¬ «ì¥ ª¥àã¢ ï ũ(t) ®¡ç¨á«îõâìáï § ã¬®¢¨ ¬ ªá¨¬÷§ æ÷ù äãª-
æ÷ù � ¬÷«ìâ® :

−a0 + y1(t)x2(t) + y2(t)ũ(t) = sup
u∈U

(−a0 + y1(t)x2(t) + y2(t)u).

�áª÷«ìª¨ â¥¯¥à á¯àï¦¥  á¨áâ¥¬  ¬ õ ¤ã¦¥ ¯à®áâ¨© ¢¨£«ï¤, ¥ ¬÷á-
â¨âì x â  y ÷ ¤®¯ãáª õ ï¢¨© § ¯¨á § £ «ì®£® à®§¢'ï§ªã, õ á¥á ¤¥é®
¢÷¤áâã¯¨â¨ ¢÷¤ § £ «ì®ù áå¥¬¨ ÷ á¯®ç âªã ¢¨¯¨á â¨ § £ «ì¨© à®§¢'ï§®ª
á¯àï¦¥®ù á¨áâ¥¬¨,   ¢¦¥ ¯®â÷¬ èãª â¨ ®¯â¨¬ «ì¥ ª¥àã¢ ï § ã¬®¢¨
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¬ ªá¨¬÷§ æ÷ù äãªæ÷ù � ¬÷«ìâ®  (¤¨¢. § ã¢ ¦¥ï 5.3). � £ «ì¨© à®§-
¢'ï§®ª á¯àï¦¥®ù á¨áâ¥¬¨ ¬®¦  § ¯¨á â¨ ¢ ï¢®¬ã ¢¨£«ï¤÷:

y1(t) = C; y2(t) = −Ct + D,

¤¥ C,D { ª®áâ â¨ ÷â¥£àã¢ ï.
�¥àãç¨ ¤® ã¢ £¨ ã¬®¢ã ®à¬ã¢ ï (5.21), à®§£«ï¥¬® ¢¨¯ ¤®ª

|C| + |D| 6= 0 (÷ ªè¥, ÷§ (5.27) ®âà¨¬ õ¬® a0 = 0, é® áã¯¥à¥ç¨âì ã¬®¢÷
(5.21)). � ªá¨¬ã¬ äãªæ÷ù H ¯® u ∈ U ¤®áï£ õâìáï «¨è¥ §  â ª®£® ª¥àã-
¢ ï ũ, ïª¥ § ¤®¢®«ìïõ ã¬®¢ã:

ũ(t) =

{
1, y2(t) > 0;

−1, y2(t) < 0.

�ç¥¢¨¤®, é® ¯à¨ y2(t) = 0 ª¥àã¢ ï ũ(t) ¬®¦¥  ¡ã¢ â¨ ¤®¢÷«ì®£®
§ ç¥ï. �à®â¥, ãà å®¢ãîç¨ ¢¨¬®£ã ¥¯¥à¥à¢®áâ÷ u á¯à ¢ ,   â ª®¦
ã¬®¢ã y2(t) 6≡ 0 (y2(t) ≡ 0 ⇒ C = D = 0) ®âà¨¬ãõ¬®, é® ũ(t) ∈ {−1, 1} ÷
¯à¨ y2(t) = 0.

�â¦¥, ®¯â¨¬ «ì¥ ª¥àã¢ ï ¬®¦¥  ¡ã¢ â¨ «¨è¥ ¤¢®å § ç¥ì
u(t) ∈ {−1, 1} ¤«ï ¢á÷å t ∈ [0, T ]. � «÷, § ¢¤ïª¨ «÷÷©®áâ÷ y2, ®¯â¨¬ «ì¥
ª¥àã¢ ï ũ ¬®¦¥ ¬ â¨ ¥ ¡÷«ìè¥ ®¤÷õù ýâ®çª¨ ¯¥à¥¬¨ª ïþ { â®çª¨
à®§à¨¢ã, ¤¥ äãªæ÷ï ũ §¬÷îõ § ª.

� «÷, ïª ¯à¨ª« ¤, à®§£«ï¥¬® ª®ªà¥âã ¯®ç âª®¢ã ã¬®¢ã: x0 = (1, 0).

�¥£ª® ¯¥à¥ª® â¨áì, é® äãªæ÷ù ª¥àã¢ ï u(t) =

{
1, 0 ≤ t < t1;

−1, t1 ≤ t ≤ T,

u(t) ≡ 1 â  u(t) ≡ −1 ¥ ¬®¦ãâì ¯¥à¥¢¥áâ¨ â®çªã x(t) § ¯®«®¦¥ï (1, 0) ¢
(0, 0), â®¡â® ®¯â¨¬ «ì¥ ª¥àã¢ ï ũ(t) ¯®¢¨® ¬ â¨ â®çªã ¯¥à¥¬¨ª ï
t1 ∈ (0, T ) ÷§ −1 ¢ 1:

ũ(t) =

{
−1, 0 ≤ t < t1;

1, t1 ≤ t ≤ T.

� ª®¬ã ª¥àã¢ î â  ¯®ç âª®¢¨¬ ã¬®¢ ¬ x1(0) = 1, x2(0) = 0 ¢÷¤-
¯®¢÷¤ õ âà õªâ®à÷ï:

x1(t) =

{
1− t2

2
, 0 ≤ t < t1;

t2

2
− 2t1t + t21 + 1, t1 ≤ t ≤ T ;

x2(t) =

{
−t, 0 ≤ t < t1;

t− 2t1, t1 ≤ t ≤ T.
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� ã¬®¢ x1(T ) = x2(T ) = 0 § å®¤¨¬®: T = T̃ = 2, t1 = T̃
2

= 1 (á¨á-
â¥¬  ¬ õ â ª®¦ à®§¢'ï§®ª t1 = −1, T = −2, ïª¨© ¢÷¤ª¨¤ õ¬®, ®áª÷«ìª¨
¢÷¤'õ¬¨© ç á ¥ ¢÷¤¯®¢÷¤ õ ¢¨¬®£ ¬ § ¤ ç÷).

�â¦¥, ¯à¨æ¨¯ ¬ ªá¨¬ã¬ã ¤®§¢®«ïõ «¨è¥ ®¤¥ ®¯â¨¬ «ì¥ ª¥àã¢ ï:

ũ(t) =

{
−1, 0 ≤ t < 1;

1, 1 ≤ t ≤ 2.

öáã¢ ï ®¯â¨¬ «ì®£® ª¥àã¢ ï ¬®¦  ¤®¢¥áâ¨, à®§£«ïã¢è¨ ä÷-
§¨çã áãâì § ¤ ç÷ (§ à § ¥ ¡ã¤¥¬® æì®£® à®¡¨â¨). �â¦¥, ®¯â¨¬ «ì¥
ª¥àã¢ ï ũ(t) ÷áãõ, ¢®® õ¤¨¥ ÷ ©®¬ã ¢÷¤¯®¢÷¤ õ â ª  ®¯â¨¬ «ì  âà -
õªâ®à÷ï:

x̃1(t) =

{
1− t2

2
, 0 ≤ t < 1;

(t−2)2

2
, 1 ≤ t ≤ 2;

x̃2(t) =

{
−t, 0 ≤ t < 1;

t− 2, 1 ≤ t ≤ 2.

�÷¤¯®¢÷¤÷ £à ä÷ª¨  ¢¥¤¥÷   à¨á. 5.1.

-1

-0,5

0

0,5

1

0,5 1 1,5 2

ũ(t)

0

0,2

0,4

0,6

0,8

1

0 0,5 1 1,5 2

x̃1(t)

-1

-0,8

-0,6

-0,4

-0,2

0

0,5 1 1,5 2

x̃2(t)

�¨á. 5.1

�÷ª ¢®, é® ¤«ï à®§¢'ï§ ï § ¤ ç÷, â®¡â® ¤«ï § å®¤¦¥ï ®¯â¨¬ «ì-
®£® ª¥àã¢ ï ũ â  ¢÷¤¯®¢÷¤®ù âà õªâ®à÷ù x̃, ª®áâ â¨ C â  D ¥ ®¡ç¨á-
«î¢ «¨,   § ©è«¨ «¨è¥ â®çªã ¯¥à¥¬¨ª ï t1 = T/2 = 1, ïª  ¢¨§ ç õ
§¢'ï§®ª ¬÷¦ C â  D:

y2(t1) = 0 ⇔ −C + D = 0 ⇔ C = D.
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�®¤ âª®¢¥ à÷¢ïï ¤«ï ®¡ç¨á«¥ï C â  D  ¤ õâìáï ¤àã£®î ã¬®¢®î
âà á¢¥àá «ì®áâ÷ (5.27):

−a0+y1(T̃ )x2(T̃ )+y2(T̃ )ũ(T̃ ) = 0 ⇔ −a0+(−CT̃ +D)ũ(T̃ ) = 0 ⇔ a0 = −C.

(ũ(T̃ ) = 1, ®áª÷«ìª¨ äãªæ÷ï ũ §à®áâ õ ¢÷¤ ũ(0) = −1 ¤® ũ(T̃ ) = 1 ÷ ¬ õ
«¨è¥ ®¤ã â®çªã ¯¥à¥¬¨ª ï t1 = T̃

2
).

�â¦¥, ïª ÷ á«÷¤ ¡ã«® ç¥ª â¨, ¯ à ¬¥âà a0 = −C â  äãªæ÷ù y1(t) = C
÷ y2(t) = −C(t − 1) ¢¨§ ç¥÷ § â®ç÷áâî ¤® ¤®¤ â®£® ¬®¦¨ª  −C
(§ § ç¨¬®, é® C < 0, ®áª÷«ìª¨ y2(t) = −C(t− 1) ¬ õ §à®áâ â¨).

�à¨ª« ¤ 5.2. �¥å ©, ïª ÷ ¢ ¯®¯¥à¥¤ì®¬ã ¯à¨ª« ¤÷, â®çª  àãå õâìáï
¯® ¯àï¬÷© §  § ª®®¬

ẍ(t) = u(t), 0 ≤ t ≤ T,

¯®ç âª®¢¥ ¯®«®¦¥ï â  è¢÷¤ª÷áâì ä÷ªá®¢ ÷: x′(0) = 0, x(0) = 0.
�®âà÷¡® § ©â¨ ª¥àã¢ ï u, ïª¥ ¯¥à¥¢®¤¨âì â®çªã § ¯®ç âªã ª®®à-

¤¨ â ã ¯®«®¦¥ï x(T ) = 1, ẋ(T ) = 0, ¬÷÷¬÷§ãç¨ äãªæ÷® «

J(u) =

T∫

0

u2(t)dt.

�÷æ¥¢¨© ¬®¬¥â T { ä÷ªá®¢ ¨©.
�ª ÷ ¢ ¯®¯¥à¥¤ì®¬ã ¯à¨ª« ¤÷, ¯®§¡ ¢¨¬®áì ¤àã£®ù ¯®å÷¤®ù, ã¢÷¢è¨

¤¢®¢¨¬÷à¨© ¢¥ªâ®à ä §®¢¨å §¬÷¨å x1 = x, x2 = ẋ:

ẋ1 = x2,

ẋ2 = u.

�®ç âª®¢¥ ¯®«®¦¥ï x(0) = (0, 0), ¯à ¢¨© ª÷¥æì x(T ) = (1, 0) â 
ª÷æ¥¢¨© ¬®¬¥â T §  ã¬®¢®î § ¤ ç÷ ä÷ªá®¢ ÷, â®¡â® ¬ õ¬® ¢¨¯ ¤®ª,
à®§£«ïãâ¨© ¢ ¯÷¤à®§¤. 5.2.1. � æ÷© § ¤ ç÷ U = R, f0(x(t), u(t), t) = u(t),
Φ ≡ 0. �ãªæ÷ï � ¬÷«ìâ®  â  á¯àï¦¥  á¨áâ¥¬  ¬ îâì ¢¨£«ï¤

H(x, u, T, a0,y) = −a0u
2 + y1x2 + y2u,

{
ẏ1 = 0,

ẏ2 = −y1.
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�â¦¥, ªà ©®¢  § ¤ ç  ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã ¬ õ ¢¨£«ï¤




ẋ1(t) = x2(t);

ẋ2(t) = ũ(t);

ẏ1(t) = 0;

ẏ2(t) = −y1(t);

xk(0) = 0, k = 1, n;

x1(T ) = 1, x2(T ) = 0,

¤¥ ®¯â¨¬ «ì¥ ª¥àã¢ ï ũ(t) ®¡ç¨á«îîâì § ã¬®¢¨ ¬ ªá¨¬÷§ æ÷ù äãªæ÷ù
� ¬÷«ìâ® 
−a0ũ(t)2 + y1(t)x2(t) + y2(t)ũ(t) = sup

u∈R
(−a0u

2 + y1(t)x2(t) + y2(t)u).

� ¯¨è¥¬® § £ «ì¨© à®§¢'ï§®ª á¯àï¦¥®ù á¨áâ¥¬¨:
y1(t) = C; y2(t) = −Ct + D, C, D ∈ R.

�à¨¯ãáâ¨¬®, é® a0 = 0. �®¤÷ äãªæ÷ï � ¬÷«ìâ®  ¬ õ ¬ ªá¨¬ã¬ §  u
«¨è¥ ¯à¨ â¨å t, ª®«¨ y2(t) = 0, â®¡â® y2 ≡ 0, y1 = −ẏ2 ≡ 0, é® áã¯¥à¥ç¨âì
ã¬®¢÷ (5.21). �â¦¥, a0 > 0, ÷ § ¬÷àªã¢ ì ®à¬ã¢ ï ¬®¦¥¬® § ä÷ªáã¢ â¨
a0 = 1.

� ªá¨¬ã¬ äãªæ÷ù � ¬÷«ìâ®  ¤®áï£ õâìáï ¯à¨ ũ(t) = y2(t)
2

= −Ct+D
2

.
� ª®¬ã ª¥àã¢ î §  ¯®ç âª®¢¨å ã¬®¢ (x1(0), x2(0)) = (0, 0) ¢÷¤¯®¢÷¤ õ
âà õªâ®à÷ï {

x1(t) = −Ct3

12
+ Dt2

4
;

x2(t) = −Ct2

4
+ Dt

2
.

�®áâ â¨ C â  D § å®¤¨¬® § ã¬®¢   ¯à ¢®¬ã ª÷æ÷ ÷â¥à¢ «ã:
{

x1(T ) = −CT 3

12
+ DT 2

4
= 0;

x2(T ) = −CT 2

4
+ DT

2
= 1

⇒
{

C = 24
T 3 ;

D = 12
T 2 .

�â¦¥, ®âà¨¬ãõ¬® ®¯â¨¬ «ì¥ ª¥àã¢ ï â  ¢÷¤¯®¢÷¤ã âà õªâ®à÷î:

ũ(t) = −12t

T 3
+

6

T 2
;

x̃1(t) = −2t3

T 3
+

3t2

T 2
;

x̃2(t) = −6t2

T 3
+

6t

T 2
.
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� ¢¥¤¥¬® ¢÷¤¯®¢÷¤÷ £à ä÷ª¨ ¤«ï ¢¨¯ ¤ªã T = 1 (à¨á. 5.2).

-6

-4

-2

0

2

4

6

0,25 0,5 0,75 1
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�¨á. 5.2

�à¨ª« ¤ 5.3. �¥å ©, ïª ÷ ¢ ¯®¯¥à¥¤ì®¬ã ¯à¨ª« ¤÷, â®çª  àãå õâìáï
¯® ¯àï¬÷© §  § ª®®¬

ẍ(t) = u(t), 0 ≤ t ≤ T,

¯®ç âª®¢¥ ¯®«®¦¥ï â  è¢¨¤ª÷áâì ä÷ªá®¢ ÷: x′(0) = 0, x(0) = 0.
�®âà÷¡® § ©â¨ ª¥àã¢ ï u, ïª¥ ¯¥à¥¢®¤¨âì â®çªã § ¯®ç âªã ª®-

®à¤¨ â ã ¯®«®¦¥ï x(T ) = 1 § ¤®¢÷«ì®î ª÷æ¥¢®î è¢¨¤ª÷áâî
(ẋ(T ) ∈ R), ¬÷÷¬÷§ãîç¨ äãªæ÷® «

J(u) =

T∫

0

u2(t)dt.

�÷æ¥¢¨© ¬®¬¥â T { ä÷ªá®¢ ¨©.
�ª ÷ ¢ ¯®¯¥à¥¤ì®¬ã ¯à¨ª« ¤÷, ¯®§¡ ¢¨¬®áì ¤àã£®ù ¯®å÷¤®ù, ã¢÷¢è¨

¤¢®¢¨¬÷à¨© ¢¥ªâ®à ä §®¢¨å §¬÷¨å x1 = x, x2 = ẋ:
ẋ1 = x2, ẋ2 = u.

�®ç âª®¢¥ ¯®«®¦¥ï â  ¯¥àè  ª®®à¤¨ â  ¢¥ªâ®à  x(T ) ä÷ªá®¢ ÷:
x(0) = (0, 0), x1(T ) = 1; § ç¥ï x2(T ) ¢÷«ì¥. �â¦¥, ¬ õ¬® ®¤¥ ®¡¬¥-
¦¥ï   ¯à ¢®¬ã ª÷æ÷ âà õªâ®à÷ù:

g1((x1(T ), x2(T )), T ) = 0,

¤¥ g1(x, T ) = x1 − 1, x = (x1, x2).
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�£÷¤® ÷§ â¥®à¥¬®î 5.2 ¢¢®¤¨¬® ¤® à®§£«ï¤ã a0 ≥ 0 â  a1 ∈ R (ã
 è®¬ã ¢¨¯ ¤ªã m = 1). �¨¯¨è¥¬® ¯¥àèã ã¬®¢ã âà á¢¥àá «ì®áâ÷:

y1(T ) = −a1; y2(T ) = 0.

� æ÷© § ¤ ç÷ U = R, f0(x(t), u(t), t) = u2(t), Φ ≡ 0. �ãªæ÷ï � ¬÷«ìâ® 
â  á¯àï¦¥  á¨áâ¥¬  ¬ îâì ¢¨£«ï¤

H(x, u, T, a0,y) = −a0u
2 + y1x2 + y2u,

{
ẏ1 = 0,

ẏ2 = −y1.

�â¦¥, ªà ©®¢  § ¤ ç  (5.17), (5.18) ¤«ï æì®£® ¢¨¯ ¤ªã ¬ õ ¢¨£«ï¤




ẋ1(t) = x2(t), ẋ2(t) = ũ(t);

ẏ1(t) = 0, ẏ2(t) = −y1(t);

x1(0) = 0, x2(0) = 0;

x1(T ) = 1;

y1(T ) = −a1, y2(T ) = 0,

(5.28)

¤¥ ®¯â¨¬ «ì¥ ª¥àã¢ ï ũ(t) ®¡ç¨á«îîâì § ã¬®¢¨ ¬ ªá¨¬÷§ æ÷ù äãªæ÷ù
� ¬÷«ìâ® 
−a0ũ(t)2 + y1(t)x2(t) + y2(t)ũ(t) = sup

u∈R
(−a0u

2 + y1(t)x2(t) + y2(t)u).

�ª ÷ á«÷¤ ¡ã«® ç¥ª â¨ (¤¨¢. § ã¢ ¦¥ï 5.1), ¯ à ¬¥âà a1 ¬÷áâ¨âìáï
«¨è¥ ¢ ¯¥àè÷© ã¬®¢÷ âà á¢¥àá «ì®áâ÷ ÷ ©®£® ¬®¦  ¢¨«ãç¨â¨ § à®§£«ï-
¤ã à §®¬ § ã¬®¢®î y1(T ) = −a1. �â¦¥, á¨áâ¥¬  (5.28)  ¡ã¢ õ ¢¨£«ï¤ã





ẋ1(t) = x2(t), ẋ2(t) = ũ(t);

ẏ1(t) = 0, ẏ2(t) = −y1(t);

x1(0) = 0, x2(0) = 0;

x1(T ) = 1;

y2(T ) = 0.

�¨¯¨è¥¬® § £ «ì¨© à®§¢'ï§®ª á¯àï¦¥®ù á¨áâ¥¬¨:
y1(t) = C, y2(t) = −Ct + D, C, D ∈ R.

�à¨¯ãáâ¨¬®, é® a0 = 0. �®¤÷ äãªæ÷ï � ¬÷«ìâ®  ¬ õ ¬ ªá¨¬ã¬ §  u
«¨è¥ ¯à¨ â¨å t, ª®«¨ y2(t) = 0, â®¡â® y2 ≡ 0, y1 = −ẏ2 ≡ 0, é® áã¯¥à¥-
ç¨âì ã¬®¢÷ a0 + |a1| 6= 0. �â¦¥, a0 > 0 ÷ § ¬÷àªã¢ ì ®à¬ã¢ ï ¬®¦¥¬®
§ ä÷ªáã¢ â¨ a0 = 1.
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� ªá¨¬ã¬ äãªæ÷ù � ¬÷«ìâ®  ¤®áï£ õâìáï ¯à¨ ũ(t) = y2(t)
2

= −Ct+D
2

.
� ª®¬ã ª¥àã¢ î §  ã«ì®¢¨å ¯®ç âª®¢¨å ã¬®¢ ¢÷¤¯®¢÷¤ õ âà õªâ®à÷ï

{
x1(t) = −Ct3

12
+ Dt2

4
;

x2(t) = −Ct2

4
+ Dt

2
.

�®áâ â¨ C â  D § å®¤¨¬® § ã¬®¢¨   ¯à ¢®¬ã ª÷æ÷ ÷â¥à¢ «ã â 
§ ¯¥àè®ù ã¬®¢¨ âà á¢¥àá «ì®áâ÷:

{
x1(T ) = −CT 3

12
+ DT 2

4
= 1;

y2(T ) = −CT + D = 0
⇒

{
C = 6

T 3 ;

D = 6
T 2 .

�â¦¥, ®âà¨¬ãõ¬® ®¯â¨¬ «ì¥ ª¥àã¢ ï â  ¢÷¤¯®¢÷¤ã âà õªâ®à÷î:

ũ(t) =
3(T − t)

T 3
;

x̃1(t) = − t3

2T 3
+

3t2

2T 2
;

x̃2(t) = − 3t2

2T 3
+

3t

T 2
.

� ¢¥¤¥¬® ¢÷¤¯®¢÷¤÷ £à ä÷ª¨ ¤«ï ¢¨¯ ¤ªã T = 1 (à¨á. 5.3).
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�à¨ª« ¤ 5.4. �®§£«ï¥¬® ¤¢®¢¨¬÷à¨© ¢¨¯ ¤®ª. �¥å © ª¥à®¢ ¨©
®¡'õªâ (x(t), y(t)) àãå õâìáï   ¯«®é¨÷ §  § ª®®¬

{
ẍ(t) = u1(t);

ÿ(t) = u2(t),

0 ≤ t ≤ T , ¯®ç âª®¢¥ ¯®«®¦¥ï â  è¢÷¤ª÷áâì ä÷ªá®¢ ÷: x′(0) = 0,
x(0) = 0, y′(0) = 0, y(0) = 0. �®âà÷¡® ¢ ¬®¬¥â ç áã t = T §ãáâà÷â¨-
áï § â®çª®î M = (r cos wt, r sin wt), ¬÷÷¬÷§ãîç¨ äãªæ÷® «

J(u, T ) =

T∫

0

(u2
1(t) + u2

2(t))dt + KT,

¤¥ r > 0, w > 0, K > 0 { ä÷ªá®¢ ÷ ª®áâ â¨.
�¢¨¤ª÷áâì ®¡'õªâ  ¢ ¬®¬¥â §ãáâà÷ç÷ t = T ¬ õ ¤®à÷¢î¢ â¨ è¢¨¤-

ª®áâ÷ â®çª¨ M , â®¡â® (ẋ(T ), ẏ(T )) = (−rw sin wT, rw cos wT ). �÷æ¥¢¨©
¬®¬¥â T ¢¢ ¦ õ¬® ¥ä÷ªá®¢ ¨¬.

�ª ÷ ¢ ¯®¯¥à¥¤÷å ¯à¨ª« ¤ å, ¯®§¡ ¢¨¬®áì ¤àã£®ù ¯®å÷¤®ù, ã¢÷¢è¨
ç®â¨à¨¢¨¬÷à¨© ¢¥ªâ®à ä §®¢¨å §¬÷¨å x1 = x, ẋ2 = x1, y1 = y, ẏ2 = y1:

{
ẋ1(t) = x2(t), ẏ1(t) = y2(t);

ẋ2(t) = u1(t), ẏ2(t) = u2(t).

�£÷¤® § ã¬®¢®î § ¤ ç÷, ¬ õ¬® â ª÷ ®¡¬¥¦¥ï   ¯à ¢®¬ã ª÷æ÷ âà -
õªâ®à÷ù (¤«ï §àãç®áâ÷ ¢¨ª®à¨áâ®¢ãõ¬® ¤¢®¢¨¬÷àã ÷¤¥ªá æ÷î):

gi,j((x1(T ), x2(T ), y1(T ), y2(T )), T ) = 0, i, j ∈ {1, 2},
¤¥

g1,1(x, T ) = x1,1 − r cos(wT ); g1,2(x, T ) = x1,2 + rw sin(wT );

g2,1(x, T ) = x2,1 − r sin(wT ); g2,2(x, T ) = x2,2 − rw cos(wT );

x = (x1,1, x1,2, x2,1, x2,2).

� æ÷© § ¤ ç÷ ¬ õ¬®: U = R2, f0(x(t), u(t), t) = u2
1(t) + u2

2(t),
Φ((x1(T ), x2(T ), y1(T ), y2(T )), T ) = KT .

�£÷¤® ÷§ â¥®à¥¬®î 5.2 ã¢®¤¨¬® ¤® à®§£«ï¤ã ¯ à ¬¥âà¨ a0 ≥ 0 â 
a1,1, a1,2, a2,1, a2,2 ∈ R. �ãªæ÷ï � ¬÷«ìâ®  ¤«ï æ÷õù § ¤ ç÷ ¬ õ ¢¨£«ï¤

H(x, u, T, a0,y) = −a0(u
2
1 + u2

2) + y1,1x2 + y1,2u1 + y2,1y2 + y2,2u2
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(¤«ï ª®®à¤¨ â ¢¥ªâ®à-äãªæ÷ù y(t) = (y1,1(t),y1,2(t),y2,1(t),y2,2(t)) â -
ª®¦ § áâ®á®¢ãõ¬® ¤¢®¢¨¬÷àã ÷¤¥ªá æ÷î).

�¨¯¨è¥¬® á¯àï¦¥ã á¨áâ¥¬ã
{
ẏ1,1(t) = 0; ẏ1,2(t) = −y1,1(t);

ẏ2,1(t) = 0; ẏ2,2(t) = −y2,1(t).

�¨¯¨è¥¬® ¯¥àèã â  ¤àã£ã ã¬®¢¨ âà á¢¥àá «ì®áâ÷:

y1,1(T ) = −a1,1; y1,2(T ) = −a1,2; y2,1(T ) = −a2,1; y2,2(T ) = −a2,2;

sup
(u1,u2)∈R2

(− a0(u
2
1 + u2

2) + y1,1(T )x2(T ) + y1,2(T )u1+

+y2,1(T )y2(T ) + y2,2(T )u2

)
=

= a0K + a1,1rw sin wT + a1,2rw
2 cos wT − a2,1rw cos wT + a2,2rw

2 sin wT.

�â¦¥, ªà ©®¢  § ¤ ç  ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã (5.17), (5.18) ¤«ï æì®£®
¢¨¯ ¤ªã ¬ õ ¢¨£«ï¤





ẋ1(t) = x2(t), ẏ1(t) = y2(t);

ẋ2(t) = ũ1(t), ẏ2(t) = ũ2(t);

ẏ1,1(t) = 0, ẏ1,2(t) = −y1,1(t);

ẏ2,1(t) = 0, ẏ2,2(t) = −y2,1(t);

x1(0) = 0, y1(0) = 0;

x2(0) = 0, y2(0) = 0;

x1(T ) = r cos wT, y1(T ) = r sin wT ;

x2(T ) = −rw sin wT, y2(T ) = rw cos wT ;

y1,1(T ) = −a1,1, y1,2(T ) = −a1,2;

y2,1(T ) = −a2,1, y2,2(T ) = −a2,2;

−a0(ũ1(T )2 + ũ2(T )2) + y1,1(T )x2(T ) + y1,2(T )ũ1(T )+

+y2,1(T )y2(T ) + y2,2(T )ũ2(T ) =

= a0K + a1,1rw sin wT + a1,2rw
2 cos wT−

−a2,1rw cos wT + a2,2rw
2 sin wT,

(5.29)

¤¥ ®¯â¨¬ «ì¥ ª¥àã¢ ï ũ(t) ®¡ç¨á«îõâìáï § ã¬®¢¨ ¬ ªá¨¬÷§ æ÷ù äãª-
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æ÷ù � ¬÷«ìâ® 

−a0(ũ1(t)
2+ ũ2(t)

2)+y1,1(t)x2(t)+y1,2(t)ũ1(t)+y2,1(t)y2(t)+y2,2(t)ũ2(t) =

= sup
(u1,u2)∈R2

(− a0(u
2
1+ u2

2)+y1,1(t)x2(t)+y1,2(t)u1 +y2,1(t)y2(t) +y2,2(t)u2

)
.

�¥àè  ã¬®¢  âà á¢¥àá «ì®áâ÷ ¤®§¢®«ïõ ¢¨à §¨â¨ ¯ à ¬¥âà¨ ai,j ç¥-
à¥§ yi,j (i, j ∈ {1, 2}). �÷¤áâ ¢¨¢è¨ ¢ (5.29) § ¬÷áâì ai,j ¢¨à § −yi,j(T )
(i, j ∈ {1, 2}), ¬®¦¥¬® ¢¨«ãç¨â¨ ¯ à ¬¥âà¨ ai,j § à®§£«ï¤ã à §®¬ § ã¬®¢ -
¬¨ ai,j = −yi,j(T ) (i, j ∈ {1, 2}). �à÷¬ â®£®, ¢¨ª®à¨áâ®¢ãîç¨ ï¢¨© ¢¨à §
¤«ï xi(T ), yi(T ) (i = 1, 2), ¬®¦  áãââõ¢® á¯à®áâ¨â¨ ¤àã£ã ã¬®¢ã âà á-
¢¥àá «ì®áâ÷. �÷á«ï ¢÷¤¯®¢÷¤¨å ¯÷¤áâ ®¢®ª ÷ á¯à®é¥ì á¨áâ¥¬  (5.29)
 ¡ã¢ õ ¢¨£«ï¤ã





ẋ1(t) = x2(t), ẏ1(t) = y2(t);

ẋ2(t) = ũ1(t), ẏ2(t) = ũ2(t);

ẏ1,1(t) = 0, ẏ1,2(t) = −y1,1(t);

ẏ2,1(t) = 0, ẏ2,2(t) = −y2,1(t);

x1(0) = 0, y1(0) = 0;

x2(0) = 0, y2(0) = 0;

x1(T ) = r cos wT, y1(T ) = r sin wT ;

x2(T ) = −rw sin wT, y2(T ) = rw cos wT ;

−a0(ũ1(T )2 + ũ2(T )2) + y1,2(T )ũ1(T ) + y2,2(T )ũ2(T ) =

= a0K − y1,2rw
2 cos wT − y2,2rw

2 sin wT.

(5.30)

�¨¯¨è¥¬® § £ «ì¨© à®§¢'ï§®ª á¯àï¦¥®ù á¨áâ¥¬¨
{
y1,1(t) = A, y1,2(t) = −At + B,

y2,1(t) = C, y2,2(t) = −Ct + D,
A,B,C,D ∈ R.

�à¨¯ãáâ¨¬®, é® a0 = 0. �®¤÷ äãªæ÷ï � ¬÷«ìâ®  ¬ õ ¬ ªá¨¬ã¬
§  (u1, u2) «¨è¥ ¯à¨ â¨å t, ª®«¨ y1,2(t) = y2,2(t) = 0, â®¡â® y1,2 = y2,2 ≡ 0.
�«¥ â®¤÷ y1,1 = −ẏ1,2 ≡ 0, y2,1 = −ẏ2,2 ≡ 0, é® áã¯¥à¥ç¨âì ã¬®¢÷
a0 + |a1,1| + |a1,2| + |a2,1| + |a2,2| 6= 0. �â¦¥, a0 > 0, ÷ § ¬÷àªã¢ ì ®à-
¬ã¢ ï ¬®¦¥¬® § ä÷ªáã¢ â¨ a0 = 1.

� ªá¨¬ã¬ äãªæ÷ù � ¬÷«ìâ®  ¤®áï£ õâìáï ¯à¨

ũ1(t) =
y1,2(t)

2
=
−At + B

2
; ũ2(t) =

y2,2(t)

2
=
−Ct + D

2
. (5.31)
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� ª®¬ã ª¥àã¢ î §  ¯®ç âª®¢¨å ã¬®¢ x1(0) = y1(0) = 0,
x2(0) = y2(0) = 0 ¢÷¤¯®¢÷¤ õ âà õªâ®à÷ï





x1(t) = −At3

12
+

Bt2

4
, x2(t) = −At2

4
+

Bt

2
;

y1(t) = −Ct3

12
+

Dt2

4
, y2(t) = −Ct2

4
+

Dt

2
.

(5.32)

�®áâ â¨ ÷â¥£àã¢ ï A,B,C, D § å®¤¨¬® § ã¬®¢   ¯à ¢®¬ã ª÷æ÷
âà õªâ®à÷ù





−AT 3

12
+ BT 2

4
= r cos wT ;

−AT 2

4
+ BT

2
= −r sin wT ;

−CT 3

12
+ DT 2

4
= r sin wT ;

−CT 2

4
+ DT

2
= r cos wT

⇒





A = 24
T 3

(
rwT

2
sin wT + r cos wT

)
;

B = 12
T 2

(
rwT

3
sin wT + r cos wT

)
;

C = 24
T 3

(− rwT
2

cos wT + r sin wT
)
;

D = 12
T 2

(− rwT
3

cos wT + r sin wT
)
.

� à¥èâ÷, ¯÷¤áâ ¢¨¢è¨ ¢ ¤àã£ã ã¬®¢ã âà á¢¥àá «ì®áâ÷ § ©¤¥÷ ¢¨-
à §¨ ¤«ï ®¯â¨¬ «ì®£® ª¥àã¢ ï ÷ âà õªâ®à÷ù, ®âà¨¬ãõ¬® à÷¢ïï ¤«ï
§ å®¤¦¥ï ª÷æ¥¢®£® ¬®¬¥âã T (ä÷§¨ç¨© á¥á ¬ îâì «¨è¥ ¤÷©á÷
¥¢÷¤'õ¬÷ § ç¥ï ç áã):

(KT 4 − 4r2w2T 2 − 36r2 = 0) ⇒ (T =

√
2

K

√
r2w2 + r

√
w4r2 + 9K).

�¥¯¥à, ¯÷¤áâ ¢¨¢è¨ ¢ (5.31) â  (5.32) § ç¥ï ¤«ï ª®áâ â A,B,C,D
÷ ª÷æ¥¢®£® ¬®¬¥âã T , ¬®¦  ¢¨¯¨á â¨ ï¢¨© ¢¨£«ï¤ ¤«ï ®¯â¨¬ «ì®£®
ª¥àã¢ ï ũ1, ũ2 â  ¢÷¤¯®¢÷¤®ù âà õªâ®à÷ù (x̃1, x̃2, ỹ1, ỹ2) (¥ à®¡¨â¨¬¥¬®
æì®£®, ãà å®¢ãîç¨ £à®¬÷§¤ª÷áâì ®áâ â®ç®£® ¢¨à §ã â  ÷¤¥©ã ®ç¥¢¨¤-
÷áâì æì®£® ªà®ªã).

�  § ¢¥àè¥ï,  ¢¥¤¥¬® £à ä÷ª¨, ïª÷ §®¡à ¦ãîâì ª®®à¤¨ â¨ ª¥-
à®¢ ®£® ®¡'õªâ  x1(t), y1(t) ã ¯«®é¨÷ (x1, y1) ¤«ï ¤¢®å à÷§¨å  ¡®à÷¢
§ ç¥ì r, w â  K (¤¨¢. à¨á. 5.4).
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� ¡®à â®à  à®¡®â  5.

r = 1, w = 50, K = 107

T ≈ 0,04962

-1

-0,5

0,5

1

-1 -0,5 0 0,5 1

(x̃1(t); ỹ1(t))

r = 1, w = 90, K = 107

T ≈ 0,06415

-1

-0,5

0,5

1

-1 -0,5 0 0,5 1

(x̃1(t); ỹ1(t))

�¨á. 5.4

5.4. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

1. � â ¡«. 5.1 § ©â¨ à÷¢ïï ª¥à®¢ ®£® ®¡'õªâ , ®¡¬¥¦¥ï   ª¥-
àã¢ ï â  æ÷«ì®¢¨© äãªæ÷® « §£÷¤® § ®¬¥à®¬ ¢ à÷ â , ãª § ®£®
¢¨ª« ¤ ç¥¬.

2. �®à¨áâãîç¨áì ¯à¨æ¨¯®¬ ¬ ªá¨¬ã¬ã �®âàï£÷ , § ©â¨ âà õªâ®-
à÷ù ®¯â¨¬ «ì®£® ª¥àã¢ ï ũ(t) â  ¢÷¤¯®¢÷¤÷ âà õªâ®à÷ù ®¡'õªâ  x̃(t).

� ¡«¨æï 5.1. � à÷ â¨ § ¢¤ ì ¤® « ¡®à â®à®ù à®¡®â¨ 5

� à÷-
 â �¡'õªâ

�¬®¢¨
  «÷¢®¬ã

ª÷æ÷

�¬®¢¨
  ¯à ¢®¬ã

ª÷æ÷

�¡¬¥-
¦¥ï

�÷«ì®¢¨©
äãªæ÷® «

1
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 2T 2 + T

x2(T ) = 4T + 1
|u(t)| ≤ 5 T

2
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 3T 2 + 2T

x2(T ) = 6T + 2
|u(t)| ≤ 10 T
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5.4. � ¢¤ ï ¤® « ¡®à â®à®ù à®¡®â¨

�à®¤®¢¦¥ï â ¡«. 5.1

3
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 5T 2 + 3T

x2(T ) = 10T + 1
|u(t)| ≤ 15 T

4
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 7T 2 + 4T

x2(T ) = 14T + 4
|u(t)| ≤ 20 T

5
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 4T 2 + 5T

x2(T ) = 8T + 5
|u(t)| ≤ 12 T

6
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 2T 2 |u(t)| ≤ 6 T + (x2(T )− 4T )2

7
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 3T 2 |u(t)| ≤ 10 T + (x2(T )− 6T )2

8
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 5T 2 |u(t)| ≤ 15 T + (x2(T )− 10T )2

9
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 7T 2 |u(t)| ≤ 20 T + (x2(T )− 14T )2

10
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 4T 2 |u(t)| ≤ 12 T + (x2(T )− 8T )2

11
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 2T 2 + T |u(t)| ≤ 6 T

12
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 3T 2 + 2T |u(t)| ≤ 10 T

13
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 5T 2 + 3T |u(t)| ≤ 15 T

14
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 7T 2 + 4T |u(t)| ≤ 20 T

15
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 4T 2 + 5T |u(t)| ≤ 12 T

16
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 2T + 1
x2(T ) = 2
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt

17
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 3T + 1
x2(T ) = 3
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt
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� ¡®à â®à  à®¡®â  5.

�à®¤®¢¦¥ï â ¡«. 5.1

18
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 12T + 3
x2(T ) = 12
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt

19
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 8T + 2
x2(T ) = 8
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt

20
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 7T + 1
x2(T ) = 7
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt

21
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 2T + 1
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt

22
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 3T + 1
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt

23
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 12T + 3
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt

24
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 8T + 2
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt

25
ẋ1 = x2

ẋ2 = u

x1(0) = 0
x2(0) = 0

x1(T ) = 7T + 1
T { ä÷ªá®¢ ¥

|
T∫
0

u2(t)dt

26

ẋ1 = x2

ẋ2 = u1

ẏ1 = y2

ẏ2 = u2

x1(0) = 0
x2(0) = 0
y1(0) = 0
y2(0) = 0

x2
1(T ) + y2

1(T ) = 64

x2
2(T ) + y2

2(T ) = 10
| 2

T∫
0

u2(t)dt + 5T

27

ẋ1 = x2

ẋ2 = u1

ẏ1 = y2

ẏ2 = u2

x1(0) = 0
x2(0) = 0
y1(0) = 0
y2(0) = 0

x2
1(T ) + y2

1(T ) = 81

x2
2(T ) + y2

2(T ) = 18
| 3

T∫
0

u2(t)dt + 8T

28

ẋ1 = x2

ẋ2 = u1

ẏ1 = y2

ẏ2 = u2

x1(0) = 0
x2(0) = 0
y1(0) = 0
y2(0) = 0

x2
1(T ) + y2

1(T ) = 25

x2
2(T ) + y2

2(T ) = 40
| 3

T∫
0

u2(t)dt + 16T
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� ª÷ç¥ï â ¡«. 5.1

29

ẋ1 = x2

ẋ2 = u1

ẏ1 = y2

ẏ2 = u2

x1(0) = 0
x2(0) = 0
y1(0) = 0
y2(0) = 0

x2
1(T ) + y2

1(T ) = 49

x2
2(T ) + y2

2(T ) = 14
| 5

T∫
0

u2(t)dt + 17T

30

ẋ1 = x2

ẋ2 = u1

ẏ1 = y2

ẏ2 = u2

x1(0) = 0
x2(0) = 0
y1(0) = 0
y2(0) = 0

x2
1(T ) + y2

1(T ) = 36

x2
2(T ) + y2

2(T ) = 18
| 19

T∫
0

u2(t)dt + 2T
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�á®¢÷  ¯àï¬¨ ¢¨¡®àã â¥¬¨
ªãàá®¢®ù à®¡®â¨

1. �¥â®¤ «÷¥ à¨§ æ÷ù ïª ®¤¨ §  ©¥ä¥ªâ¨¢÷è¨å ¬¥â®¤÷¢ à®§¢'ï§ªã
§ ¤ ç ¬ â¥¬ â¨ç®£® ¯à®£à ¬ã¢ ï.

2. �¨¬¯«¥ªá-¬¥â®¤ { ®á®¢¨© ç¨á«®¢¨© ¬¥â®¤ ¬¥â®¤ à®§¢'ï§ªã § ¤ ç
«÷÷©®£® ¯à®£à ¬ã¢ ï.

3. �à®£à ¬  à¥ «÷§ æ÷ï â  ¤®á«÷¤¦¥ï ¬¥â®¤÷¢ ¡¥§ã¬®¢®ù ®¯â¨¬÷-
§ æ÷ù: ¬¥â®¤ � ¢¨¤®  { �«¥â¥à  { � ã¥««  ¤«ï äãªæ÷ù �®§¥¡à®ª .

4. �¨á«®¢÷ ¬¥â®¤¨ ¬÷÷¬÷§ æ÷ù ã÷¬®¤ «ì¨å äãªæ÷©: ¯®à÷¢ï«ì¨©
  «÷§.

5. �¥â®¤¨ èâà ä¨å äãªæ÷©: ¯®à÷¢ï«ì¨©   «÷§.
6. �¢ §÷ìîâ®÷¢áìª÷ ¬¥â®¤¨ ¡¥§ã¬®¢®ù ®¯â¨¬÷§ æ÷ù.
7. � ¤ ç  ¯à® § å®¤¦¥ï ¢÷¤à÷§ª  ¬÷÷¬ «ì®ù ¤®¢¦¨¨, ïª¨© á¯®-

«ãç õ áâ®à®¨ ¤ ®£® ªãâ  ÷ ¯à®å®¤¨âì ç¥à¥§ § ¤ ã â®çªã.
8. �¥â®¤¨ ¡¥§ã¬®¢®ù ®¯â¨¬÷§ æ÷ù ¤«ï ¤®á«÷¤¦¥ï äãªæ÷© § ¯®£ ®

®¡ã¬®¢«¥®î ¬ âà¨æ¥î �¥áá¥ (ýïà÷þ äãªæ÷ù).
9. � å®¤¦¥ï â®çª¨ ã ¯à®áâ®à÷, áã¬  ¢÷¤áâ ¥© ¢÷¤ ïª®ù ¤® ¤¢®å  ¡®

¡÷«ìè¥ § ¤ ¨å â®ç®ª ¡ã«  ¡ ¬÷÷¬ «ì®î.
10. � å®¤¦¥ï â®çª¨   ®¤¨¨ç÷© ªã«÷, áã¬  ¢÷¤áâ ¥© ¢÷¤ ïª®ù ¤®

¤¢®å  ¡® ¡÷«ìè¥ § ¤ ¨å â®ç®ª ¡ã«  ¡ ¬÷÷¬ «ì®î.
11. �à¨ª« ¤÷ § ¤ ç÷ ®¯â¨¬÷§ æ÷ù (ã¬®¢÷ â  ¡¥§ã¬®¢÷).
12. �¯â¨¬ «ì¥ ª¥àã¢ ï: § áâ®áã¢ ï ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã �®-

âàï£÷ .
13. �®â®ª¨ ¢ ¬¥à¥¦ å: § å®¤¦¥ï ®¯â¨¬ «ì¨å à¥¦¨¬÷¢.
14. � áâ®áã¢ ï ¬¥â®¤÷¢ ®¯â¨¬÷§ æ÷ù ¢ ¤¨ä¥à¥æ÷©¨å ÷£à å. �àã¯®¢¥

¯¥à¥á«÷¤ã¢ ï.
15. � £ â®ªà¨â¥à÷ «ì  ®¯â¨¬÷§ æ÷ï. �¥®à÷ï ¯®¤¢÷©®áâ÷ ¢ § ¤ ç å ®¯-

â¨¬÷§ æ÷ù: «÷÷©  â  ª¢ ¤à â¨ç  § ¤ ç÷.
16. �®à÷¢ï«ì¨©   «÷§ ¬¥â®¤÷¢ ¤®á«÷¤¦¥ï äãªæ÷ù �®§¥¡à®ª 

(®¤®¢¨¬÷à¨© â  ¡ £ â®¢¨¬÷à¨© ¢¨¯ ¤ª¨).
17. �®¡ã¤®¢  ¤ã «ì¨å § ¤ ç ¤® § ¤ ç «÷÷©®£® â  ª¢ ¤à â¨ç®£®

¯à®£à ¬ã¢ ï.
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�á®¢÷  ¯àï¬¨ ¢¨¡®àã â¥¬¨ ªãàá®¢®ù à®¡®â¨

18. �¨á«®¢÷ ¬¥â®¤¨ ã¬®¢®ù ®¯â¨¬÷§ æ÷ù ÷ ¬¥â®¤ ¯à®¥ªæ÷ù £à ¤÷õâ .
19. �¥â®¤¨ á¯àï¦¥¨å  ¯àï¬÷¢ (§ ¢÷¤®¢«¥ï¬ ÷ ¡¥§ ¢÷¤®¢«¥ï

¬ âà¨æ÷ â  ¤«ï ª¢ ¤à â¨ç®ù äãªæ÷ù).
20. �¥â®¤¨ ã¬®¢®ù ®¯â¨¬÷§ æ÷ù ÷ ¬¥â®¤¨ â¨¯ã �ìîâ® .

61



�¯¨á®ª
¢¨ª®à¨áâ ®ù «÷â¥à âãà¨

1. � ¤  �. �á®¢ë «¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï. { �.: � ¤¨® ¨ á¢ï§ì,
1989. { 51 á.

2. �¥©ª® �., �ã¡«¨ª �., �¨ìª® �. �¥â®¤ë ¨  «£®à¨â¬ë à¥è¥¨ï § ¤ ç
®¯â¨¬¨§ æ¨¨. { �.: �¨é  èª., 1983. { 512 á.

3. � á¨«ì¥¢ �. �¨á«¥ë¥ ¬¥â®¤ë à¥è¥¨ï íªáâà¥¬ «ìëå § ¤ ç. { �.:
� ãª , 1988. { 552 á.

4. �¨«« �., �îàà¥© �., � ©â �. �à ªâ¨ç¥áª ï ®¯â¨¬¨§ æ¨ï. { �.:
�¨à, 1985. { 481 á.

5. � â¥«¥¥¢ �., �¥â®¢  �. �¥â®¤ë ®¯â¨¬¨§ æ¨¨ ¢ ¯à¨¬¥à å ¨ § ¤ ç å. {
�.: �ëáè. èª., 2002. { 544 á.

6. �®«ïª �. �¢¥¤¥¨¥ ¢ ®¯â¨¬¨§ æ¨î. { �.: � ãª , 1983. { 384 á.
7. �è¥¨çë© �. �ë¯ãª«ë©   «¨§ ¨ íªáâà¥¬ «ìë¥ § ¤ ç¨. { �.: � -

ãª , 1984. { 320 á.
8. �è¥¨çë© �., � ¨«¨ �. �¨á«¥ë¥ ¬¥â®¤ë ¢ íªáâà¥¬ «ìëå

§ ¤ ç å. { �.: � ãª , 1975. { 319 á.
9. �ãå à¥¢ �., �¨¬®å®¢ �., �¥¤®à®¢ �. �ãàá ¬¥â®¤®¢ ®¯â¨¬¨§ æ¨¨. {

�.: � ãª , 1986. { 326 á.
10. �¨¬¬¥«ì¡à ã �. �à¨ª« ¤®¥ ¥«¨¥©®¥ ¯à®£à ¬¬¨à®¢ ¨¥. { �.:

�¨à, 1975. { 398 á.
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�à¥¤¬¥â¨© ¯®ª ¦ç¨ª

�«£®à¨â¬ ¤àã£®£® ¯®àï¤ªã 6
Ä ¥áª÷ç¥®ªà®ª®¢¨© 7
Ä ã«ì®¢®£® ¯®àï¤ªã 6
Ä ¯ á¨¢¨© 6
Ä ¯¥àè®£® ¯®àï¤ªã 6
Ä ¯®á«÷¤®¢¨© 6
Ä áª÷ç¥®ªà®ª®¢¨© 7

�¥ªâ®à ä §®¢¨å ª®®à¤¨ â 29

�à ¤÷õâ¨© ¬¥â®¤  ©è¢¨¤è®£®
á¯ãáªã 11

�®¢¦¨  ªà®ªã  «£®à¨â¬ã ¬÷÷¬÷§ æ÷ù 7
�®¯ãáâ¨¬  ¬®¦¨  5
Ä â®çª  5

� ¤ ç  �®«ìæ  31
Ä � £à ¦  31
Ä � ©õà  31
Ä ®¯â¨¬ «ì®ù è¢¨¤ª®¤÷ù 31
�¡÷¦÷áâì  «£®à¨â¬ã 7
Ä Ä §  äãªæ÷õî 7

öâ¥£à «ì¨© äãªæ÷® « 31

�¥àã¢ ï 29
Ä ¤®¯ãáâ¨¬¥ 29
�à ©®¢  § ¤ ç  ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ã 35
�à®ª ïà¨© 12

�¥â®¤ ¤à®¡«¥ï ªà®ªã 10
Ä �ìîâ®  § à¥£ã«î¢ ï¬ ªà®ªã 17
Ä Ä ã§ £ «ì¥¨© ¤¨¢. ¬¥â®¤ �ìîâ®  §
à¥£ã«î¢ ï¬ ªà®ªã
Ä  ©è¢¨¤è®£® á¯ãáªã 9
Ä á¯ãáªã 8
Ä áã¡£à ¤÷õâ¨© 13

Ä ïà¨© 12
�÷÷¬ã¬ £«®¡ «ì¨© 5
Ä «®ª «ì¨© 5

� ¯àï¬ ªà®ªã ¬÷÷¬÷§ æ÷ù 7
Ä á¯ ¤ ï äãªæ÷ù 8
� ¯àï¬¨ ¢§ õ¬® á¯àï¦¥÷ 26
Ä Ä Ä ¯¥àè®£® ¯®àï¤ªã 27
�¨è¯®à¥ï ¬¥â®¤ã 12

�¤®à÷¤÷áâì äãªæ÷ù � ¬÷«ìâ®  34
�¯â¨¬ «ì  âà õªâ®à÷ï 31
�¯â¨¬ «ì¥ ª¥àã¢ ï 31
�¯â¨¬÷§ æ÷©  § ¤ ç  5

�à®¥ªæ÷ï â®çª¨   ¬®¦¨ã 20

�®§¢'ï§®ª § ¤ ç÷ ¬÷÷¬÷§ æ÷ù £«®¡ «ì¨© 5
Ä Ä Ä «®ª «ì¨© 5

�¯àï¦¥  á¨áâ¥¬  32
�âà®£¨© ¬÷÷¬ã¬ 5

�¥à¬÷ «ì¨© äãªæ÷® « 31

�¬®¢  §ã¯¨ª¨ 8

� §®¢  âà õªâ®à÷ï 30
�ãªæ÷ï � ¬÷«ìâ®  32
Ä ýïà þ 12

�÷«ì®¢  äãªæ÷ï 5
�÷«ì®¢¨© äãªæ÷® « 31

�¢¨¤ª÷áâì §¡÷¦®áâ÷ 7
Ä Ä £¥®¬¥âà¨ç®ù ¯à®£à¥á÷ù 7
Ä Ä «÷÷©  7
Ä Ä  ¤«÷÷©  7
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